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1. Introduction.

Let G be a Lie group and g its Lie algebra. Then J. Milnor [1] and K. Uesu [3]
proved an interesting characterization of the center of g which asserts that an element
X in g belongs to the center of g if and only if for any left invariant Riemannian metric
on G, the inequality K(X, Y)>0 holds for all Y in g, where K(X, Y) denote the sectional
curvature of the plane section spanned by X and Y.

In this article we shall prove two analogous characterizations of the center of a
Lie group:

THEOREM A. For a connected Lie subgroup H of G, the following conditions (A-1)
and (A-2) are equivalent; .

(A-1) H is contained in the center of G,

(A-2) Histotally geodesic with respect to any left invariant Riemannian metric on G.

THEOREM B. If G is nilpotent or compact, then for each X € g the following conditions
(B-1) and (B-2) are equivalent,;

(B-1) X belongs to the center of g,

(B-2) the inequality Ric(X) >0 holds for any left invariant Riemannian metric on G,
where Ric(X) denotes the Ricci curvature in the direction X.

2. Proof of Theorem A.

In this section the following range of indices will be used;

A,BC,---=123,---,n=dimG,
iLj,k, - =1,2,3, --,p=dim H,
o By, - c=p+1,--,n.
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A basis {X,} of g is called adapted provided that X;eh. We denote the corresponding
structure constants by & gc. If G is equipped with a left invariant Riemannian metric
and if {X,} is an orthonormal adapted basis, then the second fundamental form o is

given by ([2])
(2.1) o(X;, Xj)= % > Caij+ L)X, -

Thus we easily obtain

PROPOSITION 2.2. The following (1) and (2) are equivalent;
(1) H is totally geodesic with respect to any left invariant Riemannian metric on G,
(2) the structure constants satisfy equalities £,;;+&,;=0 for each adapted basis

of g.

This proposition shows the implication (A-1) = (A-2).
For the converse, we make the following change of basis, for an arbitrary fixed
adapted basis {X ,}:

(2.3) - X=)bix;,

X, =Y alX;+) ctX,,
where (b{) and (cf) are non-singular matrices of degree p and n— p respectively and (a?)
is a (p, n— p)-matrix. Then {X ,} also is an adapted basis and we denote the corresponding

structure constants by &, ;.. By a simple calculation, we have the following relation
between &,;; and &,;;:

(2.9 Eaij=z{(a:b?€hkl + b{"cgéﬂkl)l;{_ afb?l;f:cgé;éﬂky} s

here (b]) (resp. (¢%)) denote the inverse matrix of (bf) (resb. (c2)). Since the equalities
Eaij+ ;=0 hold for all (af), (b)) and (cf) by assumption for H and Proposition 2.2,
we obtain &, ,,=0. This completes the proof of Theorem A. (q.e.d.)

3. Proof of Theorem B.

We first give some criterion for the existence of a left invariant Riemannian metric
such that Ric(X) <0 for a given X eg. Assume that X does not belong to the center of
g, and let {X;} be a basis of g with X, = X. For each n-tuple ®=(0,, - - -, 0,) of positive
real numbers, we set X&=X,/,/ 0;. Then we have ([1])

1
(3.1) Ricg(X9= Y

i22,k>1 40,0,

{— 360,81 +2& 1001 &y +0irr)

1 40,0,
+— (01801 —0:&r10)* — ! 1 1fkﬁ} s
0, 0,
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where Ricg denotes the Ricci curvature of the left invariant Riemannian metric for
which the basis {X?} is orthonormal. If we set

N(X)={Yeg | [X, Y150},

A(X)={Ye N(X)|X, Y, [X, Y] are linerly independent},
B(X)={YeN(X) | [X, Y]=aX+BY and f+#0},
CX)={YeN(X) | [X, Y]=aX},

then N(X)# & and N(X) = A(X) v B(X) u C(X) (disjoint).

In the case where A(X) U B(X)# &, if we take X, in A(X) v B(X), the inequality
Ricg(X$) <0 holds for suitable @ by (3.1).

In the case where A(X) U B(X)= &, we define real valued functions 1y and A by

(3.2) [X, Y1=4x(Y)X,
(3.3) Ay(Y)=A4(Y)-trace ad(Y), Yeg.
Then g= C(X) U 3x (disjoint), here 35 denote the centralizer of {X}. Now let us take X,
in C(X)=MN(X) and set 6, =6, 6;="--=0,=06% Then (3.1) implies
lim Ricg(X ‘1’)=i Ax(X5) .
06— 92

Therefore if Ax(Y)<O0 holds for some Ye C(X), there exists a certain @ such that
Ricg(X9)<0. Conversely assume that there exists a left invariant Riemannian metric
such that Ric(X)<0. If we take an orthonormal basis {X, (=X), X5, -, X,} with
X,eC(X) and X,e3yx, a>3, the corresponding structure constants ¢;; satisfy
£12i=&,=0 for i>2, k>1 and a>3. Thus we obtain from (3.1)

a>3 az3,823

' 1
RiC(X)=Ax(X2)+7 (sz fZﬁ% + Y &3+ Y éaﬂ%) s

so that A,(X,)<0.
Summarizing the above argument, we obtain

LemMMA 3.4. For each X not belonging to the center of g, the following conditions
(1) and (2) are equivalent;

(1) there exists a left invariant Riemannian metric on G such that Ric(X) <0,

(2) NX)#CX) or NX)=C(X) and Ax(Y)<O0 for some Ye C(X).

Now if G is nilpotent or compact, its Lie algebla g does not admit such an element
X as is not contained in the center and satisfies the condition N(X)= C(X). Therefore
Lemma 3.4 implies Theorem B. (q.e.d.)

REMARK. In general, Theorem B does not hold for unimodular or solvable Lie
groups.
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