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Abstract. For an outer action « of the symmetric group S; on an AFD factor M, we will determine
when the pair M >, S3; > M><, S, contains a Cartan subalgebra.

§1. Introduction.

Motivated by a result of Jones-Popa [S], we showed in [14] that for an outer
action « of a finite group G on an AFD factor M, M >, G > M contains a common
Cartan subalgebra if and only if N(a)={e}. On the other hand, it was shown that an
inclusion of factors with index 3 is conjugate to M><,Z; > M or M>«,S; > M >, S,
(see Kosaki [7], Ocneanu [9], Pimsner—Popa [10], [11], Popa [12] for the former, and
Izumi [3], Ocneanu [9], Popa [12] for the latter).

Hence, the following question naturally arises: For an outer action a of the
symmetric group S on an AFD factor M, when does M >, S; > M >, S, contain a
common Cartan subalgebra? We shall give a necessary and sufficient condition in terms
of the invariant of the action a.

The author would like to express his sincere gratitude to Professor Hideki Kosaki
and Professor Jun Tomiyama for their helpful discussions and constant encouragement.

§2. Preliminaries.

Here, we collect certain results needed later. A Cartan subalgebra in a von Neumann
algebra M is by the definition (Feldman—-Moore [1]), a regular MASA which is the
range of a faithful normal conditional expectation from M.

THEOREM 2.1. Let M be the AFD type 11, factor R or the AFD type 11 factor
Ry, and let o: G — Aut M be an outer action of a finite group G on M. Then M >, G > M
has a common Cartan subalgebra.

THEOREM 2.2. Let a: G— AutM be an outer action of a finite group G on an AFD
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type 111 factor M. Then M >, G = M contains a common Cartan subalgebra if and only
if N(a)={e}. Here N(o)=0a~(CntM) and ec G is the unit of G.

We refer to Jones—Popa [5] and [14] for détails, and to Jones [4], Ocneanu [8],
Sutherland-Takesaki [15] and Kawahigashi-Sutherland-Takesaki [6] for the clas-
sification of actions.

§3. Results.
3.1. The case of type II factor.

PROPOSITION 3.1. Let a: G— AutM be an outer action of a finite group G on the
AFD type 11, or 11 factor M. Let H be a subgroup of G. Then M>,G > M><, H
possesses a common Cartan subalgebra.

PrOOF. By Theorem 2.1, M >a,G > M has a common Cartan subalgebra. It is
automatically a Cartan subalgebra of M >«, H because of [5; Remark 2.4]. q.ed.

3.2. The case of type III factor.

LEMMA 3.2. Let M > N be a pair of type Il factors and E: M — N a faithful
normal conditional expectation. Let ¢ be a faithful normal semi-finite weight on N. If

M = N has a common Cartan subalgebra, then so does the canonical inclusion M=
M ><,,.s R > N=N>a,, R. In particular, we get N' n M=Z(N).

Proar. This follows from [14; Lemma 17 and the obvious fact:
NAaMcAAM=4A<N,
where 4 is a common Cartan subalgebra for M > N. q.ed.

LEMMA 3.3. Let a: G— AutP be an action of a finite group G on a type 111 factor
P. Let H be a subgroup of G and set M=P>,G > N=P>a,H. Let E: M — N be the
natural conditional expectation and let M=M><,0.c R > N=N>,, R for some
weight ¢ on N.

() M > N is conjugate to P><;G > P> H ,

(i) N’'~ M > Z(N) is (as a pair) anti-isomorphic to

(Z(P) >g.u N(@)) 2 (Z(F) > N@lw)

" where P is the crossed product of P by the modular action, @ means the canonical extension

of a in the sense of Haagerup—Stormer [2] and v is the action of H defined by

yﬂ( Z chzh)= z A‘(ga h)&g(cg'lhg)zh, gGH.

heN(a) heN(a)

Proor. It follows from the obvious modification of the proof of [13; Lemma
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2.4]. In fact, since P’ M is anti-isomorphic to Z(P)>y,N(®) and N'n M=
(P~ M) {2y}, the result follows from the fact that AdZ, corresponds to y,. q.e.d.

THEOREM 3.4. Let a: S;— AutP be an outer action of the symmetric group S; on
an AFD type 111 factor P and set M=P><,S; > N=P>,S,. Then M > N contains a
common Cartan subalgebra if and only if N(a)=/{e}.

PROOF. Let us assume that M > N contains a common Cartan subalgebra. If we
denote the canonical inclusion of type I, von Neumann algebras by M > N, then it
follows from Lemma 3.2 that N’ n M = Z(N). We remark that S, is the group generated
by a and b with the relations a®> =1, b* =1 and aba = b2. Since N(x) is a normal subgroup
of S, the possibility of it is {e}, {e, b,b*} or S;. However, for the cases of {e, b, b*}
and S, we have N’ N M # Z(N) because of Lemma 3.3. Thus we get the consequence.

The converse follows from Theorem 2.2 and [5; Remark 2.4]. q.e.d.
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