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In the theory of singularity of smooth mapping, finite determinacy
has been studied by many authors [6]. In [4], J. Mather gave a complete
characterization of finite determinacy, but in general it is very difficult to
check whether a given map-germ f: (R", 0) — (R?, 0) is finitely determined
or not except for stable singularities or the case p=1. In this paper
we give some classification of smooth mappings f: (R", 0) — (R? 0) by an
elementary method.

In §1 we recall J. Mather’s theorem on finite determinacy.

In §2 we prove what we call Normal Form Theorem (Theorem 2.1,
Theorem 2.5 and Theorem 2.7). In Theorem 2.1 we give normal forms
of function-germs. As its immediate corollaries we obtain the Morse
lemma (Example 2.3) and the splitting lemma for functions (Example 2.4).
These corollaries are well-known and have nothing new, however from
these examples show how convenient and efficient it will be if we genera-
lize Theorem 2.1 to the case of map-germs. This is what we have done.
(Theorem 2.5, Theorem 2.6).

In §3 we prove the Splitting Lemmas for map-germs of corank 1
(Theorem 3.2 and Theorem 3.3) using the normal forms obtained in §2.

In §4 as an application of our normal forms and splitting lemmas,
we classify finitely determined map-germs of R" into R? of corank 1 whose
3-jets are non-trivial. An estimation of order of their determinacy is
given as well. From the splitting lemmas develloped in §3, the classifi-
cation and the estimation of order of determinacy of these map-germs
are reduced to those of map-germs of plane to plane. Then they are
carried out in a rather elementary way.

§1. Preliminaries.

In this section we recall Mather’s theorem. Let &, be the ring of
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C~-function germs (R", 0) > R and m be the maximal ideal of &,. By
&(n, p) we denote the set of C~-map germs f:(R" 0)— (R? 0). Two
map-germs f, g € &£(n, p) are k-jet equivalent if the all partial derivatives
of order <k at the origin are equal. We denote by J*(n, p) the k-jet
equivalent classes and we call it k-jet space. There is a canonical pro-
jection j*: &(m, p) — J*(n, p).

Let L(n) (resp. L(p)) be the group of C=-local diffeomorphisms of
(R", 0) (resp. (R?, 0)). The group & =L(n)X L(p) acts on ¥£(n, p) as
follows; (@, ¥)f=4ofop where (@, &) € & and fe£(n, p).

DEFINITION 1.1. A map-germ fe & (n, p) is called k-determined if for
any g€ &(n, p) such that j*f=j*g, f and g are contained in the same
S -orbit. A map-germ f is called finitely determined if there is a
positive integer k such that f is k-determined.

DEFINITION 1.2. A map-germ fe ¥ (n, p) is called C°-k-determined if
for any ge&(nm, p) such that j*f=j*g, there exist homeomorphisms
h: (R", 0)— (R", 0) and A': (R?, 0) — (R?, 0) such that g=~h'ofoh.

DEFINITION 1.8. For a C*-map germ f, a vector field along f is a
C~-map germ {:(R", 0)— TR* such that no{=f where 7 is a projection
TR? — R*. By 6(f) we denote the set of all vector fields along f. Let
6(n) (resp. 6(p)) denote the set of all C=-vector fields germs at (R", 0)
(resp. (R?, 0)). We define tf: 0(n) — 6(f) and wf: 6(p) — 6(f) by

te)=Tfe), (¢€6b(n)) and
wfm=nef, (edl)) .

THEOREM 1.4 (Mather [4]). A C~-map germ f: (R* 0)— (R? 0) is
finitely determined if and only if there is a positive integer k such
that

tf(0(n) +wf(0(p)) Dm*o(f) .

§2. Elementary normal form theorem.

From Mather’s theorem, we easily see that the -classification of
finitely determined C~-map germs can be reduced to that of formal
mappings. Thus, in this section we consider formal mappings.

