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Introduction

Let A be a function algebra on a compact Hausdorff space X. The
purpose of this paper is to investigate small perturbations of the algebraic
structure of A. In particular, we study the stability of direct sums of
function algebras. K. Jarosz ([2], [8]) proved that if two function algebras
A, B are both stable, then direct sum A@B of A and B is stable. In
this note we deal with direct sums of function algebras {A4;} of infinitely
many and give a condition under which the direct sum P; A4; of {4;} is
stable (Theorem 1.2). Moreover it is shown that this condition is also a
necessary one in order that €P, A; is stable for {4,;} with some conditions
(Theorem 1.1).

§1. Definitions and results.

For a function algebra A we write ChA and 9, for the Choquet
boundary and the Shilov boundary for A respectively. We consider a
function algebra A as a closed subalgebra containing constant functions
of the algebra C(3,) of all complex-valued continuous functions on 0,4 with
the supremum norm. A closed subset F of 4, is called a p-set for A if for
any open neighborhood U of F there is an fe A such that f(s)=|f||=1
(seF) and [f(s)|<1 (s€a \U) (ef. [1]).

Let A be a function algebra. By an e-perturbation of A we mean
any multiplication X defined on the Banach space A such that

lfxg—fall=ellfll gl (f,ged).

We call a function algebra A stable if there is an ¢>0 such that for
any e-perturbation X of A algebras A and (A4, x) are isomorphic. The
stability is equivalent to the following: There is an &>0 such that if
T is any linear isomorphism from A onto a function algebra C with
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T1,=1; and ||T||||T7Y|<1+¢, then algebras A and C are isomorphic,
where 1, and 1, are the identity of A and C respectively. We here put
e(A)=sup{e=0: algebras A and C are isomorphic whenever there is a linear
isomorphism T from A onto a function algebra C such that 71, =1,
and ||T| ||T7[|<1+e}.

Let {A;};c. be a family of function algebras, where 4 is an index set.
{A;} is called uniformly stable if inf,e(A4;)>0. If A, is a function algebra
on a compact Hausdorff space X, for each A, we can define the direct
sum @; A; of {A;} as follows: @; A:={(f)ies: fr€ A; for any N\ and there
is a veC such that for any &>0supics_q,,..2, |/i—7|2=e for some
Ay * s M, €4}, where ||-||; is the norm in A,.

Let X, be the sum of compact Hausdorff spaces X; (A€ 4) and X=
X,U{p} be the one-point compactification of X,. Then the direct sum
D; A; of {A;} can be regarded as the space of continuous functions f on
X such that f|X,e€ A, for each )€ 4.

In this paper we prove the following theorems. Theorem 1.2 shows
that the uniform stability of {A;};c, is a sufficient condition for stability
of @;A;. It was proved in [6] in the case where 4 is countable and 9, is
a metric space. In Theorem 1.1 it is shown that the uniform stability
is also a necessary condition for stability of €;A; for {4;} with some
conditions.

We here consider A; as a function algebra on its Shilov boundary.

THEOREM 1.1. Let A; be a function algebra (€ 4). Suppose that
Ch A, is connected for each n€ A. If the direct sum A=EPD;.,.A; of {A;}
is stable, then {A;} s uniformly stable.

THEOREM 1.2. Suppose that {A;}icx be uniformly stable. Then the
direct sum A=@D;.4Ax of {A;} is stable.

§2. Proofs of the theorems.

PROOF OF THEOREM 1.1. Since A=€P; 4, is stable, there is an ¢>0
such that if there is a linear isomorphism 7 from A onto a function
algebra C with T1,=1, and ||T||||T7*|<1+¢, then the algebras A and C
are isomorphism.

Let A, be any space in {4;} and let T, be a linear isomorphism from
A,, onto a function algebra C, on 9, such that T\(1,,)=1¢, and Tl | Tl =
1+e. Let {A;};e4, be the collection of A; which is algebraically isomorphic
to A, Then we put C;=C, for any n€ 4, and C,=A, for each e A\4,.
A linear isomorphism T from A onto C=&D,;C, is defined as follows: T=
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&b. T, that is, T(f))=(T:(f)) for (f) € A, where T;=T, for any A€ 4,
and T, is the identity from A, to A, for any p#e A\4,. Then we have
TA,)=1, and ||T||||T7*|=<1+e. From the first part of the proof, the
algebras A=, A; and C=&p,;C, are isomorphic.

Let U be such the isomorphism from A onto C. If we put f,(x)=1
for x € 0.4, and f(x)=0 for x¢d,,, then f; € A. We here note that there
is a homeomorphism ¢ from Ch C, onto Ch 4, for a sufficiently small ¢ ([3],
p. 8 (¢)). Hence 9, (= the clorsure of »7'(Ch 4,))) is connected. From
this we can assume that d,, is connected for any ne€ 4. Now it is not
hard to see that Uf, =g, +9,+ -+ +g,, for some p, tt,, -+, pt,€ 4, where
g, denotes the characteristic function for 9,, on 3, for any peA. For,
since U is an isomorphism from the algebra A onto the algebra C and
d¢, 18 connected for any nxe 4, Uf;)=1 or 0 on d., and so Uf; () is always
equal to1 or 0 for x € 0o— (0, Udc, U+ - Udg,) (for some pt,, -+, € 4). It
implies Uf,,=9m+9ut -+ +9,.- Wehere see that s=1. If s>1, by putting
h=U"g, Uh=g,=U(f,h) and so h=f,h. From this A(x)=0 (xéa%),
h=f;, and Uf,=g,,. This shows that s=1 and algebras A, and A, are
isomorphic. If ¢, ¢ 4, then C,=A, and so A; and A, are isomorphic.
This contradiction shows that p, € 4,, C, =C, and algebras A; and C, are
isomorphic. It follows that for any \,€ 4, e(A4;)=¢ and inf,.,e(A4;)=e>0.
This proves the theorem.

