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Partial Survival and Extinction of Species in Discrete
Nonautonomous Lotka-Volterra Systems

Yoshiaki MUROYA!

Waseda University

Abstract. In this paper, we consider the partial survival and extinction of species in model governed by the
following discrete model of nonautonomous Lotka-Volterra type:

n m

Ni(p+1) = Ni(p)explei(p) — D 3 al;(pNj(p—kp}, p=0, 1<i=<n,
j=11=0

Ni(p)=Nijp =20, p<0, and Njp>0, 1<i<n,

where each ¢; (p) and afj (p) are bounded for p > 0 and
m
> (inf al;(p) >0, a(p) =0, i<jsn, l<isn, k=0, 0=l=<m.
Pz
=0

To the above discrete system, we extend results on the principle of competitive exclusion in nonautonomous Lotka-
Volterra differential systems which has been established by Shair Ahmad (1999, Proceedings of the American Mathe-
matical Society 127, 2905-2910), that is, if the coefficients satisfy certain inequalities, then any solution with positive
components at some point will have all of its last n — 1 components tend to zero, while the first one will stabilize at
a certain solution of a discrete logistic equation.

1. Introduction

Consider the following nonautonomous Lotka-Volterra competitive differential system

x{(1) = x;j(O){ci (1) + pi (1) — Zaij(f)xj(f)}, l1<i<n, (1.1)

J=1

where a;;(t) is continuous and bounded above and below by positive constants, ¢;(¢) is con-
tinuous and T-periodic, p; () is continuous (not necessarily periodic) and |p; (¢)| < 8;e™ !,

where §; and y; are positive constants. It is not assumed that the growth rate c;(t) is positive;

instead it is assumed that the average ¢; = % t;°+T ¢ (t)dt is positive for some 79 > 0. To this
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differential system, Ahmad [2] showed that if for each i = 2, 3, - - -, n, there exist numbers
Aits Aizy ooy Aii—1 >0, Aj1 + A2 + -+ - 4+ A i—1 > 0, such that

G _ Ai1€C1 +AppCr + -+ A i—1Ci
aij(t)  Airarj(t) + ipazj(t) 4+ -+, Aii—1ai—1,j (1)

forjzlvzs"'siv (1'2)

and r > ty for some g, then, x;(r) — 0, 2 < i < n and x;(t) — x*(¢t), where x* is the
unique positive solution of the logistic equation

x'(1) = x(O)fc1(t) — an(@®)x(1)} . (1.3)

Earlier, Gopalsamy [9,10] had studied the existence and stability of periodic solutions
for system (1.1) under the assumption that the growth rates are positive and periodic, and the
rest of the coefficients are positive constants with p;(¢) = 0, 1 <i < n. Alvarez and Lazer
[7] extended this result to the case where all the coefficients were assumed to be positive and
periodic (see also Tineo and Alvarez [18]). Ahmad [1] first extended principle of competitive
exclusion from autonomous systems to nonautonomous systems for two species, that is, under
some algebraic inequalities, there can be no coexistence of the two species; one of them will
be driven to extinction while the other will stabilize at a certain solution of a logistic equation.
Ahmad and Lazer [3, 4], Ahmad and Oca [6], Battauz and Zanolin [8], Ortega and Tineo
[15], Redheffer [16, 17], and Oca and Zeeman [14] have extended the result in Ahmad [1]
and obtained other similar studies. In particular, Oca and Zeeman [14] have shown that if
the coefficients are continuous and bounded above and below by positive constants, and if for
eachi = 2,3, .-, n, there exists an integer k; such that

CiM CkiL
< kL

1<k <i and j=12---,1, (1.4)

aijL akjm
then x;(t) — 0 exponentially for 2 < i < n, and x{(t) — x*(¢), where x*(¢) is a certain
solution of a logistic equation. Here, as in earlier studies, given a function f(¢), fy and fr
denote SUp; >, f(¢) and inf; >4, f(7), respectively for some 7y > 0. Note that the inequalities
(1.4) imply (1.2), since one can take A;; = 1 and A;; =0for2 < j <i — 1.

For a fairly nice and detailed geometric interpretation of (1.4), the reader is referred to
[14]. Some of Ahmad and Lazer’s results in [3-5] were extended by the author to discrete
models in [11] and to cases with delays in [12]. Applying the similar techniques in [11, 12],
the author [13] gave some extentions of the result in Ahmad [2] to delay differential systems.