Let K be the field of real numbers R or complex numbers C. We
denote by H; the vector space of homogeneous polynomials of degree j
and by 1t the maximal ideal of KJ[[x, ---, «,]]. For a formal power
series fe K[[x,, ---, ,]], we represent f as f=fu, +foin+- -, fi<H;



SMOOTH MAP-GERMS 89

(7=2k). By W ofu,/ox) we denote the ideal W*(af,/0x:, * -, 0fuw/0%,> of
K[z -, z,]]. We set B;=1i*(dfy,/02) NH; and we denote by G, a
complementary linear subspace of B; in H; (j=k+1).

THEOREM 2.1. Let the motations be as above. Then there exists a
Jormal diffeomorphism @ such that

f°<]’=f(k)+g(k+1)+g<k+z)+ st
where g ; €G; (Fj=k+1).

LEMMA 2.2. Let @; (7=2) be a formal diffeomorphism such that
pix;)=x,+hi where hiec H; (=1, ---, n). Then

S oPi=F i +hi(0f u,/02.)+ « + + + hi(0f 4y/0%,.) +higher terms .

ProOF. It is enough to prove the case where f,, is a monomial.
Suppose that f,,=xf---2%. Then

Joyops= (@, +hi)* -+« (x,4hi)™
= (w14 a2 hi+ higher terms)- - - (x%»+ 2% *hi +higher terms)
=f <k)+h{(8f(k>/axl)+ e+« +hi(df w/0%,)+higher terms . Q.E.D.

PROOF OF THEOREM 2.1. First we decompose fyii into by +9ury
where b, € By, and ¢4, € Gy,;. From the definition of B,.,, there are
i *+, hn€ H, such that b,.,,=h¥0f/02.)+ « - +h2(0f w)/02,). We take a
formal diffeomorphism ¢, given by @,(x,)=x,—h? (=1, -+, n). Then, from
Lemma 2.2 we have

f°¢z=f(k) +g(k+1)+f(’k+2) Feee

Next we decompose [fi .z into bz +F s Where b, € Byy, and gz € Gy
And we take a formal diffeomorphism @, such that

(i) @y(w)=x,—hi hicH, (=1, -+, n)

(1)  byyn =hi(0f 1) /0%) + - + - +R3(0f 1y/0%,)-
Then fop,ops=fiu+9uwrn+Jure+fss+-++- Thus, inductively we can
take formal diffeomorphisms @,, @, --- and we define @ as the limit of
{Pro@go- - -op,} (this makes sense). Then fop=f4 +gysy+Jusn: -+ This
completes the proof.

REMARK. Theorem 2.1 is an analogy of Takens’s normal form theorem
for vector field [5].

EXAMPLE 2.3 (Morse lemma). Let f be in the form —+ux?+.-.+ax2+
higher terms. Then M*(3f,/ox) =1’ and G,;={0} (=38). Thus the normal
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form of f is +ait.--+2% i.e. f is 2-determined.

EXAMPLE 2.4 (Splitting theorem). Let f be in the form +a2+ ... +a2+
higher terms. Then *(of,/ox)=*<x, -+, x,). Thus we can take the
vector space of homogeneous polynomials of degree j of variables z,,,,:--, z,
as G; (7=8). Therefore the normal form of f is given by +a4t-.- a2+
g(@;1 *++, 2,) Where order of g=3.

Now, let E,?(fn, p) be the set of formal mappings f: (K~ 0)— (K?, 0).
We identify g?('n, p) with meP. - -Prit and in the natural way we regard

£ (n, p) as K[z, ---, x,,]]-modu‘ie. We denote by &£,(n, p) the set of
homogeneous polynomial mappings of degree 7, i.e. &,(n, »)=H,pD---PH,.
N e

For a formal mapping f=fu +fusn+ -+ (fi5 € Ein, 0), k), Wepdenote
by 1*{dfu,/0x) the submodule #*{af /0%, * -+, 0f /0%,y of “(n, p). We set
B;=m*(af s,/0x) N &;(n, p) and we denote by G; a complementary linear
subspace of B; in &;(n, p) (7=k+1).

THEOREM 2.5. Let the motations be as above. Then there exists a
Sformal diffeomorphism ¢ such that

fop=Ffuy+Gusrn+Gpsn+ -
where g; €G; (j=k+1).
The proof is quite same as the proof of Theorem 2.1.

