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Abstract. We define a Nambu-Jacobi structure as a bracket of several functions which satisfies the Fundamen-
tal Identity. Then we express the Nambu-Jacobi structure in terms of two tensor fields and show the necessary and
sufficient conditions that they should satisfy. We investigate the foliations associated with a Nambu-Jacobi structure.
This allows us to give many examples of Nambu-Jacobi manifolds.

1. Introduction and definitions

It is well-known that a Poisson manifold has its associated foliation. It is a generalized
foliation in the sense of Stefan and Sussmann whose leaves are immersed symplectic mani-
folds. In the case of a Jacobi manifold (in the sense of Lichnerowicz [5] or called a manifold
with local Lie algebra structure by Kirillov [4]), we have also a generalized foliation whose
leaves are either symplectic or a contact manifolds. In this paper, we consider the cases of
Nambu-Poisson and Nambu-Jacobi manifolds. First, we recall briefly a Nambu-Poisson man-
ifold to generalize it to a Nambu-Jacobi manifold.

1.1. Nambu-Poisson structures. Let C°°(M) be the set of smooth functions on a
manifold M.

DEFINITION 1. {---} is called a Nambu-Poisson bracket of degree ¢ if it is a skew-
symmetric g-linear map over R

[} C®(M) x -+ x C®(M) — C®°(M)

q

which satisfies the following:
(1) (Fundamental Identity or Generalized Jacobi Identity)

q
oo famt g gy =Y gt A1, famts gk 9g)

i=1

Received September 9, 2003; revised February 9, 2004
2000 Mathematics Subject Classification. Primary 52C12; Secondary 70G45.



34 KENTARO MIKAMI AND TADAYOSHI MIZUTANI

where f1, -+, fg—1, 91, -, gg € C¥(M).

(2) (Leibniz rule) For each argument of the bracket, the usual derivation rule holds, that
is, for f1, -+, fg41 € C®(M)

{flv"'qufls quq+l} = {f]s"'sz*]va}fQ‘F] +fq{f1:"':qulqu+l}
holds.

As in the case of usual Poisson bracket, this is also equivalent to the existence of a g-
vector field n on M satisfying

n(dfi, -, dfg) ={fi.--, fq} for fi,---, fg € C(M)
Ln(dfq,lc)”:() for f1,~-~,fq_1ECoo(M)

where dfq,] is the abbreviation of dfi A -+ Adf,—1, n(dfq,l, -) stands for the vector
field n(dfi,---,dfy—1,-) on M, which is the Hamiltonian vector field determined by several
functions (cf. [1]), and Ln(df ol is a Lie derivative.

.

DEFINITION 2. n is called a Nambu-Poisson tensor of degree q.
A Nambu-Poisson tensor has the following striking property.

THEOREM 1.1 (P. Gautheron [3], K. Mikami [6], N. Nakanishi [8]). If g is greater
than 2, Nambu-Poisson tensor of degree q is locally decomposable. This means that if n
is non-zero at a point, then on a neighborhood of the point there exist vector fields Yy, ---, Y,
so that n can be written as

N=YiA-AY,.

1.2. Nambu-Jacobi structures. Now we define a Nambu-Jacobi manifold and see
that the bracket of a Nambu-Jacobi manifold is described by a pair of two multi-vector fields.
Let us begin with a general definition.

Let M be a C* manifold and C°° (M) the algebra of smooth functions on M. For an
integer ¢ > 1, we consider an alternating ¢-linear map

A:CPM) x - x C®(M) — C*(M)

q

and we always assume A satisfies the following conditions:

(a) The map A is continuous with respect to C* topology and

(b) suppA(fi,---, fy) Csuppfi N---Nsuppfy.

We call the map A a support-non-increasing bracket of degree ¢ and often write
{fls Y fq}forA(fls Y fq)

When ¢ = 1, we understand A is just a linear map. By a theorem of Peetre [9], these
conditions assure that the support-non-increasing bracket is a differential operator and the
resulting function is written in terms of the derivatives of the argument functions of A.
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DEFINITION 3. If A is a support-non-increasing bracket of degree ¢ on M which sat-
isfies the Fundamental Identity in Definition 1, we call A a Nambu-Jacobi bracket. A smooth
manifold with a Nambu-Jacobi bracket is called a Nambu-Jacobi manifold.

REMARK 1.1. We remark that when ¢ = 2, a Nambu-Jacobi manifold reduces to a
usual Jacobi manifold (cf. [4], [5]). The Leibniz rule in the definition of a Nambu-Poisson
bracket clearly implies our condition (a) and (b) on bracket. Thus a Nambu-Poisson manifold
is a special case of a Nambu-Jacobi manifold.

Along the line of the proof of Kirillov ([4]) for the usual Jacobi bracket, we have the following:

THEOREM 1.2 (cf. [2]). A Nambu-Jacobi bracket is a differential operator of order at
most 1.

This theorem allows us to describe a Nambu-Jacobi bracket in terms of a pair of two
multi-vector fields on M. Let P be a p-vector field on M. P naturally defines a bracket of
degree p by (f1,---, fp) = P(dfi1,---,dfp). We denote this bracket by {f1,---, fp}P or
sometimes by P(f1, -, fp) when there is no danger of confusion. This notation is analogous
to the notation X (f) to denote the derivative of a function f by a vector field X. We define a
new bracket 1 A P of degree (p + 1) by the formula

p+l

AAPY 1oy fpe) = D (=D iP@f, - dfis o dfpin) (0

i=1
Then we have the following observation on a Nambu-Jacobi bracket.

LEMMA 1.1 (cf. [2]). Let A be a Nambu-Jacobi bracket of degree q (¢ > 2). Then
there uniquely exist a q-vector field Q and a (q — 1)-vector field P which are Nambu-Poisson
tensors such that A = Q + 1 A P holds.

