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1. Introduction

B. G. Casler constructed a standard spine for a 3-manifold with boundary from the poly-
hedral structure, in [1]. He stated there that two 3-manifolds are homeomorphic if and only if
they have a standard spine in common. Standard spines form a good subclass of the spines of
3-manifolds. Later, in [7], Ishii found a better class of spines for closed 3-manifolds. He con-
structed a spine by making use of a flow on the manifold and called such a spine a flow-spine.
Spines of a closed manifold are understood to be the usual ones of the manifold from which
a small ball is removed. It is known that the flow-spine form a good subclass of the standard
spines. In this paper, we exhibit an algorithm to deform a standard spine to a flow-spine in
the given closed manifold by a combinatorial topological method. It is, however, hard to see
directly whether a standard spine is a flow-spine or not. By DS-diagrams (see Definition 1.1),
we get rid of the difficulty. It is known in [5] that any closed 3-manifold has a DS-diagram
constructed from a standard spine. The flow-spines correspond to the DS-diagrams with E-
cycle, see [4] and [8]. Thus the problem above can be translated into the remodeling problem
of a DS-diagram into one with E-cycle (see Definition 2.2).

The main theorem of this paper can be stated as follows (see Definition 1.2 for the notion
of DS-isomorphism).

THEOREM 1.1. Any DS-diagram is DS-isomorphic to a DS-diagram with E-cycle.

We prove this theorem by finding a DS-isomorphism to get a DS-diagram with E-cycle
algorithmically. ;

Including the concept of DS-isomorphism, let us review briefly some of the definitions
made in [4] through [8] to understand the theorem.

Consider a 2-sphere S? and a connected 3-regular graph G embedded in S2. Let Vi be
the set of vertices of G. Then G induces a natural structure of cell complex K(G) on s2;
0-cells are elements of Vg, 1-cells are the connected components of G — Vi and 2-cells are
the connected components of §2 — G. For a definition of cell complexes, see for example, [9].

DEFINITION 1.1. A triple A = (S, G, f) is called a DS-diagram if
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(1) G is a connected 3-regular graph embedded in S2.

(2) For a polyhedron P with cell structure K (P), f is a continuous map from S? onto
P. f is called an identification map of A,

B) f : K(G) — K(P) is a cellular map, that is, for each 0 € K(G), f |<7 is a
homeomorphism from o onto a cell A = f (o) of K(P),

(4) for each k-cell A¥ € K(P), gf~'(A2) =2, ') =3 and /110 = 4,
where § f ~1(A*) means the number of the connected components of f —L(aky,
We understand that the cells of K (G) and K (P) are oriented so that f is orientation preserv-
ing. For each cell 0 € K(G), we call the oriented cell f(o) € K(P) a label of . We often
say that f(o) is a k-label of o if dimo = k. Usually we say 0 € K(G) a cell in A and
f(o) € K(P) alabel in A.

Let A = (52, G, f) be a DS-diagram with an identification map f : $2 — P. The iden-
tification space S2/f = P is necessarily a closed fake surface (for the definition of a closed
fake surface, see [2]). Let B3 be a 3-ball with boundary 8B> = S2. Then the identification
space B3/f is automatically a closed 3-manifold. We will denote B3/f by M(A) and call it
the manifold associated with the DS-diagram A.

We explain here the terminology “DS-isomorphism” briefly, see [6] for detail. It should
be remarked that if A’ is DS-isomorphic to A, then a manifold M (A’) associated with A’ is
homeomorphic to M (A). It is not hard to see that the replacements stated below correspond
to well-known deformations of a spine keeping the manifold fixed.

DEFINITION 1.2. Let v be a 0-label of a DS-diagram A; and
Z1(v) ={A*B*,C*t*DY, ATCt, BT DY, ATDY, Bt C™)
the surroundings around v in A;; AT means the head part of an arrow indicating a 1-label A.
We can consider three pairs {A*B*, C* D%}, {AtC*, BtD*}, {ATD*, Bt*C*}. Choose
one of them, say {A* BT, C* D*}. Replacing X (v) by
ZyEF'\,GH™Y)Y={(EF~!,GH™'; A*B*,Cc*D*
AYGEC*,BYGFCY, AYtHEDY, BYHFD™},

we obtain another DS-diagram A, from A;. Then Ay < A, is called an elementary de-
formation of Type I (or briefly, I-deformation, see Figure 1-a). We use the notation @ =
OATBT,CtTDY) : A = Aryand @~ =@ W(EF-!, GH ) : Ay = A|. Wesay @ is
of type It and &~ is of type I~

Let A be a 1-label of a DS-diagram A3 with surroundings

X3(A) = {PTAS™, QTAT,RTAU~, QTR , RYPY PYQY*, T-U~,U~S",ST7};
Pt (or S7) means the head part (or the tail part) of an arrow indicating a 1-label P (or S,
respectively), and so on.
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FIGURE 1-a. Elementary deformation of type I.
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FIGURE 1-b. Elementary deformation of type II.
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FIGURE 2. Piping.