ExXAMPLE 2.6. For a formal mapping f=f,+f s+ : (K" 0)— (K3 0),
we assume that fo,=(xait---+ai axi+---+a,xr’) where a,+a;#0 for
1#J. Then, obviously we can take a linear subspace of ({0}PH;) as G;.
Moreover, x,0fq/0%;) X2;(0f /0%, =(0, 2(a;+a)xx;). Thus we can take
(0, i), ---, (0, 22)>, as G;. Therefore the normal form of f is given by

(ait--- a2 axi+--- +a,.x$.+_§b{xi'+ e "‘,22:‘, bixi) .
2

Now, for a formal mapping f of which Jacobian has rank », from the
implicit function theorem without loss of generality we can assume that
f is in the form f=(x, -+, 2,, ™", + -+, f?) where f*eut® (s=7r+1, ---, p).
In this case we set f=(f™, ---, f?)e&(n, p—r). We represent 7 as
f~‘(k)+j’i('k+1)+ -++ where f; e &n, p—r) (F2k). ~We set Ej=1ﬁ2<af(k)/axr+n
cve, 0f /02,y N Ein, p—r) and we denote by G; a complimentary linear
subspace of B; in ,(n, p—r).

THEOREM 2.7. Let the notations be as above. Then there exists a
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Jormal diffeomorphism @ such that

fop=(x, + -+, x,, ﬁk)+g(k+1)+gtk+2)+ ce)
where §; e G; (j=k+1).

PROOF. It is enough to take formal diffeomorphisms @; such that
pix)=2, (1=1, +--, r) and @;(x,)=x,+hi (i=r+1, ---, n) for each j=3.
The other part of proof is the same as the proof of Theorem 2.1. This
completes the proof.

§3. Generalized splitting theorem.

In this section we assume that n=p.

PROPOSITION 8.1. A two-jet z € J¥n, p) of which Jacobian has rank
p—1 is *-equivalent to the following two-jet;

( * ) (xu ey Xpyy xlxp+ e +xtxp+i—-1+Qj+1)

where Q.= £}, +---+2a and 0<i<p—1, p—1=j=n, p+i—1=j5 and
1, J are uniquely determined by z.

PrROOF. Without loss of generality we can assume that z=(x, -,
Z,_1, f) where f is a homogeneous polynomial of degree two. By the
right linear transformation we can assume that f0, ---, 0,2, -+, x,)=
Qjt+;. Thus fis in the form f(x,, -+, x,)=h(x;, -, x,_)+ (2= @, ,2,)%, +
s+ (03T 4y, @)%+ (OIS @y i)+ - 0+ 0I5 @, 2,)%, + @4y By the
right transformation @ such that o(x,)=2, (¢t=1, ---, 5) and @o(x,)=2x,+
a/2)>i=ta,m,) t=5+1,- -+, n), we can eliminate the terms (3 a, jx,)2;,- -,
cl a,.2,)x,. And we can eliminate h(x, ---, «,_,) by the left transfor-
mation v such that "#(yt)zyt (t=1’ %y p—l) and "/’(yp):yp—h(yn %y yp—l)
where (y,, -+, y,) is the local coordinates of (K? 0). Next we assume
that in {3 a,,2,, ---, > a, ;x,} the first 7+ functions are linearly independent
and the other functions are written by linear combinations of them. Then
there is a right linear transformation ¢’ of x,, ---, z,_, such that z is
equivalent to

(9)'(321), cee, ¢'(90,,_1), xlxp-l- coe +xixp+t—1
i 1
+ ('Z=1 ba,p+¢x.>xp+t+ e s + (é ba’jw.>wj+ QJ'+1) .

By the left linear transformation of y,, ---, ¥,_,, the above is equivalent
to
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(xu tety Xy mlxp“" e +x¢xp+i_1
+ (Z ba,p+tx:)xz»+i+ cect (2 bs,jxs)xi+ Q.‘i+1) .