PROOF. Let p = g — 1 and put B(f1,---, fp) = A, f1,---, fp). Then it is easily
seen that BB is a bracket of degree p and satisfies the Fundamental Identity. From the skewness
of A, B(f1,---, fp) = 0if one of the arguments is a constant function. Thus, the order of B

as a differential operator is exactly equal to 1. This means B is defined by a p-vector field P.
Now putC = A — 1 A P. Then by the same reason C is also a bracket defined by a g-vector
field. Denoting it by Q, we obtain Lemma 1.1. Uniqueness is verified easily. O

DEFINITION 4. We call the pair (Q, P) a Nambu-Jacobi pair if Q + 1 A P defines a
Nambu-Jacobi bracket.

NOTATION. In the sequel, we frequently use the contraction of tensor fields. For ex-
ample, let Q be a g-vector field and @ = a1 A --- A ap a p-form (p < g). We denote the
contraction Q and o by the following various notations, interchangeably. iy Q = Q(x) =

Q(as ) = Q(al AN /\apv )
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1.3. Fundamental Identity. We consider the bracket A defined by (p + 1)-vector
field Q and p-vector field P, by the equality A = Q + 1 A P. We now look for the conditions
on P and Q under which A satisfies the Fundamental Identity, namely the conditions that
make (Q, P) a Nambu-Jacobi pair. When deg P = 1 and deg Q = 2, the Nambu-Jacobi pair
O + 1 A P is ausual Jacobi bracket and the conditions on P and Q are well known. Namely,
they satisfy [P, Q] = 0and [Q, Q] = —2P A Q if and only if the bracket satisfies the Jacobi
identity, where [-, -] is the Schouten-Nijenhuis bracket (cf. (15)). Therefore our interest is in
the case deg P > 2.

To proceed our calculations, we introduce the following notations.

DEFINITION 5. For a p-vector field P and a g-vector field Q (p > 2,q > 1) which
are both considered as brackets, we define a map

JPQ:C®(M) x - x C®(M) — C®(M)

ptq—1
by
POV i fpmt5 g1+ 9) = PUfis- - fpm1, Qg1+ 9g)) 2
— QP (ft,+, fp=1,91): 92, 9g)
=01, P(f1s s fp=1-92)- 93>+ 9g)
— =01,y Gg=1s P(f1s s fo—1s 09)) s
for fi,---, fp—1, 91, -+, g4 € CZ(M).

We remark here that /¥ Q can be considered as a contravariant tensor field but does not
define a bracket since it is not fully alternating with respect to the argument functions. Note
that J© P = 0 means that P satisfies the Fundamental Identity. The same formula as J* Q
can be defined for any brackets (not necessarily given by multi-vector fields). In the present
case, where the initial brackets are defined by multi-vector fields (P and Q), we have the
following equivalent expression.

JPQ(fla ) fp—l; gi, -, gq) = [P(dfp—la ')7 Q](dgl7 e 7d9q) (3)
where dfp,l =dfi N--- ANdfp—1 as before, P(dfp,l, ) = Pdf,--,dfp-1,) isa
vector field and [P(dfp,l, ), 0] = LP(df 1 _)Q is a Lie derivation. Thus J¥Q = 0 is

fy

equivalent to that the Hamiltonian vector fields preserve Q .
We also need the following map.

DEFINITION 6. For a p-vector field P and a g-vector field QO (p > 2,q > 1), we
define a map

PHQ:C®M)x - x C®(M) —s C®(M)

p+q
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(PO, fo-1590. -+, 99) = (P fp_1, ) AN D) dgo, -+, dgg) (D

whered f, | =dfi A Adfp-1.

Also, P = Q is not a bracket in general. Note that P - P = 0 if and only if P is a
locally decomposable. In order to get the relation between P and Qin A = Q + 1 A P, we

need to calculate J** A since the condition that A is to be a Nambu-Jacobi bracket is

JAACf 1, Fpi gt gpr) =0, )

By a direct computation we can express the left hand side of this equation (5) so that a certain

P

sum of multiples of functions consisting of {---}", {--- 1€, and fi, gj which are outside of

the brackets {- - - }© or {---}€. Although it is straightforward, the computation is lengthy. We
will do it in Appendix separately.
The relations of P and Q which we obtain are in the following:

PROPOSITION 1.3. Let A = Q + 1 A P be a bracket of degree q = p + 1 defined
by p-vector field P and q-vector field Q. Then a necessary and sufficient condition for the
bracket A to be a Nambu-Jacobi bracket is that P and Q satisfy the following four identities.

(1 JPP=o0,

2 Jro=o0,

3) JOPW@fpi- )+ (=DPQUEPES)), )

P
+ Y (=VI(P + PY@fi - -dfi - dfpidfi ) =0,

i=1

P
@) J2Q)df,:-)+ Z(—l)’(P FO)dfi---dfi---dfp;dfi,--) =0,
i=1
where d f, stands for differential form dfi A --- N dfp.
PROOF. As is stated above, this is done in Appendix by a direct but a long calcula-
tion. O

To simplify the above identities we need the following two lemmas.

LEMMA 1.2. Let P and Q be multi-vector fields of degree p and q, respectively. If
P = Q is also a multi-vector field (i.e. P & Q is a skew symmetric tensor field) and p > 3
and g > 1 then P = Q vanishes identically.

