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Abstract. Trees are constructed by one—dimensional piecewise linear transformations, and the Hausdorff di-

mension of trees are calculated.

1. Introduction

Let I = [0, 1], and we consider a piecewise linear, expansive and topologically transitive
transformation F : I — I, that is, there exists a finite set .4, an interval (a) corresponds for
eacha € A and

1. {{a)}qen is a partition of 1,
2. (Flia)) is constant. We denote

na = |(Fla)' 17",

+ F'(x) >0forx € {(a),

sgna =
— F'(x) <Oforx € (a).

3. F is expanding:

1
£ = liminf — essinflog |[F"' (x)| > 0.
n—>oo n  xel

4. F is topologically transitive.
We call a finite sequence w = ay - - - a, a word (a; € A). For aword w = ay - - - a,, we define
1. |w| = n (the length of a word w),
2. {w) =5y F (@),
3. sgnw =[]\, sgnaj,
4. nw= H?:l Na; -
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length 1

FIGURE 1. Tree corresponding to F'(x) = 2x (mod 1)

We call a word w admissible if (w) # @. For convenience, we consider an empty word ¢ for
which we define |J)] = 0 and () = I. We denote by W, the set of all the admissible words
with length n, and W = (72 ) Wi,.

Wefix0 <r < 1,andput R = ret. Now we construct a tree from words in RY d=>2).
We start from a branch () corresponding to the empty word with its one end point at the
origin, and the length of this branch equals |/|, where |J| stands for the Lebesgue measure of
a set J. From the other end point of (¥), branches (a) corresponding to words a € A connect.
Then the other endpoints of each (a) branches (ab) (b € A) connect and so on. Namely for
eachw =ajy---a,,

1. (w) is a segment with length R'™!|(w)],

2. one endpoint connects to (ag - - - ap—1),

3. the other endpoint connects to (a; - --a,b) (b € Aand ay ---ayb € W).

DEFINITION 1. 1. We call the closure of 79 = Uwew(w) atree and denote it by 7.

2. Let (w)) = U(um(u))(u), and call it a branch starting from w, where J stands for

the closure of a set J.
3. Wecall T\T? the flowers of T'.

We need an assumption that the branches of a tree is sufficiently spread but do not inter-
sect each other.

ASSUMPTION 1. 1. Words u,v € W (Ju| < |v]) intersects only when u = aj - - - a,
and v = uay,4 with some a; € A (1 <i < n+ 1), and they only intersect with their end
points.

2. There exists a constant Cp > 0 such that for any word w € W the diameter of
((w)) N (T\T?) is greater than Cy times the length of the branch (w).

Remark that each point x in the flowers corresponds to a point in /, because branches do
not intersect from Assumption 1.

EXAMPLE 1. Let F(x) = 2x (mod 1). Then the tree corresponding to this transfor-
mation looks as in Figure 1.

The main theorem which we will prove in this paper is:
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THEOREM 1. LetI = [0, 1], and F be a piecewise linear, expanding and topologically
transitive transformation. Then the Hausdorff dimension of this tree is the maximal solution
of det(I — @ (R%, o)) = 0, where the definition of @ (z, @) is given afterwards.

2. Notaions and Results on piecewise linear maps
For each x € I, its expansion s* = aja; --- (a € A) is defined by
Fi7l(x) € (af).

We identify a point x € [ and its expansion s*. For a word w = ay - - -a, and a point x € I,
we express by wx an infinite sequence a - - - ayajaj - - -. If there exists a point y which has
the same expansion as wx, then we call wx exists, and express Jwx. We can consider two
dynamical systems. One is I with F', and the other is a space of infinite sequences

T={s"rxell],
with the shift 6. We can identify these by identifying points in / and their expansions.
LEMMA 1. Fixany 0 < &' < &. Then there exists a constant C; = Cy(§') such that
forany w € W, we get
My < Cre~¥0l.
The proof directly follows from the definition of &£. From this lemma, we get also
|(w)] < Cre¥ M

We call a piecewise linear transformation F Markov if there exists a finite set A such that for
any words u, v, if F((u)) N (v)° # @, then F((u)) D (v)°. Here we denote by J the interior
of aset J.
For an infinite sequence s = ajas - - - (a; € A), we define
sln,ml=ap---am (n<m),

sln]l =a, .

