TOKYO J. MATH.
VoL. 27, No. 1, 2004

A Landau-Kolmogorov Inequality for Lorentz Spaces

Ha Huy BANG and Mai Thi THU

Hanoi Institute of Mathematics

(Communicated by K. Shinoda)

Dedicated to Professor Mitsuo Morimoto on the occasion of his sixtieth birthday

Abstract. In this paper we prove that the Landau-Kolmogorov inequality for functions on the half line holds
for Lorentz spaces with the constants, which are best possible for Lo-space.

1. Introduction

The Landau-Kolmogorov inequality

”f(k)“go < K(k, n)||f||gk||f(")||]éo ’ M

where 0 < k < n, is well known and has many interesting applications and generalizations
(see [1-7, 13, 16, 17, 20-21]). Its study was initiated by Landau [11] and Hadamard [8]
(the case n = 2). For functions on the whole real line R, Kolmogorov [10] succeeded in
finding in explicit form the best possible constants K (k, n) = Ck , in (1), and Stein proved
in [20] that inequality (1) still holds for L,-norm, 1 < p < oo, with these constants (the
same situation also happens for an arbitrary Orlicz norm [1]). The best constants C ,:" , for the
half line Ry = [0, 0o) are not known in explicit form except forn = 2, 3, 4 (see [11, 12]),
but an algorithm exists for their computation (Schoenberg and Cavaretta [15]). In this paper,
essentially developing the Stein method [20], we prove that, for the half line, inequality (1)
still holds for Lorentz spaces with the constants C,:f »- Note that a similar result for Orlicz
spaces was proved in [2] by the techniques which cannot be used for Lorentz spaces.

2. Results

Let @ : [0, 0c0) — [0, 00) be a non-zero concave function, which is non-decreasing and
D(0+) = &(0) = 0. We put @(00) = lim;. @(¢). Let S be an interval of R. For an
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arbitrary measurable function f we define

£ lNg (s) =/O P(hp(y)dy .,

where Ap(y) = mes{x € S : |f(x)| > y}, (y = 0). If the space Ng(S) consists of
measurable functions f such that || f||n,(s) < 00 then Ng (S) is a Banach space. Denote by
Mg (S), the space of measurable functions g such that

1
lgllmes) = sup{mfAlg(x)ldx :ACS, O<mes A < oo} < 00.

Then Mg (S) is a Banach space, too [19], [18], [14]. The N¢(S) and Mg (S) are called
Lorentz spaces.
We have the following results [19], [18], [6]:

LEMMA 1. If f € No(S), g € Mo(S) then fg € L1(S) and

/Slf(X)g(X)IdX = 1 lINg 19l Ma (s) -

LEMMA 2. If f € N (S) then

I flIng(s)y =  sup
lgllmgs)=1

[ regeoa.
S

LEMMA 3. Letn > 1. If f € Lji10c(Ry) has a generalized n-th derivative g €
Li,10¢(Ry), then f can be redefined on a set of measure zero so that F=D s absolutely

continuous and ' = g a.e. on R,.

THEOREM 1. Let f and its generalized derivative f™ be in No (Ry). Then f® e
N (Ry) forall 0 < k < n and

—k
L@y < CEMF I RIS TN &, - )

PROOF. We begin to prove (1) with the assumption that f® € Ng(R;),0 < k < n.
Fixed 0 < k < n. By Lemma 2 we see that for any ¢ > 0 there exists a function v, € Mg (R4)
such that [|ve ||y r,) < 1 and

o0
| / SO 0dx| 2 17D o) — e/2.
0
By Lemma 1, there is an interval H := [c, d], ¢, d € (0, o0) such that
* k k
| / SO0 2 1Pl m — e @
0
where v = v(H, €) := xpve. Put

Fu(x) = fo £+ »vdy.
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Then F; € Loo(R4) by virtue of Lemma 1, and it is easy to check that

FO () = / FOG+ udy, 0<r<n 3)
0

in the distribution sense.
For all x € R4, clearly,

IED ] < 1F7 0 4 ) e ®o 0o ®y) < I1FVllng ®y) -

Now we prove the continuity of Fg(r) on Ry (0 <r < n). We show this for r = 0. Clearly, it
suffices to prove that for any x € Ry,

}iirg)IIXH(')(f(x +14) = fx+))lINe®y) =0.
Assume the contrary that for some § > 0, point x° and sequence {r,,} with #,, — 0,

Ixr OO+t +) = FEO+ ) INg®y =8, m>1. )

For simplicity of notation we suppose x* = 0. Since f € Ng(Ry), f € Léoc(R+). So, it is
known that

d
/ | f(x+tm) — f(X)|dx — 0 as m — 00.

Therefore, there exists a subsequence {7, }, we still denote by {#,,} such that f (- + 1) — f
a.e. on H. Define

go(x) = inf |f(x +1m)|, x €M,
m>n
then {g,} is a non-decreasing sequence and g, — | f| a.e. on H. It is easy to see that

Axrrgn @) = Aypy£1(1)  asn— oo, forevery t>0.

‘We have

PO 10) = Jim @ (yyig, (D) = M DGy an) (), 1> 0. S

It follows from the definition of @ that ®(a 4+ b) < ®@(a) + @ (b) for a, b > 0. Observing
that, forany f, g € No(Ry) and > 0 we have Ay, (r19)(21) < dyy, £ () + Ayyy g (2), then

Py f A1) = £1(20) = P Rygg 1 £ (A1) (D) + P gy (1)), m = 1.