PrROOF. Considering the equation at each point of the manifold, we may assume that P
and Q are alternating multi-linear maps on finite dimensional vector space. Put B = P - Q.
It suffices to show that Bjy = 0 for arbitrary (p + ¢)-dimensional subspace V. From the
definition, if Q| = 0 for any g-dimensional subspace W C V, then clearly By = 0.
So assume Q|w # 0 for a g-dimensional subspace W. Then there exist yi,---,y, € W
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satisfying
Qi+ yq) #0.
We can find an element x € V such thatx A y; A--- Ay, # 0 and

O+, x ,---,yq) #0 forsome i. ]
i

PROOF [(Proof of Claim)]. Consider the following linear functional on V

q
(p:V_)RZXH;Q(M’.“’{TJ.”’M%
We have
) =-=90g) =001, .y #0
and
Y2 =i, -, ¥g — Y1 € Kerg

Since dimKergp = p 4+ ¢ — 1 and p > 1, we find an element z € Ker ¢ so that

L, Y2—= Y1, Yg — Y1 € Kerg

are linearly independent. Then it can be seen that the set

2+ VY192, 5 Vg

is linearly independent and x = z + y; is an element with desired property. Indeed, we have

q
YOG X ) = 0() = 9@+ y) = 9(1) = Q1.+, ¥g) # 0.
Jj=1 j
This means there exists some i such that
Q(,YI:"': -x N'W}’q)?éoo
L
(end of the proof of claim). O
Forx and Y = (y1, - - -, ¥4) which we found above and for any (p —2)-tuple T, we have
0=B(T,x;x,Y)=(P(T,x, )N Q)x,Y)

q
=P(T.x,.2)Q() = Y P(T.x.y)Q(1. . X .-+, ¥y)

J=1 J

q
=—P(T.x, ) Q1.0 X . YY)

Jj=1 j
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If we putu = ijl oWy, -- RIEITAE ¥4)Y;, this shows
J
P(x,u,T)=0 forall (p —2)-tupleT .
For any (p — 3)-tuple of vectors T’ and g-tuple of vectors T” in V, we have
B, u, T:T"Y =P, u, T, )YANONT") =0
(p = 3 is necessary here).

Since we are assuming B is a multi-vector and {x, u} are linearly independent, this
clearly shows Bjy = 0.

The next lemma shows that in our case, P - P, P - Q and Q + Q are proved to be
multi-vector fields and we can apply Lemma 1.2 to the identities in Proposition 1.3.

LEMMA 1.3. Let A= Q + 1 A P be a Nambu-Jacobi bracket determined by q-vector
field and p-vector field P (4 = p+1). Then P -~ P, P+ Q and Q = Q are fully alternating
and hence they are multi-vector fields.

PROOF. To prove P - Q is a multi-vector field, we have only to verify the skewness of
P = Q, namely the identity

(P H Q)(hla f27 "'7fp—1;hZa a1, ""gp-i-l)
+(P|—Q)(h27f27"'7fp71;hlsglv"'7gp+1):O (6)

for arbitrary functions A1, ha, f2, -+, fp—1, 91, Gp+1-
For this, we calculate

JTQha, fou - fp—1i g1 gpr)
= [P(d(h1h2).dfz,---.dfp-1.), Qldg1,---.dgpt1)
which is identically equal to 0 by Proposition 1.3 (2). Thus we have
0 =[P(d(hih2),df2, -, dfp-1,"), Q] = [P(hidhy + hadhy,df2, -, dfp-1, ), O]
=[h1P(dhy,df2, -, dfp-1,"), Q1 + [h2P(dhy,df2, -+, dfp-1,"), O]
=hi[P(dhy,df2,---,dfp-1,-), Q1 — (P(dha,df2, -, dfp—1,-) N Q(dh1))
+ha[P(dhy,dfy, -+ dfp-1,-), Q1 = (P(dhy,df2, -, dfp-1,) AN Q(dh2)

=—(P(dhy,dfz,---,dfp-1,) A Q(dh1)) — (P(dh1,dfz,---,dfp—1,) A Q(dh2).

From this it is easy to see the identity (6) holds.
The cases of P = P and Q + Q are proved by similar calculations using (1) and (4) in
Proposition 1.3. O

REMARK 1.2. In a similar way, what we obtain from (3) in Proposition 1.3 is the
following. The function

(QFPY(Sf1,++ fpi g gpy) + (DI PES, - df) Qg -+ dgprn)  (7)
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is skew symmetric with respect to the all arguments. In particular, if fi = g1 the above
function vanishes.

By the above two lemmas, we have most part of the following:

PROPOSITION 1.4. If (Q, P) is a Nambu-Jacobi pair and deg P = p > 2, then P
P=0,PFQ=0and Q+ Q =0.

PROOF. For p > 2, the statement is obvious from Lemma 1.2 and Lemma 1.3. The
case p = 2 is treated separately.

[Proof when p = 2] Assume A is a Nambu-Jacobi bracket. First, we prove P is de-
composable 2-vector at a point where Q # 0. As before, we consider P and Q are 2-vector
and 3-vector of a vector space V. Since deg Q = 3, by Lemma 1.2 and Lemma 1.3, we have
O F Q = 0thatis Q is decomposable. The condition P F Q is fully skew symmetric means
that

Px,)AQ(x,-)=0 forxeV*. (8)

Taking the value at (y, z, w) we have

P(x,y)Q(x,z,w) = P(x,2)Q(x, y,w) + P(x, w)Q(x,y,2) =0. ©)
Regard Q as a linear map V* — /\2 V and fix a direct sum decomposition
V¥=K®L (10)

where K = ker Q and L is a complementary subspace which is isomorphictoIm Q. If w € K,
from the above relation we have

Px,w)0(x,y,z) =0. (11)
Given 0 # x € L, we can choose y, z so that Q(x, y, z) # 0. Thus, we have
Px,w)=0 forany xeL, weKk.
If we replace x by x + v, (v € K), in (11), we have
(P(x,w)+ P(v,w))Q(x,y,2) = P(v,w)0(x,y,2) =0, wek. (12)
From this we see that
Px,y)=0 if xekK. (13)

Since rank Q = dim L = 3, rank P must be 2 and P is a decomposable 2-vector hence
PFHP=0.