Especially, for an expansion of x, we denote

X

a‘[l,nl=aja; ---a; .

Moreover, by taking limits from the right and the left, we define

yt = limajaj ---,
x1y

y~ =limajaj ---
x|y

We denote by a™ and a~ the expansions of the right and the left endpoints of an interval (a),
respectively.
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We will prepare a generating function. Let for ¢ € L®, we define for @ > 0

s{(z,(x) = Zz” Z ng)/a(y“, wx)8[(w[1]) D (a]), Iwx]g(x)dx.

n=0 weW n

Here
1 Listrue,
S[L] = .
0 otherwise,
I .
+§ if y>5x,
o(y?,x) =
—= if y <4 x,
X<y o=+,
X <g)y=
x>y o=—,
/=/ _ My n=0.
n n,y° fl n>1
Then we put

o0
D(z,a)yo pr = Z "o 0"y, b)) (sgn y[1, n])(nyor1,0)"

n=1

Xy (zo) = Zz"(sgny"[l,n])(nya[l,n])“/g(x)cr(G"y",x)dx.
n=0 n

We define vectors s4(z, a) = (sg(z, o)) ;e zand xg(z, o) = (Xg’(z, ))ze A on A= {a°:a €
A,o0 = %}. Let &(z, ) be a matrix on A whose component equals @ (z, &)qo pt (@, b €

ft). We call this matrix the Fredholm matrix associated with F. Note that @(z, @) and
Xg(z, @) are analytic in |z| < e5%.
We have a renewal equation of the form (cf. [3] when o = 1, and [6] for general «):

sg(z, @) = — ®(z,0) ' xy(z, ).

Set for an interval J
J _JJr J-
sy(z,0) =55 (z,0) +55 (z,0).

where J* and J~ is the expansions of points sup{x € J} and inf{x € J}, respectively. Then
from the definition, we get (cf. also [3] and [6])

o
sé‘” (z,a) = ZZ" Z ne / 1 pn () () g(x) dx .

n=0  weW, w[l]=a
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Then taking g = 1, we get forz > Oand o > 1

i@y =" Y nlF" ()

n=0 weW,,w[l]=a

>y Y IF (w)
@.1) =Y Y lw

We define an «-zeta function:

¢(z, ) =exp|:z%
n=1

> |F’“(p>|“} :

p=F"(p)
Then we get

¢(z, @) = [det(] — @(z,0))]7" .
Moreover, if F is Markov, then a matrix defined by

zng if F((a)) D (b)°,

0 otherwise

é(zs a)(l,b = {

satisfies

det( — @(z,a)) = det(I — ®(z, @) .

253

We call this matrix @ (z, «) Markov expression of Fredholm matrix. See [5] and [6] for detail.

3. Markov Approximation

For each ¢ € A and an integer M > 0, we define two infinite sequences of symbols
(aj;)~ and (a,;) ", which coincide with a™ and a~ until M, and F ((a},)™) = (a},)~ and

FM((ay)™) = (a;;) ", respectively, that s,
(ap)™ =ai ay_jlag)”
T
(@0 = ay -ay_ylayg)*

- - - —\t/,—\+
=ay --ay_(ay)y@y); -

Then for sufficiently large M and a € A, taking above sequences as points in [0, 1], we get

(@i, (ay)" € a).
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From the construction,
(aip~ tat, @ptia .
Therefore

Iy = [Jl@)™, @inp=11 10, 11.
acA

Now let for sufficiently large M
Cy ={x€ly: F'(x) € Iy forall n}.

Then Cjs is a Cantor set in [0, 1]. Take a restriction Fyy = F|c,- Then Fy is a Markov
transformation on Cjy. Because )y increases to [0, 1], Cjy also increases. Thus any periodic
orbit belongs to Cys for sufficiently large M. Periodic orbits are dense in [0, 1], so Cu 0
[0, 1]. Thus, since zeta functions are determined by periodic orbits, for sufficiently small z,
the «-zeta function associated with Fj; converges to the a-zeta function ¢ (z, ) associated
with F.

