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Introduction

Let v be a Borel measure on R" and set
(0.1) M) =sup Q| dl»|  (0<asD)

where the supremum is taken over all the cubes Q in R” which contain
x and |Q| denotes the Lebesgue measure of Q. Throughout this note we
deal with only cubes of the form [J7, [z, x;+r) where (x, -+-, 2,) e R"
and r>0. M,_,,., 0<a<mn, is called the fractional maximal operator.
When a=1, (0.1) is the Hardy-Littlewood maximal function of y.

Recently E.T. Sawyer [12] showed that for a nonnegative measure
® and a nonnegative function v(x) on R" there exists a positive constant
C, independent of f(x) such that

0.2) <§Rn[Maf]qdco)1/q_.<=Cl<SM|f|”vdx)1/p O<a=<1)

for all measurable functions fx) if and only if there exists a positive
constant C, independent of cubes Q such that

(0.3) Sq[Ma(val—v')]de _s_Cz(qul"’f/p < oo

for all cubes @, where 1<p=<g< o, (1—p)1—p')=1 and X, denotes the
characteristic function of Q.

In the case that p=g¢, a=1, w is a function and w=wv, as it is well
known, B. Muckenhoupt [9] showed that (0.2) is valid if and only if w
satisfies A, condition:
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for all Q, where C, is independent of Q.

Consequently, in this case, (0.3) is equivalent to (0.4). R.Hunt, D.
Kurtz and C. Neugebauer [7] showed elementarily this relation without
using the equivalence of (0.2) and (0.3).

On the other hand, Muckenhoupt conjectured in [10, p. 319] that when
p=q, a=1 and n=1, (0.2) holds if and only if there exists C independent
of I and E such that for every interval I and every subset E of I with

|E|=2""I]
(0.5) (Slw(x)dxXlIl“Stv(w)“”dw)p gCSE'v(m)“"'dx :

The fact is that (0.5) is sufficient, but not necessary for (0.2) in
general even if we replace S w(x)dx with S w(x)dx.

In this note, instead of (0.5), we shall give another necessary and
sufficient condition for (0.2) to hold and we shall show the equivalence
of our condition and Sawyer’s condition (0.3) without using (0.2).

§1. Theorems.

At first we consider an example. Suppose 1<p<c and let o(x) be
a nonnegative function on R such that

1.1) sup |RI I"’(S odx)p—l<oo for some interval I
R>1 RI

where RI is the interval having the same center as I but whose length
is R times as large. And we set

1.2) a)(x)=g(w){< sup |7 [“Szada:)pa“‘(x)

Ioaz, | I|S1/4

p—1) —1
+ sup |I I"’(S odw) }
Isaz,|I|>1/4 I

where I denotes an interval and g(z) is a nonnegative, bounded and in-
tegrable function on R such that g(x)=1 on [—1,1). 0-co will be taken
to be 0.

Then we can easily see the pair (w, o) satisfies (0.3) where v=0'"",
g=p and a=1. But if we set o(x)=0 on [—3/4, 3/4) and og(x)=1 otherwise,
then there cannot exist any finite positive constant C satisfying
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1.3) (S;o(x)dx) (—;— S Io(ac)dx)p =< CS Ea(w)dx ,

where I=[—1,1) and E=[—1/2, 1/2). The assumption (1.1) guarantees
that w#0. The construction (1.2) of w is essentially due to Sawyer [183,
p. 110]. Also refer to [2].

Muckenhoupt’s conjecture suggests another characterization of the
pair (w, v) for (0.2) to hold. We state our theorems:

THEOREM 1. Let w and o be nonnegative Borel measures on R™.
Suppose 1=9<, 0<a=<l and 0<5<1. Fix a cube Q in R". If there
exists @ nonnegative Borel measure tty, and there exists a positive constant
C, independent of I and E such that

(1.4) SEdw(|I|-aS1do)"gCQSEdpQ

Jor any subcube I of Q and any measurable subset E of I with measure

|E|=0|1|, then there exists a positive constant c, depending only on n, a,
0 and q such that

(1.5) SQ[M,,(XQU)(x)]"dwgCOCQSQdMQ .

From Theorem 1 we have the following:

THEOREM 2. Let w and o be nonnegative Borel measures on R™ and

let @+#0. Suppose 0<p<co, 1<g< o and 0<a<l. Then the Jollowing
conditions (I) and (II) are equivalent:

(1) There exists a positive constant C, depending only on n, a, p,
q,  and o such that

(1.6) Sq[Ma(XQa)(x)]"dw §C4<Sqda)m< oo

Jor all cubes Q.

