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1. Introduction

We consider nonnegative solutions of the initial value problem for a weakly coupled
system

dui(x, 1)

(D At
ui(x,0) = u;ox),

:Au,»(x,t)—i—ufj}ﬁx,t), xeRyt>0,i e N*,
xeReieN*,

where N > 1, N* ={1,2,---N},d > 1,p; >0( € N*)and u; o (i € N*) are nonnegative
bounded and continuous functions. Throughout this paper we mean un4; = u;, Un+yi0 =
ui,0, pN+i = pi foreachi € Zandu = (uy, uz,--- ,un), uo = (U1,0, 42,0, -+ , UN,0)-

Problem (1) has a nonnegative and bounded solution at least locally in time (see Theorem
2.1). For any given initial value ug, let T* = T*(up) be the maximal existence time of the
solution. If T* = oo, it is called a global solution. On the other hand, if 7* < oo, there exists
i € N* such that
(2) lim sup [|u; ()|l = 00.

t—T%*
When (2) holds, we say that the solution blows up in a finite time.

Since the pioneering work of Fujita [6], the blow up and global existence of solutions to
weakly coupled semilinear parabolic systems have been studied by several authors ([2], [3],
[4] and [7]).

In the previous paper ([8]), we have considered the case p; > 1(i € N*), pip2--- pn >
1 and proved the following results.

(I) If2max;en«{l + p; + pipitv1+ -+ pipi+1 - pixn—2} = d(p1p2---pN — 1),
then T* < oo for every nontrivial solution u(¢) of (1);
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(1) If2max;en+{l + pi + pipi+1 +- -+ pipi+1 -+ pi+n—2} <d(pip2---pn—1),
then there exist both non-global solutions and non-trivial global solutions of (1).

In [8], we also have considered the large time behavior of global solutions. These results
extend the previous results for the case N = 2 ([2] and [7]). We also refer [4] and the
references therein for the study of the blow-up rate in the case (I) for N > 1.

In this article, we consider the case pip2 - -- py < 1 with p; > 0 and we may allow the
situation p; > 1 for some i. Our first result is the following global existence of solutions.

THEOREM 1. Assume that0 < p1p2---pn < 1. Let u(t) be a nonnegative solution
of (1), and let T* = T*(ug) be the maximal existence time of the solution. Then T* = oo,
i.e., every solution is global.

The uniqueness of solutions to (1) is a delicate issue, because the nonlinearity does not
satisfy the Lipschitz condition when p; < 1 for some i. Actually, the uniqueness of solutions
does not hold in general and we can have the following two theorems.

THEOREM 2. Assume thatQ < p; <1 (i € N*) and ug # 0. The problem (1) has a
unique nonnegative solution.

THEOREM 3. Assume that 0 < p1p2---pn < 1 and ug = 0. Then any nontrivial
nonnegative solution of (1) has the form

wi(x,t;8) =ci(t —s)§ (@ €N,

where (r);+ = max{r, 0}, s is any nonnegative constant and c;,o; (i € N) are positive
constants given by

L+ pi+pipit1+ -+ pipit1 - Pi4N-2

i = s

I —pip2---pN
(3)
pip2-PN—1 _ pi _PiPi+l Pi Pi+1""Di+N—-2
¢ =00 %y YN .

In the case of N < 2, Theorem 2 has been proved under the weaker condition 0 <
p1p2 < 1[3; Theorem (a)]. However, it is an open problem whether Theorem 2 is true or not
under the weaker condition pyp; - -- py < 1 for the case N > 3.

Finally, we consider the asymptotic behavior of solutions of (1) as t — oo.

THEOREM 4. AssumethatQ < pipa---pn < 1. Then, for any nontrivial nonnegative
solution u(t) of (1),

4) lim = %u;(x,t) =¢; (i € N¥
t—00

holds uniformly in R%, where c;, a; are positive constants given by (3).

As for the global existence, the case N = 1 is easy ([1]). The case N = 2 was studied
by M. Escobedo and M. A. Herrero ([2; Theorem 1]). As for the uniqueness of solutions,
the same results have been obtained by J. Aguirre and M. Escobedo ([1]) in the case N = 1,
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and by M. A. Herrero and M. Escobedo ([3]) in the case N = 2 . Theorems 1, 2 and 3 in
this paper extend these results to the general case N > 3. Basically Theorems 1, 2 and 3
can be proved in a similar way to that in [2] and [3]. But for our big system, the procedure
to obtain the key differential inequalities (23) and (24) below becomes very complicated. To
control this big system properly, we make use of Lemma 2.2 which is a new observation.
Moreover, to obtain an important lower bound estimate (Lemma 3.2), we also need to control
more complicated iteration process than the one for the case N = 2. Theorem 4 is completely
new even for the case N = 1, 2. We also note that in the proof of Theorem 4 we employ a new
comparison argument which yields a simple proof of the global existence under the condition
0 < p1p2---pn < 1 even for the case N = 2.

In §2 we prove Theorem 1. Theorems 2 and 3 are proved in §3 and finally Theorem 4 is
proved in §4.

For simplicity, we use the following notation throughout this paper:

pipi+1---pj, (A <j),
Di.j =1 Di» i=1j),
1, i>j).

2. Proof of Theorem 1

First we note the local existence of solutions of (1).