Next we prove P - Q = 0. Regard Q and P as linear maps /\2 V¥ > V,V* > V,
respectively. Since we have

P(-x7 y)Q(xa 2y )_ P(xa Z)Q(xa Y, ')+P(.X,')Q(x, Y, Z) =07 (14)

and as we saw above P maps K to 0. This means Im P C Im Q. From this we have P(x, -) A
Q =0 forany x € V*. This shows P - Q = 0.
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If at a point a, Q = 0 and « is in the closure of the set where Q # 0, the semi-continuity
of the rank assures that rank P < 2 and we have P = P = 0, P = Q = 0 in this case too.

Finally, we consider the point where Q vanishes identically on some neighborhood of
the point. In this case Proposition 1.3 (3) says P is a 2-vector satisfying

P(x,y)P — P(x,)AP(y,)=0 for x,yeV*.

This clearly shows that P is decomposable.
Thus we proved P = P = 0 and P - Q = 0 hold everywhere. This finishes the proof in
the case where p = 2. O

By the above Proposition 1.4, the identities in Proposition 1.3 are simplified as in the
following form for p > 2.

THEOREM 1.5. Let A = Q + 1 A P be a bracket on a manifold M, which is given by
a (p + 1)-vector field Q and a p-vector field P where p > 2 and assume rank P < 2 when
p = 2. Then A is a Nambu-Jacobi bracket if and only if the following conditions are satisfied.
For any functions fi, f>,---, fp € C®(M),

() [P@fy 4. P1=0,
@ [PW@f, 1) 01=0,

3) [QWf,. ), P = (=P QE(P@f,)).").
@ [0Wf,.).01=0

hold, where d f,,_; stands for dfy A --- Ndfp-1.

PROOF. By Proposition 1.4, the conditions in Proposition 1.3 reduce to the above for-
mulas. Conversely, assume that P and Q satisfy the above formulas. Then we have the same
conclusion as those of Lemma 1.3. Thusif p > 2, wehave P+ P =0,P+ Q =0,0 +
QO = 0 by Lemma 1.2. If we assume P is decomposable when p = 2, we can get the same
conclusion by the argument of Lemma 1.4. Consequently, P and Q satisfy the conditions in
Proposition 1.3. O

REMARK 1.3. Corollary 5.1 in [2] says if Q + 1 A P is a Namubu-Jacobi bracket, then
conditions (2) and (1) in our theorem hold. Also, Corollary 5.6 in [2] saysif Q + 1 A P isa
Namubu-Jacobi bracket, then conditions (4) and (3) in our theorem hold. We emphasize here
that our theorem states that those are necessary and sufficient conditions for Q + 1 A P to be
a Nambu-Jacobi bracket.

Since P - Q = 0 means P(dfp,l, ) A Q = 0, in the case when P is non-zero, Q is
a multiple of P. Thus we have a vector field v satisfying Q = v A P. Itis desirable, in this
case, to find the conditions on P and v which imply the Fundamental Identity. This will be
done in the next section.
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2. Associated Foliations

In this section, we investigate some geometric structure of Nambu-Jacobi manifold,
namely the associated foliation which is given by the characteristic distributions of the struc-
ture. As is well-known, the Jacobi identity of a Poisson manifold implies the integrability of
the characteristic distribution of the Poisson structure. This leads us to the foliation by sym-
plectic leaves. This foliation is singular in general in the sense that the dimension of the leaves
varies from point to point. Similarly on a Nambu-Poisson manifold we have a foliation and a
contravariant volume tensor (multi-vector field of highest degree on a manifold) on each leaf.
Theorem 2.1 below may be considered as a geometric characterization of a Nambu-Poisson
manifold. We mean by the characteristic distribution of a p-vector field n the image of the
bundle map B, : AN~ T*M — T M where By (a) = n(a, -).

Recall that the generalized divergence of n is defined as follows. Let V be a torsion free
affine connectionon TM. V givesamap V : (AP TM) — I'(T*M) ® I'(/\? TM). Let

c: D(T*M)®@ T'(\’ TM) - C'(N"~' TM)

be the map given by the contraction of 1-forms and p-vector fields. The generalized diver-
gence Div 5 associated with V is defined by

Divn =c¢(V(n)).
One of the definition of the Schouten bracket of multi-vector fields is given by the formula
[P,Q]=Div(P A Q) — (DivP)AQ — (—1)’P ADivQ (15)

where p is the degree of P. It is independent of the choice of connections. In what follows, we
choose once and for all a Riemannian connection on 7'M and the Div will be the one which
is associated with this connection (See also [7]).

THEOREM 2.1. Let n be a decomposable C* p-vector field on a C°°-manifold M.
Then the following statements are equivalent.

(1) The bracket { f1,---, fp}" =n(dfi1,---,dfy) satisfies the Fundamental Identity.

(2) The characteristic distribution of 1 is integrable (in the sense of Sussmann and
Stefan).

(3) On the open set U where n is non-zero, there exists a smooth 1-form y which
satisfies the equality

Divn =i,n.

PROOF. Equivalence of (1) and (2) is known in Theorem 4.3 of [10].
(2) = (3). Since 7 is decomposable p-vector field, on a neighborhood of each pointa € U,
we can choose a set of vector fields X, X2,---, X, (X; € I'(ImB;;)) such that

n=X1AXoN--NXp.
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Then we have

p
Divyp =Y (=D 'X1 A ADIVX) A A X

i=1
+Z(—1)i+j*][Xi,Xj]/\'.')?i/\m/\f(j/\m/\Xp

i<j

Since Im B, is integrable, [X;, X ;] is a linear combination of Xy, X5, ---, X, at each point
of U. Thus Div 7 is a (p — 1)-vector field which is generated by X1, X5, -+, X, and hence a

cross-section of the bundle A\” -1 (Im By). Define
-1
Jy:(amBy* — A" (mB,)

to be the bundle map given by J, (o) = n(a, -) = iyn. Clearly it is a bundle isomorphism on
U where 1 is non-zero. This assures that there exists a 1-form y on U such that i, n = Div 7.
a

(3)=(1). First we note the following formula.