This paper is a discrete version of [13]. Motivated the above results, we extend results
for partial survival and extinction of species in Ahmad [2] to discrete nonautonomous Lotka-
Volterra systems.

Consider the following discrete model of nonautonomous Lotka-Volterra type.

n m

Ni(p+ 1) = Ni(p)explei(p) = ) Y a;(pIN;(p—k)}, p=0,
j=11=0

Ni(p) =Nip, >0, p<0, and Njp>0, 1<i=<n,

(1.5)
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where each ¢; (p) and af j (p) are bounded for p > 0 and

m

Z(igfoaf,<p)>>o, ai(p)=0, i<j<n,

=0 \P= (1.6)
1<i<n, k=0, 0<l<m
Let
m
ai(p) =Y al(p). a;(p)=0. a;(p)=a;(p). j#i. 0<l<m,
1=0
m m
aj| = IZ(; (;g%dﬂp)) . aiM = IZ(; <;1;%a,{i(P)) . CiL= }f;% ¢i(p),
cim =supci(p), aj (p) =min(0,a};(p)), a;(p)=max(0,a,(p)),
p=0
m m
b=y, ( igfoaf,-(m) .and by =3 (supc‘#(p)) . l=ij=n,
=0 \P= =0 \P=0
p2—1
m[c;] = lim inf{ Zc,(q)‘Ofp] < pa2and py — pq zp},
p=o0 p2—p1 5
q=p1
and
p2—1
Mlc;] = lim sup{ ZC:‘((])‘OSm<pzandpz—p12p},
pmee P2 = Ply=p,
1<i<n.
1.7)
Note that I;i_l.L = E?;M =0andc;;p <mlc;] < Mlci] <cim, 1 <i <n.
Put
k = max ki,
0<i<m
ki = max{k; | al;(p) #0, for some p >0, 0 <l <m}, | <i <n,
~ ClM — ~ -
Ni=—, Ni= Niexp(cimki),
aiL
_ i—1 _ _ _ _ i—1 _ _ ~ 18
N; = <CiM — ZbijLNj>/&iL , Ni=N; exp{(ciM — ZbULNj)ki} , (1.8)
j=1 j=1
2<i<n-—-1,
n—1 n—1
8 (o= S, fon 5= S| (e~ 52,55
j=1 j=1
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and assume

cim — E;LNJ>0, 1<i<n. (1.9)

Then,
Ni>Ni >0, l<i<n. (1.10)
The following theorems are our main results.

THEOREM 1.1 (Cf. Lemma 2.3 in Muroya [11]). For (1.7) and (1.8), assume (1.9).
Then, for solutions N;(p), 1 <i < n of the system (1.5)—(1.6),

limsupN;(p) <N;, 1<i<n. (1.11)
p—>00
Moreover, suppose that there exists a nonempty subset Q C {1, 2, ---, n} such that
ciL—Zb$MNj>O, for anyi € Q, (1.12)
Jg0

then partial survival holds, that is,

1;;3@2 Ni(p) > 0. (1.13)
ieQ
THEOREM 1.2. For (1.7) and (1.8), assume (1.9) and (1.12). If there exist numbers
ngef{l,2,---,n—=1}Yand Ap1, Ar2, -+, i1, r =n,n—1,---,nqg + 1, such that

r—1

.. 1 1 .
l})rglorcl)f{arj(p)—Z)\r,aij(p)}>0, l<j<n, 0<l<m,

T (1.14)
cr(p) <Y hici(p), r=n, n—=1,-,ng+1, p>0.
i=1
Then,
Ni(p) > 0 exponentially for i=n,n—1,---,ng+1,
d (1.15)
and liminfz Ni(p) > 0.
In particular, if ng = 1, then
Ni(p) = N*(p) as p — oo, (1.16)
where N*(p) is the unique positive solution of the discrete logistic equation
m
N(p+1) = N(p)exp {cl(p) =Y d (N - kil)} : (1.17)

=0



PARTIAL SURVIVAL AND EXTINCTION OF SPECIES 193

The organization of this paper is as follows. In Section 2, using the same techniques in
Ahmad and Lazer [1] and Muroya [11], we prove that (1.9) = (1.11), and (1.11) and (1.12)
= (1.13), and (1.13) and (1.14) = (1.15) and in particular, if ny = 1, then (1.16) holds.