(II) There exist positive constants C,, Co and 6 € (0, 1) depending only
on n,a,p, q @ and o, and there exist locally finite nonnegative Borel
measures iy for all cubes Q such that

(1.4) SEdw< T ]““Sldcr)q < CBSEd;zQ

Jor any subcube I of Q and any measurable subset E of I with measure
|E|=0|I|, and
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1.7 Sedpq_s_c,(soda)"’ .

If we suppose do=v"?dx where v(x) is a positive function and
1—p")1—p)=1, then (I) means Sawyer’s condition (0.3). So we obtain
the following characterization:

THEOREM 3. Let w be a monnegative measure, w+0, and let v be
a mommegative measurable function on R". Set o=v"" and suppose
1<p=<q< and 0<a=l. Then there exists a positive constant C, in-

dependent of f which satisfies (0.2) if and only if the pair (w, o) salisfies
the condition (II) in Theorem 2.

We shall prove only Theorems 1 and 2. Theorem 3 can be also proved
by the same method as Sawyer [12] and B. Jawerth [8] with slight
modification.

COROLLARY (Sawyer [11]). Suppose that @ is a monmegative Borel
measure, ®+0, o(x) is a positive function on R*, 1<p=qg< and 0<a=1.
If the pair (®, o) satisfies that there exists a comstant C, independent of
Q such that

(1.8) Sqdw(lQragqadx)’gc,(sqadx)"’

for all cubes Q@ and if o is in A, that is, there exist positive constants
C, and 8 €(0,1) independent of Q@ and E such that

(1.9) SEada:gCaseada:

whenever E is a subset of Q@ with measure |E|=06|Q|, then the pair (w, o)
satisfies the condition (I) in Theorem 2.

Refer to [4] for A. condition and see also [6] for details of our
subject.
§2. Proofs of the theorems.
We first observe the easy direction (I)—>(II) in Theorem 2. Set
dpte=[M(Xe0))dw ,

then for any subset E of a subcube I in Q we see immediately that g,
satisfies (1.4) and (1.7) with Cy;=1 and C,=C,.
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(II) > (I). We shall prove Theorem 1. The implication (II)—(I) in
Theorem 2 is an immediate consequence of Theorem 1 by (1.7). We shall
use the same method as M. Christ and R. Fefferman in [3]. We begin
the proof by showing a lemma which is a version of that due to Calderén
and Zygmund [1].

Let . be a family of dyadic cubes of R". Dyadic cubes denote the
cubes of the form TI2,[k;2™ (k;+1)2™) where k;'s and m are integers.
We put -

Miv(a, &) =sup |1|*| dlv|

where v is a Borel measure on R" and the supremum is taken over all
cubes I which belong to & and contain . If any cube I in & does
not contain z, we put Miy(z, & )=0. I\ E will denote the set {w;xel
and xz ¢ E}.

LEMMA. Suppose v is a finite Borel measure on R* and x\>1. Then
for every integer k, satisfying (Miv(x, F)>N}+= @, there exists a subfamily
% of dyadic cubes {I¥} in & and a family of measurable subsets {Ef}
of R™ such that

(i) {E.; and {EF*}, ; are respectively pairwise disjoint,

(ii) v EicCIy and |IF\ ESl=\VI5,

(iif) | dwi>ar

@3v) Miv(x, F) SN on E%,
and

(v) {x ; M2iv(z, 57)¢0}<:’§J_E’§ .

PROOF OF LEMMA. Let E*={x; Miv(x, & )>2\*}, then there exists a
family of maximal dyadic cubes {I*}; in .& such that

2.1) UIi=E*

and

2.2 |I';|—a§ Ldlp[>ar .
Iy

We divide {I%}; into three classes:
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(5D Be| b=,
i
(57) | dplsae,
j
and
(") lI?I‘“SI,, dly| >\
J

Then #,'C. 53, and, if I¥ € &,”, we see I*C E***. Therefore, we have

E*\E**c{ U I*\E*ly U It Bl
y rhtlesyy,

I e
3§ k

We set E%=1I;\ E*** for Ije ;. Then {Miv+0}C U, ;E%* and {E%}, ;
and {E%*'},; are respectively pairwise disjoint families.
Also we see that

k —_ k
I,-ﬂE"*“—Jf+L=JC1§J, +2 for Ite &
where the maximal dyadic cubes J¥*? satisfy
2.2y IJ,"”]'“SJM dlw| >
]

Noticing 0<a =<1 and I}e <, we have
\IGNE*= 3 |J¢™

k+2
Jq CIj

§<N_(m> 3 L?Hdlpl)l/a (by (2.2)")

k+2_ sk
Jy cI:.