LEMMA 2.1. Let B bea (p—1)-formand n a decomposable p-vector field on M. Then
we have the following equality.

(B, ), nl = (=DPndp)n+n(B. ) ADivn+ (=1)”(Divn)(B)n (16)
PROOF [(Proof of Lemma)]. Taking the contraction on both sides of
VB, ) = mB.)+n(Vs, ),
we have
Div(n(B, ) = (=P~ Divm(B) + (=" 'n(dp). 7)
Thus we have
[(n(B.-).n] =Div(n(B,-) An) — (Divy(B, ))n+n(B,-) ADivy
= (=DPDivn)(B)n + (=DPn(dB)n + n(B. ) ADivy.
Note that n(8, -) A n = 0 holds by the decomposability. O
We continue the proof of Theorem. Since n A n(dfi,---,dfp—1,-) =0on U, we have
0=iy,(mAnlfr,---,dfp-1,")
=i,(m) An(dfi, -, dfp—1,) + (=DPnf1, -, dfp—1,v)n
= (Divy) An(dfi, -, dfp-1,) — ((Divy)(dfi,---,dfp-1))n
= (=D’ n@fi. . dfp-1.)nl.
We used Lemma above for 8 = dfi A--- Adfp—1.
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Ifa e M\ U, n, = 0, the right hand side of the above lemma is equal to 0 and thus

[n(dfls Y dfpfl, ')1 n]‘d = O'
Consequently, we have

[ndfi, -, dfp-1,),m1=0
on the whole M and the bracket {- - - }"7 satisfies the Fundamental Identity. O

Now we are going to investigate the foliation associated with a Nambu-Jacobi structure.
Let A = Q + 1 A P be a Nambu-Jacobi bracket on a manifold M, which is given by a
(p + 1)-vector field Q and a p-vector field P. Then by Theorem 1.5 (1) of preceding section,
[P(dfi,---,dfp—1,-), P] = 0. Thus P is a Nambu-Poisson tensor and its characteristic dis-
tribution is integrable, giving a generalized foliation (Theorem 2.1). We denote this foliation
by Fp. Exactly the same thing holds for the (p + 1)-vector field Q. Thus we have two fo-
liations Fp and Fp of M. First we restrict our attention to the case when P is non-zero or
it may be said that we consider the foliations of the open set of M where P is non-zero. By
Proposition 1.4, P = Q = 0. This is equivalent to

P(fr,---.dfp-1.) N Q =0,

for any (p — 1) functions fi,---, fp—1. On a neighborhood of a point where P # 0, we
have functions f1,---, fp such that P(dfi,---,df,) # 0. Thus the set of vector fields
{X1, -+, Xp} where X; = P(dfy,---, dAf,», --+,dfp) is linearly independent at each point.

From the above relation, Q is a multiple of X;’s and consequently, there is a vector field v
such that Q = v A P. A partition of unity argument assures that we may consider v a global
one.

PROPOSITION 2.2. The vector field v preserves the associated foliation Fp. In fact,
there exists a function ¢ such that L, P = ¢ P holds.

PROOF. By Theorem 1.5, we have
0=[Pfy_1,), Q1 = [P@f,1,), v A Pl

=[P f, 1. ) V] AP +V0A[P@Sf, 1., P]
=[P@df,_1.). VIAP

because [P(dfp,l), P] =0. But [P(dfp,l, ), v] A P = 01is expressed as

—((LoP)dfp1. NDANP —=(P(Lydf,_1, ) NP =0
and (P(Lvdfp_l, -)) A P = 0 because of the decomposability of P. Thus we have
(LoPYdfp1. NDAP =0

for arbitrary (p — 1)-form d f,,_;. Again by the decomposability of P, we see L, P is a
multiple of P. Thus we have a function ¢ satisfying L, P = ¢ P. The equation

[Us P(dfp—lv )] = (pp(dfp—lv ) + P(Lvdfp—l)
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shows that v preserves foliation Fp. O
We have the converse.

THEOREM 2.3. Let P be a regular Nambu-Poisson tensor of degree p > 2, which we
assume decomposable when p = 2. Suppose that there exists a vector field v which satisfies

L,P=¢P

for some smooth function ¢. Define (p + 1)-vector field Q by Q = v A P. Then the pair
(Q, P) is a Nambu-Jacobi pair, namely the bracket

A=Q0+1AP
defines a Nambu-Jacobi structure.

PROOF. Since we are assuming the decomposability of P, it is sufficient to verify the
conditions (1)—(4) of Theorem 1.5.
Condition (1) is our assumption. Condition (2) asserts that [P(dg, -), Q] = 0 holds for any
dg :=dgi N--- Ndgp—1. This is easily verified as follows by using [P(dyg, -), P] = 0 and
the decomposability of P;

[P(dg,),vAPl=[P(dg,),vINP+vA[Pdyg,"), P]
=—(pP(dyg, )+ P(Ly(dg), ) NP =0.
We verify Condition (4).
Since Q = v A P is decomposable, from the view point of Theorem 2.1, it is enough

to see the integrability of the characteristic distribution Fp of Q on open set where Q # 0.
Locally, we can write P and Q as follows.

P=hXiN-ANX,, Q=hoAXIA-AXp
where X; is a local vector field of the form P(dfi A --- A d}‘,- AN dfp) and h is a func-

tion. The vector fields X1, - - -, X, v generate the distribution F¢ and they form a involutive
system since Fp is integrable by assumption and since we have the following:

[v, P(dg, )] = Ly((P(dg,")) = (LyP)(dg, ) + P(Lvdg, ) = P(pdg + Lyvdyg, -) .