Suppose A4 be obtained from A3 by only replacing only X3(A) by
Z4(XYZ)={XYZ, PtS~, QYT ,RTU~, QY XR*, RtYP™,
PYZQ*Y, T-XU~,U"YS™,S"ZT"}. |
Then A3 & Ay is called an elementary deformation of type II (or briefly, II-deformation,
see Figure 1-b). We use the notation ¥ = W(A) : A3 = Asand ¥~ =0~ 1(XY2Z): Ay =
Aj. Wesay W is of type 11T and W1 is of type 11~
A 1-label said to be of loop-type if the closure is a loop, and of arc-type otherwise. We
note that II-deformation is available if A, X, Y, Z are all 1-labels of arc-type.
A finite application of elementary deformations is called a DS-deformation. Suppose A
and A’ are DS-diagrams. We say A’ is DS-isomorphic to A if A’ is obtained from A by a
DS-deformation.
The DS-isomorphism, called a piping, on a DS-diagram plays an important role in this
paper. We explain here this deformation.

DEFINITION 1.3. Let A = (§2%, G, f) be a DS-diagram. Let o™ and o~ be 2-cells in
A with the same 2-label «. Choosing 1-cells P, Q (possibly P = Q) on the boundary dart
of o, we can denote da ™t as

dat = Pty 1, QtfTy - - T
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where t;, rj’f‘ are 1-cells on dat. Choose two points p € P and g € Q so that f(p) # f(q).
Let £1(p, q) be a proper arc in a 2-cell o™ joining p with q. Put x = f(p), y = f(g) and
£(x,y) = f(€T(p,q)). Let A, B, J;, J}‘ be 1-labels of P, Q, t;, t}‘ respectively; that is,

A= f(P),B= f(Q),Ji = f(w), J} = f(z]). Then we can write
da = AN Jo--- JBIFJS - J% = AwBw*,

where w = J1J2 - - - Jp and w* = J{ J2* .-+ J». Then, the surroundings around A U B are

Y(AUB) = {AwBw*;---A--+,---B--+,---A---,---B---}.
Consider a DS-diagram A’ obtained from A by replacing ¥ (A U B) by
X' ={CD7!, A,wB,, Byw*A;; Ai/CAy-+-,---BiIC™'By - -,
...A1DAsy--- ,"‘BID—IBZ"f}-

Wecall L = L(A,B) : A = A’ a piping along £(x, y), see Figure 2. We showed in [6]
the fact that a manifold M (A’) associated with A’ is homemorphic to M (A). Suppose that
there exists a 2-gon on a DS-diagram just like CD~! in X’. Then we can consider the inverse
L™1 : A’ = A. We often use the notation §(CD~!) instead of LY, and call it a 2-gon
collapsing. For detail, see [6].

2. Remodeling a DS-diagram into a splittable one.

The main purpose of this section is to show the following.

THEOREM 2.1. Forany DS-diagram A, there exists a splittable DS-diagram (see Def-
inition 2.1 for “splittable”) which is DS-isomorphic to A.

LetA = _(S2, G, f) be a DS-diagram. Consider a pair of 2-cells in A with the same label
a. We denote one of them ot and the other o~ . In this way, we can separate whole 2-cells in

: + + + - - -
A into two classes {a] , ;) , - - - ,ozn_H} and {o; , oy, - ’“n+1}'

DEFINITION 2.1. The closure Z+ ofoefL Ua;‘_u- . -L.Jo:j_'_1 (or Z7 ofa] Uay U---U
o, 1) is called the positive zone (or the negative zone, respectively). We will call (Z *,Z7)a
bicoloring of the DS-diagram A. We will call (Z+, Z ™) a split bicoloring of A if both of Z*
and Z~ are connected. A DS-diagram A is splittable if A has a split bicoloring. ~

DEFINITION 2.2. Let A be a splittable DS-diagram with a split bicoloring (Z+, Z7).
Let a1, az, -+, ay, be a sequence of 1-cells on a simple loop Z*t N Z~ such that cl(a; U
a; U---Uay,) = Zt N Z~, where cl(X) means the closure of X. Let A; be the label of a;,
1 < i < m. Then we say that A = AjA;--- A, is a splitting cycle of A associated with
(Z*,Z7). We will call a splitting cycle A = A1Ay--- A,y an E-cycle if A; # A for each
i #j. ‘

DEFINITION 2.3. Let o be a cell in A. We say that o is positive if o C IntZ™,
negative if o C Int Z~, and neutral if o C Z* N Z~. We will use the notation v(«) for the
number of neutral cells with label «.
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It is easy to see the following.