We rewrite the above p-th component as follows
i i
(xp-l_ > bl,txt>x1+ ct +(xp+i—1+ Y bt,txt)m{+Qj+1 .
t=p+1 t=p+1

Finally, by the right linear transformation ¢” such that ¢"(x,)=x,
(r=1, ---, p—1,p+4%, ---,n) and @"®,)=2,—Cieprsbr_prrs:) (r=p, ---,
p+i—1), we have the normal form (*). The number j is determined by
the contact class of z and the number 4 is determined by the codimension
of o7%orbit of z for fixed 5 (the definition of contact class ecan be seen
in [4], [6]). This completes the proof.

THEOREM 3.2. Let the two jet of formal mapping fe£(n, p) be in
the form (*). Then there exists a formal diffeomorphism @ such that

**) Jop=(x, «++, Xpyy T Zp++++ + 02y, + Qi +9( Xy, -+, ;)
where order of g=3.

PROOF. In Theorem 2.7, we set r=p—1 and k=2. Taking the com-
plementary linear subspace of *(af.,)/0%,, *«*, 0f /0% priss Of 0)/0%s4ss *++,
0f /02, =1,y ** %y Ljyy ¢, X9, We obtain the normal form (**). This
completes the proof.

The following theorem is an immediate consequence of Theorem 3.2
and the result of du Plessis [1] (3.34).

THEOREM 3.3. Let a formal mapping fe E/?(n, p) be in the form (**).
We set F=(x, <+, @y Byt -+ +8Zpsi 1+ 9@essy + o+, 2,)) €E(G, ). Then
[ s k-determined if and only if f is k-determined.

§4. Some normal forms.

In this section we consider a C*-mapping f: (R", 0) — (R?, 0) of which
Jacobian has rank one. Thus we assume that f is in the form (x,, g(x,,-- -, 2,))
where g em?’. Moreover we assume that two jet of g(x,, ---, z,) is in the
form Q,, zx,+Q, or Q,. Then from Theorem 3.3, the classification of f
is reduced to that of the mappings (R? 0) — (R? 0).

Let (x, y) (resp. (X, Y)) be the local coordinates of the source space
(R? 0) (resp. the target space (&% 0)). Simply we denote by (h,(x, ¥),h.(x, ¥))
the vector field along f of the form &,(x, ¥)((0/0X)of)+ h,(x, ¥)((3/0Y )of).
The following proposition is a corolally of Proposition 3.1.
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PROPOSITION 4.1. A two jet zeJX2, 2) of which Jacobian has rank
one is S *-equivalent to ome of the following:

Notation A B C

Normal form (x, yé) (x, vy) (x, 0)

In the case (A4), from Theorem 3.2, the normal form is given by
@, Y+ Duzs ae®). By a left transformation o such that 4(X)=X and
Y(Y)=Y—>2, a0, X", this is equivalent to (z, %?) i.e. we have a Whitney’s
fold singularity which is 2-determined.

In the case (B) the normal form is given by

(B*) (@, vy + k% a,y") .

THEOREM 4.2. For a real analytic map germ f: (R?, 0) — (R% 0) given
by (B*), flx, y) is finitely determined if and only if there is a positive inte-
ger k such that a,»<0. Moreover for a C*-map germ with co-jet (B*) let
k denote the minimum k such that a,><0. Then f(z, y) is C°-k-determined.

Proor. If for any k=8, a, is zero then (0, y*) & tf(0(n)) +wf(6(p)).
Thus f is not finitely determined. For the minimum %k such that a,=<0,
by the scalar multiplications of x, ¥, X and Y we can assume that a,=1.
The singular set S(f) of f is given by {x+ky* '+ Xisus: ta. ¥y =0}. The
set f7I({Y=0)}) is given by {y(@+¥* "+ X,2pe: @, ¥ )=0}. Note that from
a theorem on V-sufficiency (cf. [3, 6]) the above sets are determined by
the finite jet. We see the topological picture of f by the Figure 1 and
2. The Figure 1 is the case where k is even. The Figure 2 is the case
where k is odd. In the figures we denote by thick lines the set f~*({Y=0})
and by dotted lines the singular set S(f). From the figures it is obvious
that f is C°-k-determined. For the real analytic case, from the figure
we see that the complexification of f is stable in U\{0} where U is a

y Y

s(f)~~_ _
1) f(x,y)
X \V

FIGURE 1
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small neighbourhood of 0 in C*. Thus f is finitely determined (cf. Propo-
sition 1.7 and Theorem 2.1 of [6]). This completes the proof.