2. Partial survival and extinction of species

Consider the partial survival and extinction of species in discrete models governed by
nonautonomous Lotka-Volterra type (1.5) and (1.6).
We have a lemma.

LEMMA 2.1. For the system (1.5) and (1.6) and 1 <i <n,

p—1 n o m
Ni(p) = Ni (0) exp ( > {ci(q) - > a@Njq - kl>}> . p=0, @D
q:O j:l =0

and every solutions Ni(p), 1 <i < n, exist and remain positive for all p > 0.

PROOF. From (1.5), we have for any p > 0,

P n m
Ni(p+1) = M(p)exp(Z{c,-(q) - 4l (@N)(q —kn}) =0, l=<izn,

q=0 j=1 =0
from which we get the conclusion. a
We have the following lemma (cf. Theorem 1 in Muroya [12]).

LEMMA 2.2. For (1.7) and (1.8), assume (1.9). Then, any solutions N;(p), 1 <i <n
of the system (1.5) and (1.6), are bounded above and

limsupN;(p) <N;, 1<i<n. 2.2)

p—00

PROOF. Ifforsome p > 0, Ny(p+1)— Ni(p) > 0, then by (1.5) and (1.6), there exists

a nonnegative integer l_lp such that 0 < l_l,, <mand N{(p — kl—lp) < QM — 1\71.

= aL
Because, if
c
min Ny(p — ki) > S
0<i<m alr
then
n m
1 — .
c — a; - (p)Ni(p—k) <ciy—a min N — k) <O,
1(p) ZHX(; L (PIN;(p = k) < vy = @z (min Ni(p = k)
Jj=1 1=

which implies Ni(p + 1) < Ni(p), by (1.5).
Therefore, by (2.1), N1(p+1) < Ni(p—kj, ) exp(ciuky, ) < N1. Thus, if Ni(p) > N
for some p > 0, then we have
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Ni(p+1) < Ni(p).

Now, let us consider the case that N1 (p) is eventually decreasing and bounded below by Nj.
Then, lim,_, oo N1(p) exists. Set B = limp_, 0 N1(p) — N1 > 0. We will show that B =0.

Indeed, suppose 8 > 0. Let take any positive constant n. Then, there exists pg > 0 such
that

B<Ni(q)—Ni <B+n, for qg=>po,

since N1(p) — Nj eventually decreases to 8. Thus, we have

n

Ni(p+1) < Nl(p)exp{cw =Y > an(pNi(p —kl)}

j=11=0
< Ni(p)exp(—aiLB), for p> pi=po+k.

Therefore, we have

p—1
Ni(p+1) < Nl(ﬁnexp{ -8 c‘nL},
q=p1
which in turn implies, due to Z;o:ﬁl aip = 400, limp_o Ni(p) = 0. This contradicts

Ni(p) = Ny 4+ B > 0. Thus, lim,_, o N1 (p) = Nj.
Hence, we have

lim sup N (t) < Nj .

p—>00

Then, for any fixed positive constant ¢, there exists a constant p; > pg = 0 such that N1(p) <

N, forany p > p; — k.
Next, for some 2 < i < n, suppose inductively that for any fixed positive constant &,
there exists a constant p;_; > p;_» such that

Nj(p)fl\_/j+8, for any pzﬁi_l—lz, 1<j<i-1.

If for some p > p;, Ni(p + 1) = N;(p), then there exists a nonnegative integer L'p such

that 0 < L.p < m and

i1 i1
Ni(p — ki) < {CiM - ZI;,;L(Z\_/,' +8)}/5liL <N + {(— 5;L>/5m}8-

j=1 j=l1

Because, if

0<i<m

n
min N;(p —k;) > (CiM - Zl_?,-;L(l\_/j + 8))/5liL,
=1
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then
n m i—1 ~ ~
ci(p)— Y Y a(pN;j(p—ki) < i — Y bz (Nj +e)

j=11=0 =1
- ﬁiL( min (N;(p — kl))) <0,
0<i<m

which implies N;(p + 1) < N;(p), by (L.5).
Therefore, by (2.1),

i1
Ni(p+1) < Ni(p — ki, ) exp { (c,-M =Y b (N + 8>>l%-p}
j=1
i—1 i1
B T YT
— j=1
i1
xexp{(— bijL>8kL-p}’
=1

Thus, if there exists a constant p; > p;_1 such that N;(p) > Nf for some p > p;, then
Ni(p+1) < Ni(p).
If N;(p) is eventually decreasing and bounded below by Nf. Then, as similar to the above
discussions of i = 1, we see lim N;(p) = 1\71-8.
p—00
Since ¢ > 0 is any positive constant, we have that by inductions of i = 1,2, -+, n,

limsup N; (p) < N;, 1l<i<n.

p—>00
This completes the proof. O
Now, we prove Theorems 1.1 and 1.2.