PROPOSITION 2.1. If«a is a 2-label, then v(a) = 0. If A is a 1-label, then v(A) is
either 1 or 3. If v is a O-label, then 2 < v(v) < 4.

DEFINITION 2.4. A 1-label A appearing in A is said to be bordered with respect to
(Z*, Z7) if each of three 1-cells with the label A is neutral. Otherwise, A is said to be
distributed with respect to (Z1, Z~). Note that for a distributed 1-label A, there are three
1-cells with the 1-label A such that one of them is positive, another is negative and the other
is neutral.

We will introduce a new DS-deformation, named digging.

DEFINITION 2.5. Consider a DS-diagram A with a bicoloring (Z*, Z™). Let o and
7 be 1-cells in a connected component R to Z+. Suppose A = f(o) and B = f(z), where
f is the identification map associated with a DS-diagram A. Let p € o0 and g € t be two
points chosen so that f(p) # f(q). Then there is a simple arc ¢+ = ¢f U¢fUef U... U]
transverse to 1-cells in R such that

(1) each e;L is a directed arc with the initial point p,_; and the terminal point p,, where
po= pand pn =g,

2 ¢rnel, =pr,

(3) the interior Int £} of £} is in a positive 2-cell for each r, and p, is in a positive
1-cellif r # 0, m,

4) f(pr) # f(p)and f(q)ifr # 0, m.
We will call such a simple arc £ = 28' @) KT V) e; U---U &t a mark-line joining o with t.
Note that, for each simple arc £;, there is the spouse £, of £;} so that f(£}) = f(£;) and
grNnEguetuegfu-uegh) =0. ,

See Figure 3. Figure 3-c is obtained from Figure 3-a via Figure 3-b. We will say d(£%):
Figure 3-a = Figure 3-cis a diggiﬁg along a mark-line £+, or simply a digging if there is no
confusion.

THEOREM 2.2. A digging is a DS-deformation.

PROOF. Suppose d(£*) is a digging along a mark-line ¢+ = ¢f Uef UL U ... U ).
Ifm = 0,d(") = d(£]) is nothing but a piping, and hence d(£¥) is a DS-deformation. If
m = 1, d(£7) is established by applying pipings twice. In general, d(£7) is a consequence of
m + 1 times of applications of piping. [

Suppose {R1, Ry, - -+, Rp} and {S1, S2, - - - , Sq} are the set of connected components of
Z* and Z~. We will call R; a positive region and S; a negative region. In this situation, we
will denote p(Z+, Z~) = p+q. Note that regions R; and S; are 2-disks with or without holes
since a DS-diagram A is a diagram on a 2-sphere S? associated with a 3-regular connected
graph. Hence at least one element of {R;} U {S;} is a 2-disk. Without loss of generality we
may assume Sy is a 2-disk. Suppose R, is the positive region adjacent to S,. If p + g > 3,
there is another negtive region, say S,—1, adjacent to R,.
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LEMMA 2.1. Suppose p+q = 3. Letoc C R, NS, and t C R, N S;—1 be neutral
1-cells. Suppose the label of o is distributed and the label of T is bordered. Then there
is a DS-diagram A’ with a bicoloring (Z't, Z'™) such that A’ is DS-isomorphic to A and
o(Z*,Z27)=p+q—1.

PROOF. Applying a digging along a proper arc in R}, joining 1-cells o and t, we will
be able to obtain a required DS-diagram A’ as follows. Let A and B be 1-labels of o and 7.
Suppose “1 ,oz2 , /31 , ,B £ (0 < r < m) are 2-cells in A as shown in Figure 3-a where
ay C Sg, v Uytu-- Uym C Ry, B C Sq— L Le:t!i+ be the closure of £f UL ULS - - UL,
which is a proper arc in the closure of y;" U y; .U y,F joining a point p € o to a point
g € t (see Figure 3-b). By a digging d(£1) along £+, a; and B; (i = 1, 2) are replaced by
«f and B/, and y; is replaced by two 2-labels y;4 and y;» and further, a new 2-label § with
38 = BE~! is born. Note that Yop Uy U Uy and yoh Uyt U- - Uy}, are in the same
region, say R;,, since S, is a 2-cell. We can see the resulting DS-diagram A’ (Figure 3-c) has
a natural bicoloring (Z'*, Z'~) such that p(Z't,Z' )= p+g—-1. O

THEOREM 2.3. See Figure 4. Suppose A is a DS-diagram with a symbolic represen-
tation, see [6], "

{-Bees, -Bes o iiBoee e, },
where B is a distributed 1-label. Suppose A; is a DS-diagram with a symbolic representation
{af,an, ak’auf’ av, 3Vm,3,31,3132, """ }a

where

0 = B,P1P,B, UV, on = B,0102,

=175, du=P;'TQ,, dv=0iSP!,

dym =---B1VQ; 'SP,V ...,
0p1=---BIUT'PTQ'UB, -,

3ﬁ2=~-«B{131_1--°

Then Ay and A, are DS-isomorphic to each other.