Ficure 2

REMARK. Even for the map-germ f=(x, 2y+y") it is not easy to
determine the minimum number k such that f is k-determined. In [1]
du Plessis proved that when =3, 4 and 5, f is respectively 3, 4 and

7-determined. In general by complicated computations it can be proved
that

tf(0(n)) +wf(6(p)) Dm™"4(f) .
Now, we classify the case (C) in the three jet space.

PROPOSITION 4.3. A three jet z=(x, ax’+bx*y+cxy*+dy®) € J3(2, 2) s
7 %-equivalent to one of the following:

N otation Cl+ Cl_ Cg Ca C4 D

Normal form (z, ¥*+22) | (=, ¥*—z2y) (x, ¥°) (x, xy> (x, x*y) (z, 0)

PrOOF. (i) The case d=<0. By scalar multiplication of ¥ we assume
that d=1. By the right transformation ¢ such that ¢(x)=2 and @(y)=
y—(c/3)x, we can eliminate the term cxy* and we obtain the form
(x, ax®+bx’y+y®). If b><0, then by the scalar multiplications of 2 and X
we can assume that b=+1. By the left transformation + such that
YP(X)=X and y(Y)=Y—aX® we obtain the normal form CZ. If b=0,
then by the same way, we obtain the normal form C,.

(ii) The case d=0 and c¢=<0. By the scalar multiplications of x
and X, we can assume that c¢=1, i.e. (x, ax®+bzr’y+2y?). By the right
transformation @ such that o(x)=2x, o(¥)=y—(b/2)x, we can eliminate
the term bx’y. Finally by the left transformation we obtained the normal
form Ci,.
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(iii) The case d=c=0 and b=<0. In this case it is easy to see that
z is equivalent to C,.

(iv) The case d=c¢=b=0. Obviously, z is equivalent to D. This
completes the proof.

REMARK. The adjacencies of C#, C,, C,, C, and D are given by

Cl+<_'—02\

s — D
C;iécs/c

where C, <« C; means that the closure of C, contains C;.

The following Propositions 4.4 and 4.5 was proved by du Plessis as
the examples of finitely determined map-germs in [1].

PROPOSITION 4.4. The map-germs Cf=(x, y*+a%y) are 3-determined.

In the case (C,) from Theorem 2.7 the normal form is given by
@, Y4+ Dkzs MX*Y + Siizs bie®). However by the left transformation we can
eliminate the term >);.,b,2*. Thus the normal form is given by

(C¥) (@, ¥*+ >, a,2*y) .
k=3

PROPOSITION 4.5. For a C*-map germ f with «-jet (C¥), f is finitely
determined if and only if there is a positive integer k such that a,><0.
Moreover, for the minimum k such that a,><0, f is (k+1)-determined.

REMARK. (1) In the case C/, f=(x, ¥*+2*y) has an isolated singu-
larity at the origin and f is a topological embedding.

(2) In the case C;, a topological picture of f=(x, ¥*—a*y) is given
by Figure 8.

(8) For f=(x, ¥’+a,x*y) by the scalar multiplications of z and X,
S is 7 -equivalent to (x, ¥*+a*y). It is easy to see that if % is odd then

Ficure 8
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T~ . fxy)
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FIGURE 4

f is w7 -equivalent to (x, ¥*+2*y) and the topological picture of f is given
by Figure 4. In the case where k is even and f=(x, ¥*+2*y), f has an
isolated singularity at the origin. Thus f is a topological embedding.
In the case where k& is even and f=(x, ¥*—«*y), the topological picture
of f is the same as Figure 3.

In the case C;; (x, xy*), from Theorem 2.7 and the left transformation
we obtain the form

(C¥) (2, 2y*+ 3, a,y")
k=4

THEOREM 4.6. For the analytic map germ f(x, y) given by (C¥), f
18 finitely determined if and only if there is a positive odd integer k
such that a,><0. For a C*-map germ f with oo-jet (C¥) let k<< oo be the
minimum odd integer such that a,><0. Then, f(x, ¥) is C’-k-determined.