Thus F is integrable and we have [Q, O] = 0.
To verify Condition (3), we must prove the equality

[Qfi), P1(--+) = (=DPQ@(PE[f)), ) (18)

fordf=dfi n---Ndfp.
First we calculate the left hand side of this equality. Using

QWf.)=WwAP)df)=PGydf), )+ (=DPPWfHv
and a general formula

Div(P(a)) = (—1)%€*Div P)(a) + (—=1)%€* P(da), (19)
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we calculate as follows:
[Q(df. ), P1=[P(ivd[),"), P1+ (=DP[P(d f)v, P]

= Div(P(iy(d f,)) A P) = Div(P(iv(d f)), ) P
+ P(@iydf),) ADivP
+ (=DPPEf)lv, P1+ (=D’ v A PA(PAS)), )

= (=DP(Div P)(in(d )P + (=DP P(d(iv(d f))) P
+ P(@iydf),) ADivP
+ (=DPPEf)lv, P1+ (D" v A PA(PA])). ). (20)

Now we use the assumption that there exists a 1-form such that Div P = i, P (Theorem 2.1).
Then the above (20) is equal to

(—=D)P(iy PYin(d [P + (=1D)P P(d(iy(d f)))P + Piv(d f)) A (i) P)
+ (=DPP@f)lv, P1+ (=D v A P(A(P[)). )
= — iy (Piy(d )P + (=D’ P((iv(d f))P + P(ivd f) A (iy P)
+ (=DPPA v, P1+ (=D’ v A P(A(PAS)). ")
= —iy(P(ivd f) A P) + (1)’ P(diy(d f)) P
+ (=DPPAf)oP + (=D’ v A PAPAS)). )
= (=DPP(Ly(d )P + (=P PAf)oP + (=)’ v A PA(PUES)), ")
= (=DPLy(P@f)P + (=)’ (L, P)(d )P
+ (=DPPA[f)(9P) + (=P v A PE(PUES)). )
= (=D’ A PE(P@[)).) + (—=DPL,(PAf))P.
This can be seen to be equal to the right hand side of (18), since we have
(—DPQE(PAf)).") = (=DP@W A PYA(P@[)). )
= (=D vdPE )P+ (D" oA PAPES)), ).

Thus, the pair (Q = vA P, P) satisfy the conditions (1)—(4) and the bracket is a Nambu-Jacobi
pair. a

Next we consider a Nambu-Jacobi structure Q + 1 A P where Q is regular, that is Q is
nowhere zero. In this case we obtain the following:

THEOREM 2.4. Let Q be a Nambu Poisson tensor of degree q(> 2). We assume when
q = 2, Q is decomposable. Let o be a 1-form which is closed on the leaves of Fo. That
is Q(da,-) = 0. Put P = Q(o, -). Then (Q, P) makes a Nambu-Jacobi pair. Conversely,
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if (Q, P) is a Nambu-Jacobi pair and Q is regular, there exists a 1-form o which is closed
along the leaves of Q such that P = Q(«, -).
PROOF. We first verify the condition J” Q = 0. Namely, we prove
[P@f, 1., Q1 =[Q@Adf, ;.. 0l =0.
Using the decomposability of Q and the formula (19) for Div(Q(«)), we calculate as follows:
[Q@Adf, .-). Q] =Div(Q@ Adf, 1.) A Q) —Div(Qa Adf, |.) A Q
+ Q@ ndf,_i,") ADivQ
= (=D DivO) e ndf, ;. )AQ+ (=D Qdandf, . A Q
+ Q(@ndf,_;,") ADivQ.

Clearly, this is equal to 0 where O = 0. On the other hand, on the open set where Q # 0, we
have a 1-form y such that Div Q = Q(y, -) and the above is equal to

D" O(y nandf, 1. )AQ+ Qe Adf, ) A Q)
=—iy(Q@Adf,_) A Q) =0.

Thus we proved J¥ Q = 0.
Secondly, we prove

[P(dfy_1.). P1=0

for any functions fi, - - -, fp—1. We use the abbreviated notations that p = g —landd f,_| =
dfiy A --- Ndfp—1 as before. Then we calculate as follows;

[PAf,_1.). Pl=[P@f, 1. Q)]
=[P fp-1.), Q@) + QLpaf, - 21
As we showed above, [P(dfp,l, 9, Ql(a) = 0 and Q(LP(deH)b)a) = 0 is verified as
follows.
Q(LP(dfp_,,~)a’ )= Q(diP(dfp_|,~)a + iP(dfp_],~)da’ 2)
= Qlipf, | ydo) = Qa(P(df, 1.).").

The rightmost term vanishes since if write O = X1 A --- A X, this is equal to

q
S =D da(P@ S,y ) XD X1 A AKX A A X
i=1
and since « is closed on Im Q.

Next, we prove
[Q(dg.-), P1= (=" Q(d(P(dg),) for dg=dgin---Ndgp.
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This is shown as follows.

[Q(dg, "), Q)] =[Q(dg, ), Ol(a) + Q(L (g, ) = Q(dig(ag, @ + iQ(dg,dex)
= Q(digg @) = Q(d(Q(dg, o)) = (=)’ Q(d(P(dg))).
0(ig(dg,Hda) = 0 follows from da = 0 on Fyp.
Now we prove the converse. Namely, assuming (Q, P) is a Nambu-Jacobi pair on M
and Q is non-singular, we prove that there exists a 1-form « such that P = Q(«,-) and

O(da) = 0. By assumption, (Q, P) satisfies (1)—(4) in Theorem 1.5. If we consider Q as
a bundle map A\ T*M — TM,ImQ is a (p + 1)-dimensional sub-bundle of TM. Q is

also considered as a non-zero cross section of A\” *'Im Q and gives a natural isomorphism
ImQ)* - APImQ. Let Bp : AYImQ — (Im Q)* denote the inverse isomorphism.
Since we have P(dfi A --- Adfp—1,-) A Q = 0,Im P C Im Q (see Proposition 1.4). Thus
P is a cross section of the bundle /\p Im Q. Put o’ = Bp(P) and choose a 1-form « so that
« projects to & under the natural surjection 7*M — (Im Q)*. Then we can see that

Q(av ) = Q(a/v ) =P.