PROOF OF THEOREM 1.1. By assumptions to (1.5)—(1.6), there exist positive con-
stants y, I;l, 0 <! <msuchthatfori € Qand p > 0,

L= bfiyNi>y. and a;(p)<b. jeQ. 0O<l=m.
J€0
By (1.7), it follows that for i € Q and a sufficiently large integer po > 0,

Ni(p+1) = Ni(p) exp {c,-(m =Y > af(PINj(p—k) =YY ai;(p)N;(p— kn}
j¢0 1=0 jeQ 1=0
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m
> Ni(p)exp {Z— Y by Nilp- kz)} . PZ=po.
=0 jeQ

This shows that if

Vp)=Y_ Ni(p),
jeQ

then
Vip+1) = V(p)exp{z—zélwp—kz)}, P> po. 2.3)
=0

Now, suppose that liminf,_, o V(p) = 0. Then, there exists a sequence {p, }ZO | such that

V(pg+1) <V(py), and qler;O V(py) =0.

Since V(p) > O and for V* = y /(3 1Ly b1) > 0,

m

Vip+1)=V(p) exp{ A kl))} ,
=0

it holds that for each ¢ > 1, there exists an [, € {0, 1,2, - - -, m} such that
V(pq - qu) >V*.

Similar to (2.1), it follows from (2.3) that

I’q—l m
Vipg) = V(pq—kzq)eXp< Z {Z—Zl_nv(r—kz)}).
r=kqg—ki, 1=0

By Lemma 2.2 and assumptions, there is a positive constant V such that for V (p) < \7, p=>0
and for k = maxo</<m ki, we have that

m
V(pq)z,BEV*exp(lzmin{Z— 151‘_/,0}>>0, qg=>1,
=0

which is a contradiction.
Therefore,

liminfV(p) >0,
p—>00

and hence, (1.13) holds. O
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PROOF OF THEOREM 1.2. First, let us consider the case ny = n — 1 in (1.14). Eq.
(1.5) can be written as

Ni 1 n m .
n(ﬂ)Zci(p)_zzafj(l’)f\’j(p—kz), l<i<n-—1, (2.4)
Ni(p) =5
and
Nn 1 n m
tn (1\(1177(:))> =cn(p) = ) D ay(PN;j(p— k). (2.5)
" j=11=0

Thus, similar to the proof of Theorem 3.1 in Ahmad [2], (2.5) and multiplying Eq. (2.4) by
Ani and summing over 1 <i <n — 1, and subtracting, we obtain

n—1
- (Nn(p + 1)) S (Ni(p + 1))
Np) )= Ni(p)
n—1

m n n—1
= (cn(m - me-c,»(p)> > (af,,-(p) - aniaf,-(m)zvj(p — ki),
i=1

i=1 =0 j=1

(2.6)

In view of Egs. (1.13) and (1.14), there exist positive numbers « and 8 such that for p > 0,

ZN/'(P —k)>a,
=1 2.7)

n—1

al(p) =Y hua;(p)=B, 1<j<n, 0<l<m,

Then, for a constant y = (m + 1)aB > 0, one can write

Np(p+1) Ni(p+1) m.on
ln( Nu(p) ) ZA’”I( Ni(p) >5‘ﬁZZNj(p—kz)s—y, for p > 0.

1=0 j=1
(2.8)
Summating both sides from 0 to p — 1, we obtain
N,
In n_lﬂ <—yp. (2.9)

[T )
i=1

Therefore,

n—1

Nu(p) = <]_[ N} (p))e_”p : (2.10)

i=1
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Since by (1.12), there is a positive constant § such that 0 < N;(p) < dforp >0, 1 <i <
n — 1, it follows that N, (p) — 0, exponentially, as p — oo.