PrROOF. Let r denote the minimum integer such that a,2~<0. The
singular set S(f) is given by {yQx+ry 4+ Dz, a4 ) =0}. And the set
S7H{Y=0}) is given by {¥*(x+ ¥ 2+ Disrs: @y 2)=0}. If there is an odd in-
teger k such that a,=<0, then f({(x, ¥) € S(f); ¥>0}) Nf{(x, ¥) € S(f), y<0})=
@ in a small neighbourhood of 0. We see the topological picture by the
Figure 5 and 6. The Figure 5 is the case where r is even. The Figure
6 is the case where r is odd. From the figures it is obvious that f is C°-
k-determined. If for any odd number %, a,=0 and £ is finitely determined,
then we can assume that f is a polynomial mapping. Then the subsets
of critical values f({(z, ¥) € S(f); ¥>0}) and f({z, ¥) € S(f); ¥<0}) coincide,
thus f is not finitely determined. The proof of real analytic case is the
same as the proof of Theorem 4.2. This completes the proof.

Finally, we study the case C,. From Theorem 2.7 and the left
transformation we obtain the following normal form

(C¥) (x, 'y + g. a,cy" "+ Z;‘.t b.y") .
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FIGURE 6

Here we assume that a,2<0 and b,2<0 (3<s< o, 4<t< ).

LEMMA 4.7. If a C>-map germ f(x,y) with oo-jet (C¥) is JSinitely
determined, then t< co.

PROOF. Suppose that t=c i.e. flz, ¥)=(, LY+, a,xy™™). Then
for any positive integer k, (0, ¥*) ¢ tf(6(n))+wf(6(p)). From Mather’s
theorem reviewed in §1 f(z, ¥) is not finitely determined. This completes
the proof.

For the rest of paper we assume that t<o. We identify a C=-map
germ f(x, y) with a formal mapping (C}), but there will be no fear to
confuse.

THEOREM 4.8. For a C=-map germ f(x, y) with oo-jet (C¥) the follow-
wng holds.

(1) If s>t, then f(x, y) is C’-t-determined.

(2) In the case that 2(s—2)<t—1, the topological picture of f(x, y)
18 given by Figure 9~ Figure 13.

PROOF. The set f'({Y=0}) is given by
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{y=0}U {=*+ g. “'“y'—2+,§ b,y" =0}
={y=0Ufe=1/2){- (X a,9"™) +V X a v —4 5™ -

We set
W= a.y™™
4= ey -4 by -
The singular set S(f) of f(x, ¥) is given by
{a? +r§ (r—1a,y *z+ ngt rby =0}
={e=(1/2){— (TZE. (r—1a,y" )% l/('Eg. (r—1a,y" )" — 4(% rb,y")}}

We set
4y)= (g: (r— l)a,y"2)2—4(f22‘.t rb,y™) .

(1) In the case s>t, from s=3 we have that 2(s—2)>¢t—1. Thus

4,(y)= —4b,y* '+ higher terms,
4,(y)= —4tb,y* ' +higher terms .

(a) If t is odd and b,>0, then 4,(¥)<0 and 4,(y)<0 for small y=<0.
Thus f{Y=0})={y=0} and f(x, ¥) has an isolated singularity at the
origin. Hence f(z, y) is a topological embedding and C°-t-determined. If
t is odd and b,<0, then 4,(y)>0 and 4,(y)>0 for small y=<0. Moreover,

F{Y=0)={y=0}U {x= %1 —4by"*V”2+higher terms}

and
S(f)={x=+1v —4tby"“ " +higher terms} .

Thus the topological picture of f(z,y) is given by Figure 7. C°-t-
determinacy of f(x, y¥) is obvious from the figure. In the below figures
we denote by thick lines the set f~({Y=0}) and by dotted lines the
singular set S(f).