PROOF. Applying II"-deformation w~1(n) to A, we obtain a DS-diagrdm A3 with a
symbolic representation:

{(PPUV, T s~ w TR, SP;‘; - B\VSPW,V'B;...,
--BWU™'W,P\TUB,---,---By'B! .. }."
Then applying 2-gon collapsmg 5(SP; 1y to A3, we obtain a DS- -diagram A4 with a
symbolic representation: - o
{W** , UV*;‘---BlV*W**V*"-le--o : ---BlU_IW**UBz--- , ...32“131—1 .}, O

Again applying 2-gon collapsing §(U V,) to A4, we obtain A;. Hence A; and A, are
DS-isomorphic to each other.
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FIGURE 4. Deformation to replacing a distributed 1-label by a bordered one.

PROOF OF THEOREM 2.1. We will establish our proof by the induction on n =
p(Z*,Z7). If n = 2, then A is already a splittable DS-diagram. Hence we assume n > 3.
And we show that there is a DS-diagram A’ with a bicoloring (Z’*, Z’~) such that A’ is
DS-siomorphic to A and p(Z'*, Z'~) = n — 1. It is enough to consider the situation that

(1) {Ri,R2,---,Rp}and (S, Sz, ---, S,} are connected components of Z+ and Z~,
and p+q = n, :
(2) 4 is a 2-disk, and R, is the positive region which is adjacent to both of S; and

Sg—1-
We will attempt to replace S; and S, by a new negative region S(’I_1 through DS-deformation
on A.

Step 1. In this step, we show that we can assume there is a neutral 1-cell in §; N R),
with a distributed 1-label A. If there is no such 1-cell in S; N R,, we claim that we can
change A to A, with a bicoloring (Z;", Z,") having the regions {R«1, Rs2, -, Ryp} and
{S«1, Sx2, -+, S¢q) such that

(1) S.q isa2-disk and Ry, is adjacent to Sy,
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FIGURE 5. Deformation replacing a bordered 1-label by a distributed one.

(2) S«g N Ryp contains a neutral 1-cell with a distributed 1-label, say A,.

We can construct A, as follows. Choose one of the 1-cells, say o, in S, N R, and
suppose the 1-label A = f (o) of o is bordered. Let a1, a2, 1 be 2-labels of A such that A C
day, 0oz, dyp. Some of o, a2, 9 may possibly be coincide together. Since A is bordered,
we obtain the left of Figure 5, especially we may assume a; C Sy.

Suppose £ is a proper arc in «; joining two points on A. Carrying out the piping Lo(A) :
A — A, along ¢, we obtain

Av={As, PQ7' AT PA,PTAS, AT QA, Q7 A7, AT A7)

which is DS-isomorphic to A. This DS-diagram A, has a natural bicoloring (Z;}, Z;) such
that p(Z},Z;) = p+qanda] U8~ C S,, where 8§ is a 2-cell with 2-label § so that
08 = PQ‘I. A 1-label A, is a distributed one on a new Sy, N Ry, With respect to (Z;}', Z.).

Step 2. Suppose A is a DS-diagram with a bicoloring (Z*, Z™) having the regions
{Ri, Rz, -+, Rp}and {81, S2, -+, Sg}, p+ g = n, such that

(1) S84 is a2-disk and R), is adjacent to S,

(2) S4 N R, contains a neutral 1-cell with a distributed 1-label, and

(3) S4-1is adjacent to R,.
-~ We want to find a neutral 1-cell in R, N S, with bordered 1-label. Suppose there is no
such 1-cell in R, N S;—;. Choose an arbitrary 1-cell, say t, in R, N S;_1. Then the 1-
label B = f(t) of T does not appear in S; N R, since B is distributed and ¢ C R, N S, is
neutral. Applying the DS-deformation in Theorem 2.3 to the 1-label B, we obtain the required
DS-diagram A, and a new 1-label B,. ‘