Next, we need to show that N;(p) — 0 exponentially fori = 2,3, ---,n — 1. We
accomplish this by rewriting the system Eq. (1.5) as

n—1 m
Ni(p+ 1) = Ni(p)exp {c,-(p) =Y D a;(PIN;j(p - kz)} :
j=11=0

i=1,2,---, n—1. @2.11)

We note that the inequalities in (1.14) are independent of the smaller system Eq. (2.11) still
satisfy inequalities (1.14). Hence, applying the induction hypothesis to the smaller system
Eq. (2.11), it follows that forng + 1 <i <n — 1, N;(p) — 0 exponentially, as p — oc.
Now, we need to show that the theorem holds for 1 < i < ny4. For 1 <i < ng, similar
to the proof of Theorem 3.1 in Ahmad [2], the system (1.5) reduces to the following discrete
Lotka-Volterra smaller system
ng m
Ni(p +1) = Ni(p) exp {a(p) =22 a(N;i(p - kl)} Lo lsisng. 212
j=11=0

Hence, by Theorem 1.1, we obtain liminf,_, Z:li1 Ni(p) > 0.

In particular, suppose that n; = 1. Then, by assumptions, we have that O = {1}, (1.11)
and (1.13) hold. Thus, similar to the proof of Lemma 2.8 in Muroya [11], we can show that
Ni(p) — N*(p) as p — oo, where N*(p) is the unique positive solution of the discrete
logistic equation (1.17). The proof of theorem is now complete. a

Consider the system

Ni(p+ 1) = Ni(p)explci(p) = Y _ Y al;(p)N;(p —kp}, p=0,
j=11=0 (2.13)

Ni(p) =Njp, 20, p<0, and Njp>0, 1<i=<n,

where each af j( p) are bounded for p > 0 and (1.6) holds. The growth rate ¢; (p) is bounded
but we do not assume c; (p) is positive; instead we assume that

—1
1 P
¢i = lim —Zc,-(q) >0, 1<i<nexist
p—0o0 p =0
o (2.14)
and R;(p) = Z(ci (q) — ¢;) is bounded for p > 0.
g=0

If ¢;i(p) = bi(p) + qi(p) and b;(p) is bounded and T -periodic, g;(p) is bounded (not
necessarily periodic) and |g; (p)| < §;e™"i? for p > 0, where §; and y; are positive constants,
then (2.14) is satisfied (see Ahmad [2]).
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Ifci(p) =c¢i + (p + 1) and s < —1, then (2.14) is also satisfied.
Therefore, condition (2.14) is an extension of the case in Ahmad [2] to discrete cases.
We easily obtain the following lemma (see the proof of Lemma 2.2 in Ahmad [2]).

LEMMA 2.3. For the system (2.13), assume (2.14). Letting Q;(p) = e®P) and mak-
ing the transformation N;(p) = Q;(p)M;(p) in (2.13) leads to the system:

M;(p +1) = M;(p) exp {a =D a(pM;(p ~ kl)} , (2.15)

j=11=0

where the coefficients éfj (p) = afj (p)Q(p — ki) are bounded above and below by positive
constants.

Thus, by applying Theorem 1.1 to the system (2.15), we obtain the following corollary
(cf. Lemma 2.2 in Ahmad [2]).

COROLLARY 2.1. For system (2.13), assume (2.14). If col(N1(p), N2(p), - -+, N, (p))
is a solution of (2.13) such that N; (0) > 0, 1 < i < n, then there exist positive numbers §
and A such that§ <Y '_ Ni(p) < A forall p > 0.

PROOF. For the system (2.15), by (2.14), the corresponding conditions (1.9) and (1.11)
for Q = {1, 2, ---,n} are satisfied. Thus, by Theorem 1.1, we obtain the conclusion of this
corollary. O

By Lemma 2.3, Corollary 2.1 and Theorem 1.2, we obtain the following corollary (cf.
Theorem 2.3 in Ahmad [2]).

COROLLARY 2.2. For the system (2.13), assume the condition (1.14) and (2.14) holds.
If col(N1(p), Na(p), - -+, No(p)) is any solution of (2.13) such that N;(0) > 0, 1 <i < n,
then Ni(p) — 0 fori =2,3,---,n,and N{(p) = N*(p) as p — o0, where {N*(p)}l"f’:0 is

the unique positive solution of (1.17).
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