THEOREM 2.1. Let p; > 0 (i € N*) and assume that ug is nonnegative, continuous
and bounded. Then there exists T > 0 such that (1) admits a nonnegative and bounded
classical solution u in [0, T) x R,

PROOF. Although we follow the same argument as in [2; Theorem 2.1] for the case
N =2 and [1; Lemma (1.3)] for the case N = 1, we give the outline of the proof for reader’s
convenience. For arbitrary 7 > 0, let

&) Er ={u:[0, T1 = (L®)N; lullg, < oo},

where

N
lullg, = sup {Z||u,~(r>||oo}.
i=1

t€l0,T]

We consider in E7 the related integral system

t

(6) ui(t)y = SMuio +/ St — s)uf’_’i'_l(s)ds, i€ N*,
0
where S (7)€ represents the solution of the heat equation with an initial function &:

S0E0) = @y [ ey,



350 NORIAKI UMEDA

Note that in the closed subset Pr = {u € E7;v; > 0 (i € N*)} of Er, (1) is reduced to
(6). If pj < 1 forsome j, let{g; ,} be a sequence of globally Lipschitz continuous functions
such that, for any fixedn > 0

0, r<0,
Gjn(r) =19 cjnr, 0<r<1/2n,
rPi, r>1/2n,

where cj, = (2n)'~Pi. Consider now the approximating problems for (1) as in [2]:

Win) — Duin =ul, . t>0,xeRY, ifp =1,
o Wjm)e = Aujn =g (ujr1n), t>0xeR! ifp; <1,
wis1,2(0) = uiy10, xeR?, ifp >1,
Ujt120) =ujq10+1/n, xeRY, ifp; <1.
We put iiy, = (U1 n, U2, -+ , UN.n). Define
W () (1) = (S@Ou1,n(0) + Py n(u2,,) (1), S(H)u2,,(0) + D2, (u3,,) (@),
o, SOun (0) + Py (U))@)),
where

t

Pin(Uit1,0)(2) =/0 St — syl ,(s)ds (pi = D),

t
@;,n(uj+1,n)(r)=/() St = $)g s )E)ds (py < 1),

Then we can easily obtain the following estimates:

N
1SCu1,n(0), SOuz,n0), -+, SOunan(O)lE, < CZ ll4i,n (0)lloc »

i=1

N
1(P1 o w2,0), PonUzn)s -+ s PN Ey < CT Y Uinllf, .
i=1

where
Ui 0 wup o 0 --- 0 0
Uz, 0 0 wus, O 0 0
UNfl,n 0 0 0 o --- 0 UN,n
Unn Ul n 0 0 0o --- 0 0

Let Br = {iiy € E7; lltnlle; < R}. If R is large enough and T > 0 is small enough,
one can easily see from the above inequalities that ¥, is a strict contraction from Bg N Pr



REACTION-DIFFUSION EQUATIONS 351

into itself, whence there exists a unique fixed point i, € Bg N Pr which solves

t
i () = S(0)ui 0 (0) + f St — syl (5)ds PeN iz,
) |
®)
t
Ujn(t) = S0 (0) +/0 S — )9 10 j41a (s, j €N pj <1.

Thus we obtain a unique nonnegative and bounded solution i, (f) to (8) in R? x [0, T) for
some 7'. Furthermore, we can show

uin@) <ujm@) ifn>=m,

where we use the argument of [1; Lemma (1.3)]. Therefore, the sequences {u; ,(¢)} are non-
increasing with respect to n and bounded below. So, we can define u; (t) = lim,— oo Ui n(?).
Then we can conclude that u; (¢) satisfies (6) (see [1]).

To complete the proof of Theorem 2.1, let u(x, ¢) be the nonnegative and bounded solu-
tion of (6) that has been obtained in [0, T') x R< for some T > 0. By (6), u(x, t) is continuous
in [0, T) x R?. Moreover, by considering the difference quotients (1/h){u; (x1, x2, - -+ , xj_1,
Xj+h,xji1,-+,xq,t) —ui(x,t)} with b — 0, one easily sees that du;(x, t)/0x; is lo-
cally bounded in RY x [t,T) for j = 1,2,---,d and any 7 such that 0 < v < T. Then
uf’ "1 e N*) are locally Holder continuous functions in space uniformly with respect to
time. It then follows from the representation formula (6) that u is a classical solution of (1) in
R? x (0, T) (see [5;Chapter 1, Theorem 10]). O

REMARK. By the proof of Theorem 2.1, solutions are unique when p; = 1 (i € N*).
If this assumption is dropped, this result is false in general. For instance, see Theorem 3.

Next, we show an important lemma for the proof of Theorem 1.
LEMMA 2.2. Let pip2---pn < 1. Then, there exists m € N* such that
PN+m—k+1,N+m = 1
forany k € N*.

PROOF. If p; < 1foranyi € N*, it is obvious. We consider the other cases. We say
that P = pi k+m = PkPk+1 - - Pk+m satisfies the property (f), if

Pitm < 1, Prtm—1.k4m < 1, Pt km < 1, Pijerm <1
hold. We also say that P is a good block if P < 1. We define

ijp=min{i;1 <i < N,p;—1 <1, p; > 1},
i12 =min{i; i1 <i < N,pi-1 =<1, p; > 1},

i1 ky =min{i; iy g1)—1 <i <N, pi—1 <1, pi > 1},
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where k(1) is the least number such that {i;ijxq) < i < N, p;i—1 < 1, p; > 1} becomes
empty. We also use the convention i x(1)+1 = i1,1. Then we put

i1p—1
P =[] p
1=y
i13—1
P =[] m
I=i1 2

i1 e(+1—1
k=[] m
=iy k)
(= Piryay Pivgy+1 " " PNP1 " Piyy—1) -

Here we used the convention pyy; = p; (i € Z) in the last expression. It is easy to see that
if Pr(m) = piy,, Piy+1""* Piyms1—1 18 & good block, then Py (m) satisfies the property ().
By repeating these procedure, we define
2 =min{i; 1 <i <k(l), PG —1) <1, P1(i) > 1},
22 =min{i; i1 <i <k(l), (i —1) <1, Pi(i) > 1},

i2 k2 =min{i; iz k2)—1 <i <k(1), P1(i —1) <1, Pi() > 1},

where k(2) is the least number such that {i; irx2) < i < k(1), Pi(i — 1) < 1, Pi(i) > 1}
becomes empty. We also use the convention i3 x(2)+1 = i2,1. We put

ino—1
pO =[] PO,
I=ip
ir3—1
po =[] PO,
I=ir >
i2,k2)+1—1
pk)= [] PO
I=i2 k2
(= Pi(i2,k@) P12k + D - Prk(D)Pr(1) - -+ Pi(izg — 1)) .