Step 3. From the argument of Step 1 and Step 2, if necessary, we can seek for a
DS-diagram A, with a bicoloring (Z}, Z,) having the regions {Ry1, R«2, -, Ryp} and
{S«1, Sx2, -+, S«q}, P + q = n, such that

(1) S is a 2-disk and Ry, is adjacent to Sk,

(2) S«g N Ryp contains a neutral 1-cell o, with a distributed 1-label,

(3)  S«,q-11is adjacent to R,



124 HIROSHI IKEDA, MASAKATSU YAMASHITA AND KAZUO YOKOYAMA

(4) Ryp N Ss 4—1 contains a neutral 1-cell 7, with a bordered 1-label,

(5) A is DS-isomorphic to A. ‘
To A, applying the digging along a proper arc in R, joining oy and 7., we will obtain a
DS-diagram A’ with a bicoloring (Z’*, Z’~) such that o(Z’*, Z'~) = n — 1. This completes
the proof. [J

3. Remodeling a splittable DS-diagram.

In this section, let A be a splittable DS-diagram with (Z*, Z~), and A a splitting cycle
of A associated with (Z1, Z7).

PROPOSITION 3.1. Suppose A is an arbitrary 1-label of A. Then A appears on A
exactly once if A is distributed, and exactly three if A is bordered.

PROOF. Itis an obvious since a 1-cell o with 1-label A is contained in Z+ N Z~ if and
only if o is neutral. [ A

PROPOSITION 3.2. IfA=-.---AA..-,thenwehave A =---AAA---

PROOF. It is easy to see that a DS-diagram contains a path AAA if it contains a path
AA. And further, A is bordered since A appears on A at least twice as AA. Therefore the
third edge with 1-label A is also contained in A. O '

DEFINITION 3.1. A splitting cycle A = A1A;,--- A, is called a good cycle if A; #
Aj4 for each i (modm).

LEMMA 3.1. There is a splittable DS-diagram A, with a good cycle such that Ay is
DS-isomorphic to A.

PROOF. If a splitting cycle A does not contain any adjacent 1-cells with the same
1-label, A is already a good cycle. Suppose not. Then there is a 1-label A so that A =
wjAAAw;. In this case, there are two kind of surroundings of A (Figure 6-a):

1(A) ={XTAAY ", Y AXT, Y X"}, and
(A) = {Y AAXt, XYAY”, YT X7}, |
Note that X* # A and Y* # A, but possibly ¥ = X*. For each case, we claim that we can
obtain a DS-diagram A, with a splitting cycle A, = w; XAPRAQSAYw,. For X(A), if
we apply an elementary deformation @ = ®(X+tA~, ATY ™) of type I T, we obtain
H(Z1(A) ={PQ !, RS\, XYAQRAY,Y " QSAPRXt, Yy~ PSx*},
(see Figure 6-b). It is similar to 2> (A). By repeating this operation, we can obtain a splittable
DS-diagram A, with a good cycle. [

As we saw in §2, any DS-diagram is DS-isomorphic to a splittable one with a splitting
cycle A. Furthermore, by the previous lemma, we may assume A is a good cycle, that is,
A does not contain AA, where A is a 1-label. We will start with this situation. Note that A
consists of distributed 1-labels (each of them appears exactly once on A) and arc-type
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FIGURE 6-a. Surroundings of a 1-label A with AA on A.

FIGURE 6-b. @(X((A)).

bordered 1-labels (each of them appears just three times on A), see [6]. We will eliminate
these bordered 1-labels from A step by step. Then, a resulting splitting cycle A, will not
contain any bordered 1-label, and hence A, will be automatically an E-cycle of a DS-diagram
which is DS-isomorphic to the original DS-diagram. |

PROPOSITION 3.3. Suppose t is a neutral O-cell in A and o1, 05, 03 are 1-cells in-
cident to t. Then either o1,0,,03 € Z* or 01,02, 03 € Z~ holds; t is said to be positive
handed if o1, 02, 03 € Zt, and negative handed otherwise.

PROOF. Since 7 is neutral, t ¢ Zt N Z~, and two of 01, 02, 03 are alsoon Zt N Z~.
Hence either 01, 03,03 € Z* oroy, 02,03 € Z~ holds. O

Remember v(«) means the number of the neutral cells with the label «.

PROPOSITION 3.4. Let v be a O-label of A. Then 2 < v(v) < 4.
(1) Suppose v(v) = 2. Then one of the neutral 0-cells with label v is positive handed
and the other is negative handed.
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(2) Suppose v(v) = 3. Then three neutral O-cells with label v are either positive
handed all or negative handed all. If these neutral O-cells are positive (negative) handed, the
non-neutral O-cells with label v is negative (positive).