PROOF OF THEOREM 1.2. Let {4;};c, be uniformly stable. In order
to prove the theorem we must show the existence of ¢>0 such that if
T is a linear isomorphism from A onto a function algebra C with
T1,)=1, and ||T|| ||T*||<1+¢, then the algebras A and C are isomorphic.

To show that A and C are algebraically isomorphie, it is sufficient to
prove that there is a collection {C;};., of function algebras such that the
algebras A; and C; are isomorphic for each )\ and the algebras C and
0. C; are isomorphic. For, if ¢;: A,—C, is an algebraic isomorphism,
then it is also an isometry ([4]). Hence the algebras &; A; and @, C;
are isomorphic and so are A and C.

Now let T be a linear isomorphism from A onto C such that
TA,)=1, and ||T|||T7Y|<1+¢ for a sufficiently small e. Then there is
a homeomorphism ¢ from the Choquet boundary ChC for C onto the
Choquet boundary Ch A for A such that

() | Tf&)=SFep@)|=ellfll (fed,seChC),

where ¢, tends to zero with e. A
Here we easily see that d,, (A € 4) are mutually disjoint and 9, is the
one-point compactification U;d,,U{p} of U0y,
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Moreover we have

ChA= 194 ChA,U{p}.

If we put Y,=[p7'(ChA)]” (e 4) and ¢=97'(p), then (p) tells us
the following:

(UY) NY,=2 (A e )
u#2

and
q¢ Y, (he4d).

We also can prove that the Shilov boundary o, for C is equal to
Uies Y2U{q}. It is clear that 9,D U;e, Y;U{q}. For any x€d,=(ChC),
there is a net {r,}cChC with x,—«. If there is a \,€ 4 such that for
any « there is an a’'>a with «,-€ 7(Ch 4,), then x€[p™'(Ch 4,)] =7,,.
Otherwise, for any A\ e 4 there is an «, such that for any a>a, 2. €™
(Ch A,)). Since gqeChC, for any neighborhood V(q) of ¢ in ChC o(V(g))
is a neighborhood of » in Ch A. So there are some )\, -+, A, €4 such
that @(V(@))D Uzes—q,,--2, Ch A;U{p}. From this there is an a; such that
x, € V(q) for any a>a, and x,—q. This shows that d,= U;.,Y:U{q} and
dc is the one-point compactification of the sum of {Y};c,. Since it is
shown that Cl[¢(Y;NChC)] is a p-set for A, Y, is a p-set for C ([3] p. 87),
where Cl(E)={s€d,: f(s)=0 whenever f|E=0, feA} for Eca,. Since
Y, is open and closed, it is a peak set for C. If f; is the characteristic
function for Y,, then f,€C for any .

Let us put C;=C|Y; and T,(f)=T(f)|Y, for f e A, then it is shown
that T, is a linear isomorphism from A,; onto C, with ||T}||<||T|| in view
of (p). If we put h=Tf and g=T,f for f e A,, then ||g||=|k]|]. By this
fact and (@), we obtain ||T7'|=A+¢)||T7'|. And it is simple to check
that if e is the identity of (4; x) (cf. [3], p. 8 and p. 22), ||1—e|l=
ef1+¢e,(1+¢)] since The is the constant function 1 on Y;. By taking a
sufficiently small ¢, the uniform stability of {A,} guarantees that the
algebras A; and C, are isomorphic for any A. To complete the proof, it
remains only to show that the algebras C and €,C, are isomorphic.

If we write simply ff; for (ff)| Y (ff) € ,:C; for any feC. Hence,
in order to prove that C and @,;C; are isomorphic, it suffices to show
that for any (g,f) € @;C; (g:€C,) there is an heC such that g,f,=hf;
for any A.

Now, we put h=,9:f;c We show that h is the desired one. Since
the characteristic function f; for Y, is in C for any \, 1.4, €C if we
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denote by 1,,....;,, the characteristic function for U;e_g,,...2, Y2U{a} O\,
Aoy ot A, €4). Let g=(9./2) (9: € C) be any function in @;C;. Then there
is a 7€ C such that for any ¢>0 there exist A\, Ay ***, \, € 4 satisfying
lg:fi—7|:<e for any ned—(\y, Ny, +++, \,). Hence if we put hy,...p =
Z?=1 gli.flt'}")'l(zl,gz,...'zu), then

”h"h{zl,---.lnl”:” 2 2 )ngz“Vl(zl,zz---.zn)ll

€A—{Ay,%°",2y

=ze4—§}11,1-)--,zn; lg:fi—7]:=e .
Since h;,,...2,y €C, it implies that 2 € C and g,f;="hf; for any n. This
completes the proof.

COROLLARY 2.1. Any direct sum of disc algebras is stable.

PrOOF. Since a disc algebra is stable ([5]), it is clear by Theorem
1.2.

REMARK. Let A be a function algebra on X, X= U; K; (K;: compact)
and K;NK,=@ (A#*y). In general, even if {A|K;} is a uniformly stable
family of function algebras, A is not always stable. Such an example
was given by K. Jarosz [3].
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