Here we used the notation P (k(1) 4+ i) = P1(i) (i € Z) for the last expression. We also note
that if P>(/) is a good block, then P> (l) satisfies the property (f).

Furthermore, by repeating the above procedure inductively and using the assumption
p1,v < 1, we arrive at number / such that

ipp=min{i; 1 <i <k(+1,P1(—-1) <1, P-1() > 1},
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where {i;i;1 <i <k(l—1), 1 —1) <1, P,_1(i) > 1} becomes empty. We put
P(1) = P—1Gr,) P—1Grn + 1) - - P Gkg-n-D P—1 (1) - - - P (-1 — 1) .

Here, we rewrite P;(1) in an original form without changing the order of multiplications. Then
we obtain

Pi(1) = pm-N+1"""Pm—1Pm
for some m € N*. Then P;(1) satisfies the property (f) and here this m is a desired one. O

We also collect the following inequalities which will be frequently used in the proofs of
Lemma 2.4 and Theorem 1.

LEMMA 2.3.
(D) For all nonnegative numbers a and b, it holds that
(@+byP <20~Na? +bP) if p=1,
(a+b)P < (a? +bP) if p<1.
() (Jensen’s inequality) Let v = v(x,t) be any nonnegative function. Then it holds

that, for all t > 0,

(S@v(s)? < S (s),

t q t
</ St — s)v(s)ds) < 4! / St — s)vi(s)ds
0 0

S (s) < (SMHv(s)? ,

t t q
/ S(t — s)vi(s)ds < t' 4 </ St — s)v(s)ds)
0 0
ifg <1

We omit the proof of Lemma 2.3, since it is well-known. We also use the semigroup
property S(t — s)(S(s — r)u(r)) = St — r)u(r) frequently.

First, we establish the basic estimate which will be used frequently in the iteration pro-
cess of the proof of Theorem 1.

ifg>1,and

LEMMA 2.4. Ifp; > 1, piiv1 > 1,---, piivj—1 > 1, and p;;+j < 1 then there
exist g,(t) (i <h <i+ j) such that
i+j—1
wi(t) < SOuio+ Y gaOSOup o+ gijOuly @),
h=i

and g, (t) = O ") with some yy, ast — 00.
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REMARK. By taking y = max{ys;i < h < i+ j}, we may write g, () = O(") as
t —> ooforanyi < h <i+ j. We will use this convention frequently in the proof of Theorem
1.

PROOF. It follows from (6) that

t N

pi
) ui(t) = Suio +/ St — s){S(s)ui+1,0 +/ S(s —ryulh! (r)dr} ds .
0 0

From Lemma 2.3, we have

t

ui(t) < SMuio +/ S(t — S)[Zp"_ls(s)”fil 0
A :

s Pi
+2ri1 </0 S(s — r)ufj:’zl (r)dr) i|ds

t
= S(t)uio +2p"71/0 S(t)uﬁlgods

t s pi
+2pi—1 / S(t —s)(/ S(s —r)uf:’zl (r)dr) ds.
0 0

From (II) of Lemma 2.3, it follows that

(10)

wi(1) < S(uio + 27 1S0ul

' s
(11 +2P"71/0 S(t —s)sp"fl'/‘0 S(s —r)uf’j'r”;l (r)drds

t
< S(Ouio+2" Sl o+ 20 P /O St —ryu S (rydr .

Substituting u;2(r) = S)ui+2.0 + for S(r — s)uf’j'rgz (s)ds into the integral of the last in-

equality of (11), we obtain
ui(t) < S(Muio + g;OSOULL o

(12) t r . Pii+1
+ g,-(t)tp"*1 / (S(t -r) I:S(r)uH_z,() + / S(r — S)uf’:éz (s)ds:| >dr ,
0 0

where g, (1) = 27~ '¢. Using Jensen’s inequality again for p; ;11 > 1, we have

ui(t) < SWuio + g;(OSOulLy o+ gip1 (DSOS
(13) o ‘ s
+ gip1tPe (t)/ St —s)u; 5" (s)ds,
0
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where g, (1) = 2PitPiit1=2(14Pi Since p; > 1, pjit1 > 1,---, piiyj—1 > 1, we repeat
the arguments from (9) to (13) to obtain

ui(t) < SOuio+ g;OSOUlL) o+ gip1 OSOUlS" + -

(14) -
+mﬂqawmmﬂﬁ+mHAWM+“{/sa—wﬁﬁmmML
0

where g, (1) = 2PitPiit1 ot Piitk—k=lgl4pitpiiti++piitk-1 (j > 1). Now we substitute