It is easy to check that
nllignm X+ fCH+ta)llve®Ry = IxHSINe®Ry) -

Applying Fatou’s lemma, we obtain
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/0 Lm [ g1 (401 (1) + POy £1(0) = P gy £ (1) £1(20))1d1

m—00
o
< lim A [P Ryrgl £ (A1) (D) + Py £1(0)) = P sy f (i) — 1 (20 1t
m—0o0
00 1 [
= 2/ D (Aypy £1(@))dt — 3 lim / D (Ayag | f CAt)—fF1))dE . (6)
0 m—0o00 0

On the other hand,
Axpe|f Gty —£1() = mes{x € H:\f(x+1tn) — f(x)] >t}
Therefore, taking account of f(- +t,,) — f a.e. on H, we have
mILmOO A’X’H‘f(“i’tm)ffl(t) = 0
and then
mILmOO ¢()\’X’H|f(‘+tm)7f| (t)) = O °
So, by (5) we get forany ¢t > 0
20 (yy1 1)) = M P (yyy g, (D) + PRy £1(0) — MM PRy f(41)—£1(21))

< lm [Py f44010) + PRy 1) = P gy £ (Ata)— 1(2D)]

m—00

So, since (6), we have

o o 1 — o
2/0 D (hypy 1 (1))l < 2/0 D Ayl 1 (1))l — legnoofo D (Ayag| f (4tm)—f1E))dE .
Hence

o
/0 @(XXH‘f(,_Hm)_ﬂ(I))dt — 0 asm — o0,

ie., limy, o0 || X (f(- + tm) — f) | ve ®,) = 0, which contradicts (4).

The cases 1 < r < n are proved similarly. The continuity of Fg(r) has been proved.
Thus by the classical Landau-Kolmogorov inequality we have

IFRO)" < CENFFIFM L, .

which shows, with the help of (2) and the fact that |F{” (x)] < [ £©[lny®,) (O < r < n),
the inequality

U Pl =&Y < CEFIN R Wy k) -
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Therefore, by letting ¢ — 0 we have (1) under the additional assumption that f*) € Ng (R})
forr=1,2,---,n—1.

To complete the proof, it remains to show that f &) e Ng Ry, Ve =1,---,n—11if
f. f™ e Ng(R;). By Lemma 3 we can assume that f, f',---, f®~1 are continuous on
[0, 00) and f("’l) is absolutely continuous on [0, c0).

We putfork =0, ---,n,

fOx), xel0,00)

St =1, X € (—00,0).

Let ¥ € C(‘)’O(O, o0), ¥ > 0,¥%(x) =0for x > 1and fR+ Y(x)dx = 1. We put ¥ (x) =

FV (), A > 0and fi = fo) * V.
Fix b > 0. Then V¢ EC(‘)X’(b,oo)wehavefor0<A <bk=1,---,n:

(29> =D < fio®)
=0 [ ([ o= w0y )e D ws
0 0

A 00

= fo (0t fb fortx = 1P 0dx ) ¥ (»dy
A e}

= [ ([ = sewx)pay
0 b
00 A

= [ ([ 6= ynar)ews
b 0

=/b (o * ) (x)e(x)dx
= {fu) * ¥a, @) .

So, we have proved for 0 < A < b,

A(k) = (foy * ¥)® = fo * ¥ @)

in the D’(b, 00) sense. Therefore, for 0 < A < b we have

ICf0) * ) ™ lINgib.00) = Il i) * YallNg [b.00)
< M fw * Yallve® < Il f) llne®) )

= I fo Ive ®e) = 1F @ llvp ®,) -
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On the other hand, using (f(o)*l//x)(k) = f(o)*lﬁik) € No(R),Vk =0, 1, - - -, n and the above
proved Landau-Kolmogorov inequality for functions on [b, c0), we getfork =1, ---,n — 1,

(k) + —k (n) |k
11 Mg .00y = Chall FallNgip.oo) 15 g 1b.00) -

Hence, combining (7), (8) we getforall0 <A < b, k=1,---,n—1,

—k
1y * Yl p.ooy < Cinll fl0) * Vil N .00 | fim) * 1//A||]fv®[b,oo)

< G I 000 1 150 10,000 ©
On the other hand, because f(y) is continuous on R, we get easily
Jim fuo * ,.(0) = fio () = fOx), Vx> 0. (10)

For each function v € Mg[b, 0), [VliMp[p,00) < 1 and 0 < A < b, by (9) and the
definition of the Ng[b, 00)-norm we get

o
A [(Fiy * ¥) @ v)ldx < (CE L 10,00 17 Mg 10,00} -
Therefore, using the Fatou lemma, (9) and (10) we have

[ wuw| = | [ tim e v wowds
b b *—0

5/ (lim | (fek) * ¥a) () v(x)dx
b r—0

oo

< lim A [y * ) (x)v(x)|dx

IA

Lim || fy * ¥l Ng p,00)
A—0

+ (n—k) k I/n
<{CENFIN 600 1 Mg 10,000}

So, by the definition,

k —k k
1L N 1600 < Cnll 15 1600y 1 Wy 0.00) < 00

On the other hand, it follows from the continuity of f* on [0, co] that f® e N[0, b) for
any b > 0. Therefore,

1 NN ®e) < 1 ©llngi0.61 + 11 ©llvg b,00) < 00
The proof is complete.

Finally, it is known that there is a smallest constant C* depending only on n such that

1P so < CH U flloo + 8" 11F ™ 1o0) s (11)

where § > 0 is arbitrary (see [6]). Modifying the above proof, we can get the following result.
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THEOREM 2. Let f and its generalized derivative ™ be in No(Ry). Then f® e

No(Ry) forall0 < k < n and

NP Nnp Ry < CTU lINg® ) + 811 ™ INg R L)) »

where 8§ > 0 is arbitrary and C is defined in (11).
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