1/a
é()\'—(k+2)s dl”l)
75
<N

So we have (i), (ii) and (iii) for E%¥s and I¥s in.%;. (iv) and (v) are
immediate. This completes the proof of Lemma.

Having prepared Lemma, we can prove Theorem 1 by reducing the
argument of the maximal operator M, to that of the dyadic maximal
operator M? as the routine argument.

Let <7 (Q) be the family of all dyadic cubes I such that |I|{<2|Q)],
IIﬂ ngz-—anIl and ljg((l +3)/2)1/(n_1) max{ll» %y lu}’ j=1’ e, M, where lJ'
is the j-th side length of the rectangle INQ. That is, INQ is ‘almost
a cube’.
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Since we may assume o is locally finite, applying Lemma we have
the families of dyadic cubes {I%} and subsets {E% of R" which satisfy
the conditions (i), (i), (iii), (iv) and (v) for Mi(X.0)(®, & (Q)) and A>
2zn+(] _5)~*, Thus we have that

2.3) Sq[M,},’(XQa)(x, F (@) do< S essttne” \ sogtiting BY O
And |
2.4) SU o JME Ao do=5 |, [MELe)Ido

=) N(zmsﬁkmdw (by (iv))

w3 | koo do(I1| , Yedo) oy (iid) .

Let I?* be the least cube such that I}*NQcI*cQ. Then, because
|I?*|~|I?*|, the above expression is majorized by

2q Ngk —a
Cuc* 3, SE§andw<|I, | S% do)" .
From our assumption of & (Q) we see that
IZk \ (Izk n Q)I < 2 I2k|
and we see from (ii) that

(I# N Q)\ B <2~ (1 —8) | T*|
< 1;5 *nQ|

1 3 Izkl
T2

Hence we have |[E*NQ|=6|I?*|. Therefore, by the assumption (1.4) we
obtain that the last expression of (2.4) is majorized by

Coct®Co 5 | o, Bt

%5 E§ ne

gC,,,aV"CqudMQ by (@) .

By the same argument we get also
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M Le0)a, F(@)'d0=C,nCol dpte -

SUk,ia';Hln

Hence we have
(2.5) SQ[M:(an)(x, .ﬁ'(Q))]"dwéc&CqsqdpQ .

Next we fix ¢ in Q. For every cube I containing x there exists a
subcube J of Q such that |J|<|I| and INQcJ. Hence

M. (Ao0)(@) < sup III‘“S Lodo .
zelc@Q I

Fix a subcube I of @ which contains z. Let I be the cube having
the same center as I with measure 2|Q|. Let k and » be integers such
that 2" <|I|<2%*"* and 2" <|I|<2"*"*, We put

S;={t€Q,; there exists a dyadic cube I, in #(Q+1¢)
such that I+tcI,cT and | I| =2%+2n)

where Q,=J] [—2"", 27*'), and by a geometrical observation we find at
least 2"~**» cubes with the side length 2*1—((1+6)/2)V""} which are
pairwise disjoint and are contained in S,. This observation is due to C.
Fefferman and E. Stein [5] as is well known. Also see [8, p. 383].

Let 7,0 and 7,w denote the translations by ¢ of ¢ and @ respectively.
Then we have for any integer K

(2.6) sup |1 l““SIXQda

Isz,|I|>2

N
SCo a2 T S M (X, Tu0) @+t F(@+1)

where N=2-"k+n{]__((1449)/2)Y* P} ™ and ¢/’s are the suitable lattice
points in Q,
Since the pair (z.0, 7,0) satisfies (1.4) with z,¢¢, and the same constant

C, for the cube Q@+t and since SQ dz-,pq=qu;ze for any ¢, using (2.5)
+t
and (2.6) we have

SQ< sup (Il_“slqua>qdw§0(n, a, 6, q)CQSQdﬂQ

Isz,|I|>2K

where the constant C(n, «, §, q) is independent of K. This implies (1.5)
when K— —c, and we complete the proof of Theorem 1.

PROOF OF COROLLARY. Fix a cube Q. Let E be a subset of a sub-
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cube I in Q. From (1.8) we have

o] ) s 00)”

If |[E|=6|I|, by (1.9) the right hand side of the above is majorized

by C,,(S da)m. Hence we obtain, because ¢/p=1,
E

| to(r1-{ go) s o) g0

The above inequality implies that the pair (w, o) satisfies the condition
q/p—1
(II) in Theorem 2 with pQ::(S da) " 6. Then Theorem 2 implies the
Q
conclusion of Corollary.
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