(3) Suppose v(v) = 4. Then two of the O-cells with label v are positive handed and the
other two are negative handed.

PROOF. For an arbitrary O-label v in A, there are four O-cells with the same O-label v.
Each O-cell has three 1-cells as hands, and has three corners, see [6]. Hence there are twelve
angles corresponding to six corners for a O-label v. Six of these angles are in Z* and the
others are in Z~. This fact leads us to the proof. [

Let A be a good cycle. Let A be a bordered 1-label with the initial O-label x and the
terminal O-label y. x # y and that three 1-cells with label A are all on the good cycle A.
Let o be a 1-cell with label A and p, g be the initial and the terminal O-cell of o; that is,
f(o) = A, f(p) = x and f(g) = y. Then there are four types of o on A (Figure 7). If p and
g are both positive handed (negative handed), then we say o is of type Ut (type U™). If p is
negative handed (positive handed) and q is positive handed (negative handed), then we say o
is of type Nt (type N, respectively).

We will consider patterns of the intersection of good cycle A and surroundings around A.
Note that 3 < v(x), v(y) < 4. Hence (v(x), v(y)) is one of (3, 3), (3, 4), (4, 3), (4, 4). Note
that (3, 4) and (4, 3) are essentially of the same type. Hence we get typical eight patterns (see
Figure 8). They are denoted by (v(x), v(y) : N(A), U(A)); where N(A) is the number of
1-cells, with label A, of type Nt and N—, and U (A) the number of 1-cells with type U™ and
U~. Thelistis: (3,3:0,3),(3,3:3,0),4,3:1,2),4,3:2,1),4,4:0,3),(4,4:1,2),
(4,4:2,1),(4,4:3,0).

DEFINITION 3.2. A goodcycle A is called a better cycle if (v(x), v(y) : N(A), U(A))
= (3, 3 : 0, 3) for each bordered 1-label A.

b(A) means the number of bordered 1-labels of A.

THEOREM 3.1. Let A be a good cycle and b(A) = k. If there is a bordered 1-label
whose pattern in not (3,3 : 0, 3), we can reform A to a DS-diagram A, with a good cycle
and b(A,) =k — 1.

Type U* Type U™ Type N* Type N~

FIGURE 7. Type of 1-cell on A.
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D A H- B 4 F- c* A G

c D* G-

Pattern 0: (3,3 : 0, 3).

D c
.. C * D‘ + B‘ %

Pattern 1: (3,3 : 3, 0).

D¢A% +Af tA* e

Pattern 2: (4,3 : 1, 2).
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-
c D
+ G- H-
- i
A .......... PO H o 5 L i e
’ A 1’ B A {V {‘ A * +
H” F c* G D
Pattern 3: (4,3 : 2, 1).
< G B
A} 4 ‘} ....... r H g F
D H } 4 * + y * ------- et <l
. o o
Pattern 4: (4,4 : 0, 3).
G D H c
c ‘} B* 4 F G
+ 4 H- B A F * + B D +
D c G H

Pattern 5: (4,4 : 1, 2).

Pattern 7: (4,4 : 3, 0).

FIGURE 8. Eight patterns of bordered 1-labels on a good cycle A.
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PROOF. Suppose A is a bordered 1-label whose pattern is not (3,3 : 0, 3). For each
pattern, we can show the above statement by applying elementary deforamtion of type II+
once or twice. Suppose X'(A) is the surroundings of A. We may describe it as

Z(A)={B*AF~,C*AG~,DYAH~,B*C*,C*D*,D*B*,F"G~,G"H ,H F™}.
Suppose x and y are an initial and a terminal 0-label of A. Since x # y, we can apply an
elementary deformation ¥ (A) of type II'* to our 1-label A. Then we obtain
2 ={PQR;BYF~,C*G~,D*H~,B*RC*,ctPD*, DTQB™,
F RG™,G"PH™,H QF"}.
Let Ay be the DS-diagram associated with k.
Pattern 1. Suppose A is of (3, 3 : 3, 0). We may assume a good cycle A of A is
A:---CYAH™ --.-DYAF~...BTAG™-...
Then
Ay:---Ct*PH™...DYQF~...BTRG™ - ..

is obviously a good cycle of A,, where b(A,) = k — 1 (Figure 9).
Pattern 2. Suppose A is of (4,3 : 1, 2). By W (A), a good cycle

A:---DYAG—...DYAH™ -.-B AF—...D*C*...
of A is changes to
Ay:--DYP7IGT...DYH™...B*F~...DTQRC* ...

which is a good cycle of A, with b(A,) = k — 1 (Figure 10).