Wigjr1(s) = Suirjr1,0 + fOS S(s — r)uf_i_*l.j_:é (r)dr in the last term of (14):

t
/O St — syul L ()ds
Then we have
t . .
/0 S(t — syl (s)ds

t K » | Pli+j
:/O St —s) (S(S)”i+j+l,0+/0 S(s —r)u ZJ':;’Iz( )dr) ds

t
< tl—l’i,i+j {/ S(t _ s)
0

R o Piji+j
x <S(S)ui+j+],0 +/ S(s — V)”?J:ﬁ(r)dr>ds }
A :
t
< t1=piit </ S®uiyjy1,0ds
0
t s Pii+j
+/ S(t—S)/ S(s =) lpﬁﬁ(r)drds)
0 0

! o Pii+j
< t<S(t)u,'+j+1,0 + / S — r)uf_’i_;fié(r)dr>
0

_ Pzr+/
aRLIRIOR

Substituting this into (14), we conclude
i+j—1
(15) ui(t) < S(tuio + Z gnOSOuy o+ givj (t)uf’;rvﬂl ,

h=i

where Gitj (t) = tPii+j-1 Gitj-1 (t). Thus Lemma 2.4 is proved. O
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PROOF OF THEOREM 1. Without loss of generality, we can assume m = N — 1 in
Lemma 2.2. We put

j=min{i; 1 <i <N—-1,p1; <1},
j@ =min{i; j(1) <i <N —1,pja)+1i <1},

jy =min{i; j(h—=1) <i <N =1, pj-n+1; < 1},
where £ is the least number, such that
{i;j(hy<i <N —=1,pjm41i <1}

becomes empty. Then we have the following general situation which will be divided into &
blocks:

I-blocks : pr>1,pi2>1,---,p1jy-1> 1L pijn =<1,
2-blocks : piy+1 > L, pjy+1, 42 > 1,

s P+, j2-1 > Lpj+1,jo <1,

h-blocks : pin—1)+1 > 1, pji—+1,jh—D+2 > 1,

v Dith=D1, -1 > L pjt—n+1, iy < 1,

where from j(h) = N — 1, pj—1)+1,jn) = Pjti—1)+1,N—1 =< 1. Although some k-block
may become degenerate so that just pj) < 1,if j(h+1) = j(h)+1, we consider the general
situation above without loss of generality.

By using Lemma 2.4 for 1-block, there exist0 < y; < ocoand f; () i =1,2,---, j(1)—
1) and fj(l)(t) behaving like O (¢"1) at t — oo such that

JH—1
(16) wy < SOuro+ Y ®OSOuph o+ fia@uliY
h=1

By using Lemma 2.4 again for 2-block, there exist 0 < y» < oo and f;(r) (j (1) +1 <
i < j(2)) behaving like O(¢72) at t — oo such that

Jj2)-1

_ v S

A7) wjme < SOur0+ Y, OSSO + FioyOul
h=j(1)+1
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Combining (16) with (17), and using (I) of Lemma 2.3 for py ;1) < 1,

(18)

where

and

up < S@Wuio0+ Z Sie@®S@u

J)—1

k=1
j2)-1

+ D i@0Swu

k=j(D)+1
j2)-1

Pj)+1,k

ot fj(l)(f){S(f)Mj(l)H,o

» ) P1,j)
r j(D+1,j(2)
+fio0u;o)4" }

<SWuio+ Y f®UD) + fioOu’ )7

Ur(t) =

k=1

Plk
SOui s o

k+1,0

fin® = fiay,

[S@ujy+1,01719D
[S(t)up_/(l)-#l,k]pl,j(l)

I=k=j)-1,
(k= j),
GM+1=k=j2 -1,

i@ = FiniVY G +1<k<j@Q).

357

Iterating this process for m-blocks (m = 1, 2, - - - , h), we can obtain that there exist 0 < y;, <
oo and f;2)+1, fj@)+2, - » fj@) behaving like O (t") at t — oo such that

19)

where

Ur(t) =

Jjh)—1
w < SOuro+ Y f®OU@) + fio@ul )%

k=1

SMuyh o
[S@®uj1y+1,01P17/O

[S(uy s 1o

[S(Huj2)+1,01717@

[S@up g e

[S(O)uj@)+1,01P19

(S jh—1)41,01719¢=D

[S(t)ul’j(h—l)+l,k]pl’j(hil)

k+1,0

I=k=jM)—-1,

(k=j@),
GM+1=k=j2 -1,
(k=j@2),

(@O +1=k=;j3-D,
(k=j@3),

(k=j—1),
(Gh=D+1<k=<jh)—1.
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Put £(1) = 1+ Y1 fi (). Since j(h) = N — 1, if follows from (19) that

N-2
(20) up < f(t){S(t)ul,o + Z Ur(t) + “ZI’NI} .

k=1

Note that @y +az+---+a; < l(af +a5 +-- ~+a;")1/‘” holds for > 1 and a; > 0. Applying
this inequality as « = 1/p1,ny—1 (note p; y—1 < 1 by our assumption), we obtain from (20)
that

N-2 P1,N—1
1 _

1) up < Nf(t){(s(t)ul,o)l/pl’Nl + 3 U o + uN(t)} :

k=1
Since all py—1, pN—2.N—1," ", P1,N—1 are not more than 1 by our assumption, Jensen’s
inequality yields