We call a word w a Markov word if FI*((w)) is a union of (a) (a € A). Let W,’l"’ be a
set of all the words w = ay - - - a, € W, which satisfy one of the followings:

1. n < M and there exists a M—Markov word b1 - - - bys such that (w) D (by---by),

2. n>Mandforanyl <i <n—M,a;---apy+i is a Markov word.
Put WM = | o2, WM,

4. Proof of Theorem 1, Hausdorff dimension of the tree T

Let us estimate the Hausdorff dimension of trees from above. First we prove:

LEMMA 2. The Hausdorff dimension of T® equals 1, that is, the main part of the tree
T is its flowers.

PROOF. Letus choose any 0 < p < 1 and fix it. We will cover a branch ((w))? starting

from a word w with length |w| = n by closed discs with radius p”. The total length of
branches ((w)) with length |w| = n equals R". So there exist at most ’;—: + (#A)" number of
disks to cover these branches. Thus by this cover we get an upper estimate:

Rn
pnoz(F + (#A)n> — (Rpoz—l)n + (pot#A)n < 2(max{Rp0‘_1, pa#A})n.
Therefore, for any o > 1, we can take max{Rp®~!, p*#A} < 1 with sufficiently small p.
This shows dim7? < 1. On the other hand, 7° contains segments, therefore dim7° > 1.
This shows dim 7° = 1. O

There exists a natural one to one and onto correspondence between the symbolic dynam-
icss = ajaz--- € X and ((s)) = N;2 ((ar---an)) € T\T°. So we first cover flowers
T\T? by using closed disks which cover branches ((w)) (lw| = n) for some n. From the
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assumption, we get

o0
the diameter of ((w)) < sup Z the length of (way - - - a,)

ap,ay,... n=0

o0
= sup Y RMM|(war - ay)|

a"az""n:O

= Y RUHC O =g —e)
n=0

o0
=D RM"Cre|(w)]
n=0
C
(4.1) = R (w)| ——.
1 —re®

Here we choose any ¢ > 0 which satisfies re® < 1.
Using renewal equation

sg(zo@) = — ®(z,0) ' xy(z, ),

and (2.1), we get forz > 0

ZZ" Z [the diameter of ((w))]* < ZZ" Z Rno‘|<w)|‘){(1 _Cl,eg>a

n=0 lw|=n n=0 |w|=n
G "
= (1 _reg) DR D)"Y [(wh®
n=0 |lw|=n
C o
5(1_1”8) (1., Dsi(RZ, @)

=( G )(1,...,1)(1—<1§(R°‘z,a))1X1(R°‘z,a).

1 —re®
Let us denote by «, the maximal solution of the equation
det(/ — &(R*,w)) =0.

Then the Hausdorff dimension of T is less than or equal to o, (cf. [6]).

Now we will show the opposite inequality. Let us denote by T, the tree constructed only
by words which belongs to YWY . Because every branches are shorter than that of 7 and from
the assumption, Ty C T, hence dim Ty < dimT.

We first calculate the Hausdorff dimension of Ty. Let @y (z, ) be the Markov ex-
pression of the Fredholm matrix associated with Fj;. Let opy be the maximal solution of
det(I — Py (RY, o)) = 0.
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From the Perron-Frobenius’ theorem, there exists an eigenvector (v;),e.4 such that v, >
0 and Zae AVa = 1 associated with eigenvalue 1 of <5M (R*M | apr). We consider a new
partition {{(a)u}sea of [0, 1] such that |{a)y| = v,. We define a piecewise linear Markov
transformation G s such that Gy ({a)y) = UbeF((a))(b)M and Gy l(a),, = (Rna)*™ sgna.
Induce the Lebesgue measure on the space where Gy acts to U, ((s¥)), and denote it by
u1. We consider another set function p, which is derived by a cover by words ((w)) of
{((sx)): x € [0, 1]}. We define for a word w u>[((w))] = [the diameter of ((w)) N (T\T?)].
For these w1 and w2, we can define a Hausdorff dimension dim,,; (i = 1, 2) by the critical
point of

lim inf D Ll (w)11*,

80 the diameter of ((w))<s
U (w))DT\T? w

and from the assumption

pal((w)] = Col(w)| = CoR™!|(w)] .