By the similar arguments, we can deal with patterns (4,3 : 2, 1), (4,4 : 0,3), (4,4 :
1, 2). For these patterns, we list here only the good cycles A and A, of A and A,, where
b(A) =kand b(A,) =k — 1.

Pattern 3. (4,3:2,1).

A:---D+AG‘---B+AH—---B+AF_---B+C+---,
Ay:---DYPG™...BYQH~...BTF~...BTQ lCct....

.....................................................................................

FIGURE 9. The case of pattern (3, 3 : 3, 0).
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-
R Q
c
B P H
N v w5 £ polyc
P
H FC G

FIGURE 10. The case of pattern (4, 3 : 1, 2).

Pattern 4. (4,4 :0, 3).
A:---DYAH=...DYAH™ ...BYAF~...D¥Cct...G"H™ ...,
Ay:---DYH=...DYH=...BYF~...D*P-IlCc*...G R 1Q7'H™-...
Pattern 5. (4,4:1,2).
A:---CYAH-...BYAF~...BYAF~...B*Dt...G"F ...,
Ay:---CYPH ...BYF~...B*F~...BYQDY...G"RF™---.
Now we will deal with the remaining two patterns (4,4 : 2, 1) and (4,4 : 3, 0).
Pattern 6. Suppose A isof (4,4 :2,1). A is written
A:---CtAH .. .BTAH ...BYAF—...BtDt...G"H ...
Applying ¥ (A), we obtain a good cycle
A --~C+PH“---B+Q‘1H"---B+F_---B+RPD+---G_PH_---
of A’ (Figure 11-a); still »(A") = k. But we can find a new bordered 1-label P of pattern
(3,4:2,1)in A’. Hence we can apply ¥ (P) to A’ again, and obtain A, with b(A,) =k —1
(Figure 10-b) which has a good cycle A..
Pattern 7. Suppose A is of (4,4 : 3,0). A is written

A:--.CYAH  ---DYAF -..CtYAF...C*YBY...G"F—--..
Applying ¥ (A) to A, we obtain a good cycle
A:...ctPH™-...D*QF~...C*R™'F~...C*R'B*...G R 'F ...
of another DS-diagram A’ such that b(A’) = k. R is a new bordered 1-label of a pattern of

(4,4 : 1,2). Again we apply ¥ (R) to A’. Then we obtain A, with a good cycle A, so that
b(A) =k—1. O

By the induction on the number of the bordered 1-labels of seven patterns, we obtain the
following corollary.
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S
e

FIGURE 11-a. The case of pattern (4, 4 : 2, 1); first step.

FIGURE 11-b. The case of pattern (4, 4 : 2, 1); second step.

COROLLARY 3.1. For any DS-diagram A, there is a splittable DS-diagram A’ with a
better cycle such that A’ is DS-isomorphic to A.

4. Remodeling into a DS-diagram with E-cycle.

In the previous section, we saw that any DS-diagram can be remodeled into a splittable
DS-diagram with a better cycle. In this section we will consider exclusively a splittable DS-
diagram A with a better cycle A.

Remember that b(A) is the number of the bordered 1-labels of A. The following theorem
was found by Prof. Dr. Ippei Ishii.

THEOREM 4.1. The number b(A) is even, and the number of the bordered 1-labels of
type (U, U™, U") is equal to that of type (U—, U, U"™).

PROOF. Let (Z%, Z™) be the bicoloring of A. We will denote the number of positive
(or negative) i-cell of A by v*(i) (or v—(i)). By v°(i) we mean the number of the neutral
i-cells. Then obviously vT(2) = v=(2), v°(2) = 0. And it holds that vt(1) = v—(1)
since 1-cells with a bordered 1-label are all neutral and three 1-cells with a distributed 1-label
consists of one positive, one negative and one neutral 1-cell. Since both Z* and Z~ are
2-disks, x(Z1) = x(Z™) = 1, where x (Z%) is the Euler number of Z*. That is,

X(ZF) = (°0) + vEO)} — (v () + vEQ)} +vEQ).
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Hence vt (0) = v~ (0) follows from

0=x(Z" - x(2Z)
={T0) —v )} - 1) —v D} + T @) - v (2)}
=vr(0) — v (0).

Suppose m and n are the number of the bordered 1-labels of type (Ut,U*, U*) and of
type (U™, U~, U™) respectively. Suppose x is a O-label. Let vt (x), v—(x) and v°(x) be
the number of positive, negative, and neutral O-cells with the 0-label x, respectively. If each
1-label incident with x is distributed, v (x) = v=(x) = 1 and v°(x) = 2. If there is a
bordered 1-label, say A, incident with x, then there are no other bordered 1-labels incident
with x. If A is of type (U*, UT, U™), then v°(x) = 3, vt(x) = 0 and v~ (x) = 1 holds. If
Ais of type (U~,U~,U™), then v°(x) = 3, vT(x) = 1 and v~ (x) = O holds. Therefore
vt0)—v (0)=n—m.Hencem =n. O
Showing the following theorem, we complete the proof of our main Theorem 1.1.