(b) If t is even and b,>0, then 4,(y)>0 and 4,(y)>0 for small ¥<O0.
In the same way as above we obtain the topological picture of f(x, ¥)
which is given by Figure 8. The case where ¢ is even and b,<0 can be
reduced to the case b,>0 by the transformations of coordinates (x, y) —
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FIGURE 8

(®, —y) and (X,Y)— (X, —Y). From Figure 8 it is obvious that S, ¥)
is C’-t-determined.
(2) In the case 2(s—2)<t—1, we have that for small y=<0

4,(¥)=aly**® +higher terms>0,
4(y)=(s—1)*a’y**~? +higher terms>0 .

By the transformations (x, y) > (—, %) and (X,Y)—(—X,Y), without
loss of generality we can assume that a¢,>0. We consider the following
cases.

(a) s is even and t is odd.

(b) s is even and ¢ is even.

(e) s is odd and ¢t is odd.

(d) s is odd and t is even. '
In the case (a), if b,>0 then 3., b,y""*>0 for small y=<0. Hence 1/ 4,(y)<
lh(y)] and —h(y)£1V 4, (y)<0 for small y=<0. Note that the functions
x=—h(y) and x=>,;,b,4" are topologically the same as the functions
respectively z=—a,y** and x=b,4"" (cf. [2]). Thus the functions z=
(1/2)(—h(y)£1V 4,(y)) are locally monotone functions for small y=<0. We
can determine the topological picture of the singular set S(f) by the
same argument as above. Hence we obtain the topological picture of
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Sf(xz, y) which is given by Figure 9. In the below figures the thick lines
with +sign (resp. —sign) mean the set {r=(1/2)(—h(y)+1 4,(¥)} (resp.
{x=1/2(—h(y)—V4@))}). If b,<0 then 3,..by <0 for small y=<0.
Hence V' 4,(¥)>|h(y)| and —h(y)+1v 4,(y)>0 for small y=<0. Therefore we
obtain the topological picture of f(x, ¥) which is given by Figure 10.

f(x,y)

FIGURE 9

FIGURE 10

In the case (b), if 5,>0 then >,..b,4"'>0 for y>0 and >,,..b,477'<0

for y<0. Thus for small ¥ >0, Vv 4,(y)<|k(y)| and —h(y)+1V 4,(y)<0. For
small ¥<0, vV'4,(y)>|h(y)| and —h(y)+1 4,(y)>0. Therefore we obtain

\%Y
‘.
f(x,y) - \
x ———— T

\
1
\!

FIGURE 11
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the topological picture of f(x, ¥) which is given by Figure 11. The case
b, <0 can be reduced to the case b,>0 by the transformations of coordi-
nates such that (x, ¥) > (x, —y) and (X,Y)— (X, — Y).

f(x,y)
- FiGure 12
¥y 4+ Y
\
//
—_— 7
v
/
\\\\\ 7/
~~2N f(x,y)
PR ~~ o o
’ ~—a
, -
7
S +
,/
FIGURE 12/

In the case (c), if 5,>0 then 3,.,b,4"'>0 for small ¥=<0. Hence,
V' 4,(y) < |My)| and —h(y)+1 2,(y)<0 for small y>0 and —h(y)—V 4,(y)>0
for small y<0. From the facts that x=—h(y) and z=3,,5, b4 have
the same topological types as = —a,y** and x=b,y'"', we obtain Figure
12. If b,<0, then 3..,b,4"'<0 for small y=<0. Hence V'Z,(%)>|h(y)|

and —h(y)+V 4(¥)>0 and —h(y)—1V 74, @)<0 for small y><0. Thus we
obtain Figure 12’.

\ \

Ficure 13
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In the case (d), if 5,>0 then >,:.b,47*>0 for y>0 and >},;,b,477'<0
for y<0. Thus for small ¥>0, 14,(¥)<|h(¥)| and —h(¥)+1 4,(y)<0. For
small y<0, V4,%)>|h) and —h(y)—1 4,(y)<0. Therefore we obtain
Figure 13. The case b, <0 can be reduced to the case b,>0 by the
transformations of coordinates such that (z, ¥) > (—2, —%) and (X,Y)—
(=X, —Y). This completes the proof.
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