1 _ 1/ prs1.N—

(22) Uk/Pl,N l(t) < S(t)ukip]/‘:(;l’N 1

for 1 < k < N — 2. Therefore substituting (22) in (21), we have

N—-1 | P1,N-1
(23) ui < Nf(t){ 3 Su /4 uN(r>} .
k=1

Substituting this in the N-th equality of (1), we have

N—-1 PN
24) Un)e — Auy < (Nf(t))”N{ 3 S@u/ g + uN(t)} :
k=1

Put

N—-1
1 _
w@.n = Y SOu/F +un@)
k=1

NoL
w(x,0) = uk!/(fk’N’l—i—uN,o.
k=1

Then we find w; — Aw = un; — Aup;. Since p; v < 1, we have wP-¥ < 1 4 w, and hence
it follows that

w; — Aw < (NF@)PYwPN < (Nf@))PN (1 +w).
Let v be the solution of

v = (Nf(@)PV(1 +v),
v(0) = sup wx,0) =vg.

xeR?4
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Then we have w(t) < v(t) by the standard comparison theorem and
t
v(t) = (1 4+ vp) exp </ (Nf(s))”Nds) —1.
0

Since v is global, w is also global. By the definition of w this means u y is global. From (6)
we see thatall uy_1, uny—_2,---,u; are global. O

3. Proof of Theorem 2 and 3

LEMMA 3.1. Let ug # 0, and let u(x,t) be a solution of (1). Then for any T > 0
there exist constants ¢ > 0 and @ > 0 such that
(25) ui(x,7) = cexp(—alx|’) (i € N*).

PROOF. We employ the same argument as in [2; Theorem 2.4] and [3; Lemma 1].
Assume for instance that u; o # 0. By shifting the origin if necessary, we may assume that

there exists R > 0 such that v = inf{u1,0(§); |€] < R} > 0. Since u1(¢) > S(¢)u1 0, it holds
that

ui(t) > vexp(—|x|2/2t)(47tt)_d/2/ exp(—|y|?/20)dy .
[YI<R

Defining i (t) = u1(t + 79) for some 7y > 0, we obtain
i#1(0) = u1 (o) > cexp(—alx|?)

with

1 2
(26) 0o=—, c= v(4nr)_d/2/ exp(—ﬁ)dy.
27,'0 ly|<R 2T

To obtain the corresponding result for ux(f), we note that, if py > 1, Jensen’s inequality
yields

t
un(t) = f S(t — $)(S(s)ur,0) "V ds
0

t t
@7 > / (S(t = $)S(s)u1.0)"V ds = / (S(D)u1.0)P¥ds
0 0
> 1(S(H)uy,0)"N
and, if py < 1,
t
un(t) = f S(t — $)(S(s)ur0)PV ds
0
t
(28) 2/ S(t — $)S(s)ulds
X |

> 1S(ully.
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From (27) and (28), the estimate for up in (25) holds with a different choice of « and ¢ from
the one previously made in (26). By repeating this procedure, we obtain the desired results
foruy_1,un—2, -, uz. This completes the proof. O

LEMMA 3.2. Let u(x,t) be any nontrivial solution of (1) with O < p1p2---pn < 1
and ug # 0. Then

(29) ui(x,t) = cit*, (i € N%),
where c; and «; are positive constants given by (3).

PROOF. We take the same strategy as in [3; Lemma 2]. Assume first that u o(x) >
c exp(—oz|x|2) for some ¢ > 0 and a > 0. For simplicity, we consider the case 0 < p; < 1
(i € N*). We will mention the proof for the general case 0 < p; y < 1 at the end of the
proof. Since

2
30 S exp(—alx?) = (1 + dar)~2 exp [ =21 .
(30) (@) exp(—alx[?) = (1 + 4at) P\ T g
it follows that
_ 2
(31) uy(x, 1) > SMuyro > (1 + 4ar)~4? exp(l i':()'ﬁ) .

Moreover, by (6)
t
(32) un(x,t) z/ St —s)(ui(x,s)Nds .
0
Substituting (31) into (32) and using (30), we have

t
un(x,t) > cp"’/ (14 4as)~PV=D2(1 4 das + dapy (r — 5)) 792
0

2
(33) xexp| — Pyl ds
1 +4as + dapy(t —s)
2
> PV (1 +4ozt)_d/2exp — M ‘.
1 4+ 4apnt

Here we used py < 1. We substitute this inequality into (6) and use (30) to find
t
uy—1(x,1) = cPNfl»N/ (1 + das)~dPn-1/2
0

x (1 +4apns +4apy_1 .yt — s))*d/2 x (1+ 4OleS)d/2

2
xexp| — aPN-1.N ] sPN-1ds
1 4+4apys +4apy—_1,n({t —5)

> PN-UN (1 4 dar)~PN-172(1 4+ dapyr)~4/?
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8 eXp(_ apn—1n|xI* > 1PN
1 +4apy-1,nt) py—1+1°

Now we claim that

apN—i+1,n1x]? >th

34 ui—k(x, 1) > PNV g, (1) ex (— —
k P 1 +4apy—kv1,nt) Ax

for any k > 1, where P, and A; are positive constants and g, (¢) is a positive monotone
decreasing function of r which will be determined inductively. Here we use the convention
PN+j = DPj,un+j = uj (j € Z). The inductive relations are obtained as follows. From (34)
and

t
(35) U_p(x,t) > / St — s)(ui—i(x, ))P~*ds ,
0

we get

U_g(x, 1) > ePNEN gPR ey (1 4+ dapy g1 nt) "2

apn—kn|x|? tPep—itl
xexp| — i
L+4apn—iNt) Ay (Pip—i + 1)

apn—knlx|? )tp"“
I +dapy—k.nt) Akt

(36)

Then from (33) and (36), we get the following relation:

Pr=1, Pk+1:PkP7k+1
(37) Ar=1, A=A Py
g1 = A +4a)™2, g, = g O +dapy_ip1,nt) 742

for k > 1. Now, by using (37), we easily see that

Pe =1+ pks1 + p—ktt,—k42 + -+ P—k41,-1,
k
Ay = 1_[ PIPN—k-H,N—/ i
(38) =2
k
g (1) = l_[(l +dapy _krip1 1) TPk k=12
=1

for k > 2. From (34) with k = jN, noting py_jN+1,N = P1,jN = p{ ~» We obtain
ur(x,t) =ui—jN(x,1)

(39)

3

a(pl,N)f|x|2>ﬁ

> PV g (1) exp < - .
14 4otp'1”Nt

Aj
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where I3j = Pjn, Aj = Ajnand g;(t) = gy (). We rewrite 13, Aj and g ; (1) to see their
asymptotic behaviors as j — oo. First it is easy to see that

Pj=Piy=1+p1+pio+---+ pijn-1i
i—1
= +pi+pia+-+pn-DU+pin+piy+-+py)

_(+pi+pia++piv-)Ud = (piy)))
l—piN ’

(40)

Furthermore, we need the following expression Pjy4x (1 < k < N) by using 13]-:
Pintk = 1+ p—(jN+k—1) PiN+k—1 = 1 + p1—k PjN+k—1

=1+ p1—«(+ p_(jNtk—2) PjN+k—2)

=1+ pi—k + p1-kpP2-kPintk—2
41)

=14+prk+pr-k2-k+- -+ plok—1+Pi-koPjn
=1+ pN+1-k + PN+1—k N+2—k +**+ + PN4+1-k,N-1 T+ PN+lfk,N15j .
Substituting (40) into (41), we obtain

PiN+k =1+ pPN—k+1 + PN—k+1,N—k+2 + - -+ PN—k+1,N—1
J
(42) 1— PN

+pNkriNA+pr+pio+- -+ piN_)T———
1—pin

for j > 1and 1 < k < N. We also note that this formula is also true even for j = 0. Now,
we express A as follows:

1
N
_ P—jN+1—k P—jN+1,—(N+k) P—jN+1,—((j—1)N+k)
43) =[]~ X Py iy X X PG N

where

j—1
L P—jN+1,—(N+k)

Apj = l_[ P, IN+k :

=0
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Note thatfor0 </ < j —1

P—jN+1,—(IN+k) = PjN—jN+1,jN—(IN+k)
(44) = P1,(j—=DN—k = P1,(j—I-1)N+(N—k)

= (i) vk

Then using (42) and (44), we have

Jj—1 j—l-1
(p] N PI,N—k)
Ag,j = l_[ Py
=0

N+k
(45)
ji] j—1-1
= [Tt + ok (1 = (pr)H @i P1v=0)
[=0

where we used the notation

Bk =14 pnii—k + PN41—k,N+2—k + -+ PN+1—k,N—1,
(46)

ok = pN+1-k, N+ p1+p1r2+ -+ pi,nv=1)
- pin

for1 <k < N.Noting p; jpi,N = Pi,jPj+1,N+j = Di,N+j» WE S€€

Br + o = {(1 = PN+ pN—k+1 + PN—k+1 N—k+2 +**+ + PN—k+1,N-1)

1

+pN—bk+t NI+ pr+pro+---+ Pl,N—l)}l—
— PILN

= {(1 + PN—k+1 + PN—k+1,N—k+2 + -+ PN—k+1,2N—1)

1
47) — (I + pN—kt1 + PNk, N—kt2 + -+ PN—k+1,2N—1)P1,N}m
= {(1 + PN—k+1 + DN—k+1,N—k+2 + =+ + DN—k+1,2N—1)
1
— (PN—k+12N—k + PN—k+12N—k+1 +*+* + PN—k+12N—1) (T
L= piN

14+ pN—k+1+ -+ PN—k+12N—k—1
1—pin ’
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It follows from (45) and (47) that

j—1
14+ pN—k+1+ -+ PN+1—k2N—k—1
Apj < l_[ <
1=0

piLN—k(p1n) !
1 —pin )

(48) _ al’],N]—ka}/:_o] (pra) 1!
=ONti-

_am,N_k(1—(m,N)-f>/(1—p1,N>
— Y“N+1—k

PiN—k/(1=p1.N)
SOy

for]l <k <N andanyj > 1.
Next, we show

N
(49) 301 @) = +daprorn(pry) P12 g2 @)
=1

for j > 0. Here g = 1.
PROOF OF (49): By (37), we have

_ D—(j - _
9j1(0) = gjnyn () = !JjN(fﬁiV] V(1 +dapy_(inen—D+1nt) Y2

= 9 N no1 (L +dapr v (pra)/ 747

P—( — _
= [g NNt (L +dapn—(intn—2y41.n8) 427!

x (1+4apy N (p1n)/ 64"
= (1 +dapa v (p1v) )™ (1 + 401PN—(;N+N—2)+1,NI)_dp'/ng}vij_z'

Here we used p_(jn+n—1) = pi and

PN—(jN+N-D+1,N = PI—jN+1,N = PI+1,N+jN
(50) j
= pi+1.n - (P1.N) .

Repeating this procedure by using (50), we obtain

G110 =1 +4apyn(pry)in) =42
x (1 4+ 4aps n(pr.y)/0)~4P1/2

x (1 +dapan (pry) =22

X oo
x (1 +dapyiin(p1,n) 1)~ 9P1n-1/2
X g;.’]]\',N ).