Therefore

n—oo log ua[((a*[1,n]))] —

Now we will appeal to Billingsley’s theorem:

Tym C {((sx)); lim inf log 1 [((@*[1, nI)] . aM}

THEOREM 2. ([1]) Assume that

o logml((@'1, n))]
re {((x))’ B o oL@ L )] = “} '

Then
dim,, > o dim,, .

REMARK 1. To be precise, the set function w, is not a measure, so we can not apply
the above theorem to our case directly. But we consider p, only for intervals corresponding
to words, so we can easily extend the above theorem to our case just along the same way to
prove it (cf. [1]). So, we omit the proof.

Then from this theorem, we get
dimm > oy dimm =y .

LEMMA 3. dimy, equals the Hausdorff dimension of Ty \Ty;

PROOF. From the definition, we get dim,,, is greater than or equal to the Hausdorff
dimension of T)/\Ty;. We will show the opposite inequality. Take o any number which is
greater than the Hausdorff dimension of T);\Ty,. Then there exists a cover {D,}, of flowers
Tm\Ty, by closed discs such that ) |D,|* < oo. To each D, N (T\T?), an interval D,, C
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[0, 1] corresponds using symbolic dynamics. Without loss of generality, we can assume
D/ | < min |(a)].
|D,| min l{a)]

Let w = aj---ar € W be a word with the shortest length for which (w) is contained in

D;l. If {(ay - - -ar—1) does not cover D,;, we choose a word w’ = by - - - b; which is the word

with the shortest length such that (w’) is contained in D), \(aj - - - ax—1). Then (aj - - - ay—1) U

(by ---bj_1) covers D;. Inother words, ((aj - - - axk—1))U((b1 - - - b—1)) covers D,N(Ty \Tyy).
Because F)y is Markov, there exist constants Kj, K» > 0 such that

Kiny < [(w)| < Kony .

Therefore
k—1 k
a1+ ax1)| < K2 [ [ nar < K2 meeiz‘((na)_1 [ 7
a

i=1 i=1

IA

K2 maxna) (@i - - ag)|
Kl aed Na 1 k1 -

From the construction and (4.1),
{diameter of ((ay - - - ax—1)) N (T \Typ)}*
+ {diameter of (b1 ---bi—1)) N (T \T3p)}*}

k C2 “ o 1 C2 “ o
<|R ar - ar-1)I" + | R —— ) [{b1---bi-1)]
1 —re® 1 —ret

Cy, Kp 1 @
< Rk _“ o
( I~ re K, X(17a) ) (a1 - ax)l
C, K o
4.2 R — Y) o1 b
(4.2) +( —re Ky X (1a) ) [(b1 -~ bi)|™)

Then from |((w))| > Col(w)| = CoR™![(w)], we get
the right hand term of (4.2)

< ($ max(y )1)a(|((a1 a1 b))
=\ Col = re) Ky aed ™

CrK» _1 ¢ o a
< (mgleéﬁ(na) ) 2max{|((a1 - a)|%, |((b1--- b)) |*}

C2K> 1\
<2l —= D, |*.
=< (Co(l_res)Kl max(77a) > | D

Thus we get a cover of T);\T}y, by words w; such that > mal((wi))1* < oo. This proves the
Lemma. O
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Therefore o)y equals the Hausdorff dimension of T}y.

The Fredholm determinant det(/ — @ (z, «)) is the reciprocal of e—zeta function, and the
a—zeta function of Fjs converges to that of F in |z| < 5% Therefore, det(l — dy(z, ) =
det(l — Py (z, @) converges to det(/ — @(z, @)). Hence, we get oy converges to a. This
proves Theorem 1.
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