THEOREM 4.2. Thereisa DS-diagram A, with E-cycle such that A is DS-isomorphic
to A.

PROOF. Suppose b(A) = 2k. By the previous theorem, there is a pair of bordered
1-labels X and Y such that X is of type (Ut, U, U%) and Y is of type (U, U~, U™). We
can assume

A={C}XGy, Dy XHy, BfXFx,
Cy Dy, DY%BY,BfC¥ GyHy, Hy Fy, Fx Gy,
CyYGy,D}YH,,BfYFy,
Cy Dy, Dy Bf, BfCy, Gy Hy , Hy Fy , Fy Gy, -+ },

(see Figure 12-a), and
A=---D;;XH;---B;;XF;---C;XG}u-
---C;,*YG;---D;'YH;---B;'YF;--- .

Applying an elementary deformation ¥ (Y) of type II* on A, we can obtain a DS-diagram A
(see Figure 12-b) such that

Ay ={PQR; C¥XGy, DYXHy, Bf XFy,
Cy D%, DY BY, BfCY,GyHy, Hy Fy, Fx Gy,
Cy PDy, DY OBy, By RCy, Gy PH, , H, QF, , F; RGy,
CyGy,DyHy ,BfFy,---}.
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c D; F
Cy Gy D; H; B; F; B G; H;
+ {' % % (oM Y G, D Y Hy B Y 132
D; x H: B X F G X G f * + + + *
-
c; D; ) e . ] . o
Y Hy By Fy Cy Y
Gy H;
B;
FIGURE 12-a. Pair of 1-labels X and ¥; X is of type (Ut, U+, Ut) and Y is of type (U~,U~,U"7).
mark-line ¢
e Cmm e Y -
Vi AN
L \
—~— i
i A
w, . |
i i . .
Co C; i p Dy F
. ¥
w |
s | R
< R o 6 0
|
v
he B; G; P H;
v ! D;  H; . F;
|
i
. e N N G W, W, C; G D; Hi B F
D; X H,; B; X Fy C; X G; P 0 R
Cx D; F; W, W,
Dy H;B FC G
B; G; H;
FIGURE 12-b. After applying an elementary deformation ¥ (Y).
Note that

Ay =---DYXHy ---BfXFg---C5XGy -+
-+-C§{Gy -+ DY Hy ---Bf Fy -

is no longer a splitting cycle of A;. But Z* is still connected, a new 1-label P C Z* is
distributed and a 1-label X C Z* is still bordered. We can find a path £t from P to X as
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P, X.
wel Fen A Sp w YT
T, s, R . 10
W] [T c; D; :
T4 1S, :
. . R o) S/ w. T,
W et /E: . I;L\
T, s, . - N/
r (4 By Gy P, Pz H;
. c G; Dy  Hj B; Fy
} } X, X xj' Cy +X.Z x,*G\ oo W LA ¢; Gy Dy Hy By F
[

B Gy Hy

FIGURE 12-c. After applying a digging d(£).

a mark line. £+ may cut across some 1-cells with 1-labels, say Wy, Wy, --- , W,. Applying
digging d(£*) along £, we can obtain a splittable DS-diagram A, (see Figure 12-c) with a
good cycle
Ay =---D{X\Ty-- - ThT1P2QRP1S1Sy -+ SpXoHy -+
- BY X1 X X2 Fy - CEX1ZX2Gy -
W WpeWpp - - - Wor W Wy Wiy Wi Wiy - - -
-~C;,*'YG;---D;,FYH;---B,TYF)T--- .
Note that both of X; and X5 on Aj; are of pattern 2: (3, 3 : 3, 0). Hence by applying ¥ (X))
and ¥ (X3), we can obtain a splittable DS-diagram A3 with a better cycle
Az =---DyJ T, - - TaT\P,QRP$:S;--- SpJoHy - - -
- BYK['X(KyFy ---CYLT'ZL2Gy - -
W WpaWpy - - - Wopr Wo  Wos Wi, Wi Wiy - - -
...C'Y*YG;...D;’YHY—,...B;YFY— een



It is an easy observation that b(A3) = 2k — 2. This argument shows that there is an algorithm
to obtain a DS-diagram with E-cycle which is DS-isomorphic to the original A. [J

(1]

(2]
[3]
(4]
[5]
[6]

[7]
(8]
[91
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