This implies the formula (49). O
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Using the formula (49) inductively, we have

N
3,0 =[] +4apiern(pr )~ =257 @)

~

(1 + dapr1 v (pry) ~ley—dpui-1/2

1=

~
I

1
N

. 2
X H(l +4ap1+1,N(pl,N)’_zt)_d’”J—]p'vN/zg};’:"zN) )
=1

(1 + 4apr1 n(pry) ~Ley—dpri-1/2

1=

—
I

1
N

X l_[(l + 4()lpl+1’N(pLN)jizt)7dp1,171P1,N/2

51) =l

N

<[]a +dapriry (pry) T3P (P2
=1

NEEE

N
i—2
x T100 + doprir e (pr w1212
=1

j-1
« g(lpl,N) (t)

I
1=

j-1 _
[H(l +4apz+1,zv(p1,zv)"t)"”‘*“(”‘*N)]kl/z}

=1 = k=0

If
1=

9,;(1 (G =D.

~

1

Now we claim that

(52) lim

lim, 9,0 =1 (1<I<N).

PROOF OF (52): First, we note that
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j—1
dapipn(prv)y it =" (prw) T api v (P
k=0

j—1
(53) > Y (pr.v) * Mog( + daprii vt (p1.w)F)
k=0

j—1
j—1—k
=log | [ [(1 +4apirin(pr ) @
k=0

Here we used x > log(1 + x) for x > 0. Hence, it follows that

j—1
_ j—k—1
g (t) = [ [( +4apiprn(pr )k~ @prm1 i) /2
k=0

> exp (—dpii-1/2 x datprin(pin) ')
-1 (j— 4+00),
since p1,ny < 1. Therefore we obtain the desired estimate. O
Now we obtain
(54) lim; (1) > 1.
So, letting j — oo in (39), we can conclude by (40) and (54) that

1
(alagla:fl’z .. .a]l:]l’Nil)l/(l_p],N)

up(x,t) > (dtpittpiv-1)/(=p1.n)

= Cltal .

As to the general case, we take arbitrary ¢ > 0, and set u; () = u; (¢ + £). One then has

t

uie(t) = S(Ouje(0) +/ St —s)ujy, (s)ds,
0

where by Lemma 3.1, u1 .(0) > ¢ exp(—oz|x|2) with some ¢ and «. Therefore, the preceding
argument shows u1 (t) > c1t*!, and accordingly

ui(t) =ui(e+—e)) =c1t —e)*,

whence follows the result, because ¢ > 0 is arbitrary.

This completes the proof for i = 1. The estimate for i > 2 can be obtained in the same
way.

Finally, we remark on the proof for the general case 0 < pi ny < 1. Even for this
general case, we can slightly modify the above computations to get similar estimates as before.
Precisely, we can obtain the estimate (39) with a slightly different g (). Here g ; (1) satisfies
(49), where only the number p;y; v should be replaced by a certain number. Thus, we have
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the estimate (52) even for the general case. So, we can conclude the same result under the
general assumption p; y < 1. O

We prepare the following lemma which will be used in the proofs of Theorems 2 and 3.

LEMMA 3.3. Let {vi(t)} (i € N*) be the nonnegative continuous function satisfying
t
(55) v (1) < / v/ (s)ds (i€ NY).
0
Assume py .y < 1. Then
vi(t) < cit™

with ¢; and «; defined by (3).

PROOF. From (55)

t S1 SN—1 i PN+i-2 Pi
(56) v (1) < / (/ cee (/ Ul-pN+1_1 (SN)dSN> .- 'dsz) dsy .
0 0 0

We put
Vi(#) = sup [[vi(s)loo -
s€[0,¢]
Then
1 S1 SN—1 ] PN+i-2 Di
Vi) < / (/ (/ pr+ll(t)dsN> ---dsz) dsy
0 0 0
t S1 SN—1 PN+i-2 Pi
([ ([ o
0 0 0
< Vipl’N (t)t1+pi+l7i,i+l+"'Pi,i+N—2{(pN_H._Z + 1)PiitN=3
X (PN+i—3.N+i—2 + PN4i—2 + 1)Piitn=4
X oo X (PiiaN—2 + -+ piivt + pi + D)L,
thus

Vi(t) < t*{(pNyi—p + 1)Pii+N=3
X (PN+i—3,N+i—2 + DN+i—2 + 1)Pii+N—4
X oo X (PiigN-2 4+ piit + pi + DY)

= C;’_ta" .

Thus we obtain

(57) vit) < cfe®i
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To obtain the stronger estimate, put 6; = Sup,¢[g oo) Vi (£)/1% < c;" so that v; () < 6;1%.
Substituting v; () < 6;¢% into (56), we have

t S1 SN—1 PN+i-2 Pi
vi(t) < / </ e </ (Gis%i)pN+"‘dsN) .. -dsz> dsi
0 0 0

1Y

— i _Di_ Pii+l DiitN—2 *
il K AN

Therefore by the definition of ;, we obtain

1

P1,N

6; <6 "
- .y Pi o Piitl o PLitN=2
il 1% Qi N—1

and hence

1 1/(1=p1,n)
0 = <al_api Piit1 pi,i+N2) =Ci-

1% % N

Thus v; < ¢;t%. O

PROOF OF THEOREM 2. We take the same strategy as in [3;Lemma 3]. Suppose that
for some up # O there exist two different solution (u(z), ua(t),--- ,un(t)) and (u1(z),
uy(t), - ,un(t)) defined in some strip ST = (0, T) x R?. Then it follows from (6), Lemma
3.2 and the mean value theorem that

t
Wi () — i ()4 < /0 St — )Wl (s) — @2 (5)) s

t
=< Plcfl_l / S(t — $)(ua(s) — iz (s) 45 P~ D2 gy
0
In a similar way, we have

t
(ua(r) — a2 ()4 < pacy>™! /0 S(t — $)(uz(s) — it3(s)) 4524 ds

13
(un(®) — N (@0)4 < pyef*™ /0 St — $)(ur(s) — i1 () 15PN D1 s

From these, it follows that
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(1 = u)+ (oo