Now by a characterization of Nambu-Poisson tensor field, there exists a 1-form on M, satis-
fying Div Q = Q(y, -). Since Q(«, -) = P is also a Nambu-Poisson tensor field, there exists
a 1-form A on the open set where Q(«, -) # 0, satisfying Div(Q(«, -)) = Q(w, A, -). By the
condition [Q(e, d f},_1, -), Q] = 0, and the decomposability of Q, we have

0=—-Div(Q(a.d f, 1,00+ Qa,d f, _1,-) ADivQ.
But we have the following

Div(Q(er,d f,_1. ) = (=D’ Div(Q(e, )@ f,_1) + (D' Q. dd f, )
= (=D rdf, ).

Thus we have
(D' Qe 1 df, )0 = Q(a.df,_.) ADIVQ = Q(at.d f,_1.) A Q(y.")
= i, (@@, dfy 1. ) A Q) + Q. df, 1, 7)0.

Since Q(a,d f,_1,-) A Q = 0 by the decomposability, this means Q(«, A — y, ) = 0. If we
use the formula

Div(Q(«a, 1)) = —(Div Q)(, ) — Q(da, -) ,
we have Q(da, -) = —Q(a, y — A, -) = 0. This is what we wanted to show. O

REMARK 2.1. This theorem has also been proved in [2] when « is an exact 1-form df
for some function f on M.
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3. Examples

By Theorem 2.3 and Theorem 2.4, we obtain concrete examples of Nambu-Jacobi man-
ifolds. Here, we have a few of them.

1. We consider the Reeb foliation of S3 as the underlying foliation. There exists a 2-
vector field P which is non-singular on each leaf and tangent to it. We can assume every
thing is invariant under the natural S'-action on S>. Let v be the vector field on $3 which is
obtained from this action. Then L,P = 0 and (Q = v A P, P) is a Nambu-Jacobi pair by
Theorem 2.3. Q vanishes exactly along the toral leaf.

2. Let § be the Anosov foliation on the circle bundle over a closed surface of genus
g > 2. The leaves are diffeomorphic to either R? or cylinder S! x R. Since both types
of leaves are dense, there is no non-trivial vector field transverse to § which preserves the
foliation. Therefore the only possible Jacobi pair is trivial one, namely it is (0, P).

3. Let A: T" — T" be a hyperbolic toral automorphism. The mapping torus M4
of A has a foliation foliated by the weak unstable manifolds. Let Q denote a natural tensor
field which gives a volume tensor field along each leaf. Let o be the 1-form on My =
T" x [0, 1]/ ~— S', which is the pull-back of d6 by the projection M4 — S!. Then « is
closed and (Q, P = Q(«, -)) is a Nambu-Jacobi pair. P defines a foliation foliated by strong
unstable manifolds.

4. For any Nambu-Poisson structure Q on M, (Q, Div Q) is a Nambu-Jacobi pair.

Here Div is a divergence associated with a connection which preserves a volume form of
M. IfDivQ = Q(y, -), we have Q(dy, -) = — Div?> Q and Div?> = 0 since we assumed the
connection preserves a volume form. Thus by Theorem 2.4, we have the result.
On a Nambu-Jacobi manifold for which the tensor fields P and Q are both non-singular, we
have a regular foliation F¢ and its subfoliation Fp. By our theorem, on each leaf of F there
exits a non-singular vector field and the subfoliation Fp is defined by a closed 1-form on
the leaf. These impose a rather strong restriction on the foliated structure of such a Nambu-
Jacobi structure. It seems an interesting topological question to find which manifold has such
a foliated structure.

4. Appendix

In this appendix, we prove Proposition 1.3. We denote the bracket defined by a p-
vector field P by {- - - 1. Namely, {f1, -, fp}lD = P(f1,---,dfp). The bracket {---} :=

{--- )T = 9 4 1 A P determined by a g(= p + 1)-vector field Q and a p-vector field
P, is by definition is the following:

q
o =1 f 2+ YD A fi s f)F

j=l1
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q
= QUfr, -+ dfy) + Y (DT [ PWEfL - df e dfy) .
j=I
We would like to write down the Fundamental Identity for this bracket in terms of the brackets
of Q and P and find the relations which Q and P satisfy.

For the brackets {---}¥ and {---}< of degree p and g, respectively, we defined J 0
and P + Q as follows.

TPOfi, -, fom1s g1+ gg)
={f1. St fgn - g0 = AL o ) g g}
g (i fo1 g2} ga g} @ —
=gt ggm1 Uf1e s foo1. 993012
= [P(dfi A+ Adfp-1.9), QNdgr, -+, dgg) .

(P = Q)(f17 "'7fp—1; 490, "'ag(])
q
=Y DA o g g0s e Gy 9q) 2
j=0

= (Pft,---.dfp-1.) AN Q)dgo,---.dgy) -

The Fundamental Identity for {---} = {---}2+1P is the following identity for any C*
functions fi,---, fy—1, 91, -+, ggon M.

q
s oo dgn o g = DD AL famt b g0 G gg)-
i=1
In this appendix, however, for our notational convenience, we adopt the following equiv-
alent equation as the Fundamental Identity.