t S1
pn—1 pi—1 pPN-1—1 (p1—Day (p2—Daz
SPI,NC] C2 ...CN Sl sz
0 0

SN—1
71 -
(/ Sf(fN 0y — u1)+(SN)||oodSN) ---d82}d51
0

(58)
" pi-D T (a1
_ pi—Day p2—Des
_pLNalaz...aN\/ sl [/ SZ
0 0
N (pv—Da _
/ SN @1 —u1)+(sn)lloodsn | -+ -dsa |dsy .
0
Here we used the relation cf”v_lcé"_1 .. ~c]’:,N_]_l = ajop - - - an which can be seen from the

definition of ¢; and «;.
We next show that the integrand above is indeed locally integrable. To this end, we first
notice that

t
(i —ui)+ Ol = /o l@irt = @ip 1)+ ) 1&ds (@ € N*)

holds, since all py, p2,---, pn are less than one and (a” — bP); < (a — b)ﬁ’r holds for any
nonnegative constants a and » if 0 < p < 1. Then Lemma 3.3 yields

[ — i)+ @)l < 12!

with 1 as in (3). We also note the relation p;a;+1 + 1 = o; (i € N*). This implies that the
right-hand side in (58) is convergent. Moreover, substituting this in (58), from p;o;11+1 = o;
(i € N'), we find

(w1 — )+ lloo < prvcit™.

We may now use this to obtain a new bound for ||(u; — 1)+ (¢)]lco Via (58). Iterating this
procedure k times, we obtain

- k
I — i)+l < Py yert™ .

Now by letting k — oo, it follows from p; y < 1 thatu; = u;, whence up = iz, --- ,uy =
uy holds. O

PROOF OF THEOREM 3. Although we follow the same argument as in [3;Lemma 4],
we give the proof for the sake of completeness. Let u be a nontrivial solution of (1) satisfying
the assumption in Theorem 3. Then by (6), fori € N*

t
lli (1)l oo 5/ luir1(s)l|8ods
0

holds and Lemma 3.3 yields
(59 lui (lloe < cit™
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with positive constants ¢;, «; defined by (3). By the hypothesis, there existi € N* , ¢t > 0
and x € R? such that u; (x, r) > 0. Without loss of generality, assume that u(x, t) > 0, and
define t by

t=inf{t >0:u;(x,1) > 0}.
From Lemma 3.1, u; (x,t) > Oforanyi € N*, x € R? and ¢ > 7. Now take 7 > 7 and set
ui(x,t) =u;(x,t+1).
Then (i1, uo, --- , upy) solves (1) and u; > 0. Therefore, by Lemma 3.2,
ui(x,t+1) > cjt™
for any r > 0. This implies that
(60) ui(x, 1) = ci(t — 1)
forx € R?, t > 0. Now choose any t < t and define
ui(x, 1) =ui(x,t+1).
By our choice of T, (i, Uy, - -+ , up) solves (1), with u; (0) = 0. Therefore, by (58)
ui(x,t+1) < cit™
forany s > 0 and x € RV, Letting t — 7, we obtain
(61) wi(x, 1) <c1(t — )Y

forx € R?, 1 > 0, and the conclusion follows from (60) and (61). O

4. Proof of Theorem 4

LEMMA 4.1. Assume 0 < p1 ny < 1 and consider the problem

i+1°

©2) vir = Av; + v xeRY, >0, ieN*
vi(x,0) =i, xeR?, ieN*

with a positive constant v; o satisfying

(63) e} Mool = P (e NY).

i LN
If v; is defined by
Vi 1/0{1' o
(64) v,-<x,r>=c,-{r+<’—’°) }
ci

for each i € N*, then v = (v, v2, -+, VnN) satisfyes (62), where c; and «; are positive
constants given by (3).

PROOF. It is easy to see that (64) is a solution of (62). O
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PROOF OF THEOREM 4. It is obvious for the case uy = 0 from Theorem 3. We show
Theorem 4 for the case ug # 0. From Lemma 3.2

(65) ui(x,t) > cit“ .

Now choose v; o which satisfies (63) and v; o > 2||u; 0llcc- Define v; by (64). Then we claim
the following estimate:

vix, 1) > u;(x, 1) ((x,1) € RY x [0,00),i € N¥).
If not, v; (x, ) < u;(x,t) holds at some point (x, t) € R? x [0, 0o) for some i. We put
t; = inf{t > 0; v;(x, 1) < u;(x,t) for some x € Rd} (i e N%.

From (6),
t
v (1) — ui(t) = S(#)(vi,0 — ui,0) +/0 St — )/ () —ul (s))ds
and from v; o(x) > u; 0(x),

S®)(vio —ui0) > 0.

Therefore, we have
t; ) )
O=vi(x,5) —ui(x, 1) > / [S(t — )L (s) —ult (s)](x)ds
0

for some x € R?. Then we obtain
ti > tit1 .
Inductively, we have
li >1tliy1 >+ >INJyi—2 > INti—1 > INti =

and we get the contradiction. Therefore it follows from Lemma 4.1 that

/oy o
Vi,0
(66) ui(x,t) < ci{t + (—) } .
ci
From (65) and (66), we obtain
Loy o
) Vi,0
(67) citY <ui(x,t) < ci{t + (—) } .
ci

Multiplying (67) by ¢~ and letting t — oo, we have

lim t % u;(x,t) =¢; (ieN".
—>00

uniformly in R?. O
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