Whe fab 2o 9q) =

J

{fi,- -, fi—t, Uy 9255 9g s fijvts s fqt . (22)

q
=1

We now start the computation. Since by definition,

q
U fady = fd 2+ Y DT AL fie £
j=1
the left hand side of (22) is calculated as follows.
{{fls "'1f(]}7921 "'19(]}

q
= {712,612 +{F12G)" + D (D FN (i, 6}

i=1
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q q
+ Y DT AURY G HIFEGY + Y =D adiFN L G )

i=1 k=2

q q
+ Y DAL G+ Y DR AL G
k=2 i=1

where F, G denote the sequences of fi,---, f; and ¢, - - -, g, respectively. F; denotes the
sequence which obtained from F by deleting the i-th component, and G; denotes the sequence
which obtained from G by deleting the (j — 1)-th component. This is the left hand side of
(22) expressed in terms of f;’s, g;’s and their brackets with respect to {- - -} and {- - - }€.

In a similar way, we calculate the right hand side of the Fundamental Identity (22), by
applying the Leibniz rule several times.

q
DU im0 9g)s Fienss s o)
j=1
q

Z—l)f ", G + £itgy” +Z( D g f7, GYP L Fi)

= k=2

D/, 619, f}Q+Z( D1, G FN

j=1

q
+ Z S DT G Fgy ) (=D G Fi) e

J=1 U] j=1

IIPﬂQ |

q q
+q{G AR + ) DT END + DD DT fliGye L Fy”

Jj=1 J=1E#j
q q—1 ‘
Y D D G FiY A (g FNCUS, G+ (5, G P IFR)
j=1¢=1
q q—1 '
Y DY DI el G FudE 4 152 G g FdE)
j=1L4=1m#j

where we used the notation J;; which denotes if i < j then the sequence (- - -, f‘,-, y f i)
and if i > j then it denotes the sequence which is obtained by dropping two entries and then
changing the sign of the first entry, namely F;; = (- f1, f2,,, fj, - f‘,-, ,). We will not
simplify these any further since from the computation we can obtain necessary conditions on
P and Q for the bracket {- - - } to satisfy the Fundamental Identity.

First we note that the sums containing the product f; f; cancel out because of the skew-
ness of the bracket.
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To get the conditions, we put f;, = g; = 1(¢ = p + 1) and compare the left hand side and

the right hand side of (22) which we computed above. Since {---, 1} and {- - -, 1}€ are both
constantly equal to 0, we obtain the following relations:

14
Wh. o ) omg) =) h fin g 9 fi e )
Jj=1

This is nothing but (1) of Proposition 1.3 and the Fundamental Identity for {- - -}©

we get the condition

. Namely

JPP=0. (23)

Putting this condition in our computation, we see that the terms containing f; gx all cancel out.
Next, we put g, = 1, and by the same reason as before, we get the relation

q
WA g g =) U fion Ui g gy i fa) 2
j=1

This shows
=DPIP Qg2+ gps f1.- 5 f) =0,
and we get
JPo=o0. (24)

By this relation, we see that the terms which are the multiple of the function g all cancel out.
Similarly, knowing the relations (23) and (24) and by putting f, = 1, we obtain the following
relation

{{fls L) fP}Pv 92,5, gq}Q
p
=Y (fioo ot S5 9200 9039 fivnss fo}F
j=1

+ =DPUf1s s foilgos s s 93532 + AL FY a2 s s 90)F

p p+l

+ZZ(_1)p+k+l+l{g2s ’ !fk: ’ gq: f]}P{gks flv 9 fj*ls f]+17 9 fp}P .

j=1k=2
A little computation shows that this is equivalent to the following:

JOP (g, ggs fir s o) = (=DPUga, -, g} f1, -+, f) @

q
+Z(_1)k(Pl_P)(gz:"'mg/\kv"'sgq;gkvflv"'vfp)'
k=2
(25)
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This is the relation equivalent to (3) of Proposition 1.3. Note that
(P l_ P)(ng"':!fky"‘ygq;gkyf]:"':fp)

p
:Z(_l)j{QZv"'ngkv"'1gqsfj}P{gk7f]"'7fAjv"'7fP}P
j=1

+ (=D Mg, gL )

If P and Q satisfy the above condition (25), the terms of the form f;{- - - } cancel out.
Finally, in the same way, we obtain the following condition on Q.

{{f]vs 7fq}Q1 92, , 7gq}Q

q
=Y oo -1 A S5 9200 90YC Fivts s £}
j=l1

q q
Y D DT g G 9g) UL fits g firs s £) 2

j=1k=2
+p{f11 L] fq}Q{927 9 7gq}P

This is expressed as

q
JQQ(gZ:"'sgq;flv"'qu) :Z(_l)k(P |_ Q)(QZ:"':!fkv"‘»gq§gkvf]:"'sfq)'
k=2
(26)
This is nothing but (4) of Proposition 1.3.

We have shown that (1)—(4) of Proposition 1.3 are necessary conditions for {. - - }2+1"P
satisfying the Fundamental Identity. Conversely, from our computation, we can easily see
that if the relations (23),(24),(25) and (26) on the brackets {---}¥ and {- - - }Q hold, the Fun-
damental Identity of the bracket {- - - } = {- - - }2+1"P is true. Thus the relations (23),(24),(25)
and (26) together are equivalent to the Fundamental Identity for {- - - }2T1"P_ In this way, we
obtained

PROPOSITION 4.1. Let A= Q + 1 A P be a Nambu-Jacobi bracket degree Q = q =
p + 1 > 3. Then we have the following identities

(1 JPP=0,

2 JPo=0,

(3) JePWf, )+ (=D)PTQWEPWES,),

+ 20 (=DI(P = PYdfr - dfs dfp,dfu ) =0,

@ T20Wf,i )+ X (=DI(P - Q)dfy - dfi - dfpidfi, ) =0.
These together are also sufficient for the bracket A = Q + 1 A P to satisfy the Funda-
mental Identity.
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REMARK 4.1. When p = 1, if we interpret the formulas properly, the relation obtained
from the above is expressed as

[P,0]=0, [Q.0]=-2PAQ, 27)

which is the usual definition of Jacobi structure.
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