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Abstract. Sheaves of spaces of generalized hyperfunctions BG and algebras of megafunctions MG are in-
troduced. The first one is a flabby sheaf. Moreover, there exist injective sheaf homomorphisms G — BG and
BG — MG, where G is the algebra of Colombeau generalized functions.

1. Introduction

Algebras of generalized functions are the framework for the study of linear problems
with singularities and, more important, for non-linear problems where the distribution theory
can not be used. We refer to several monographs and recent papers where Colombeau-type
algebras are used and developed [3]- [5], [8]-[10], [15]. The aim of this note is to give a
(natural) extension of Sato’s hyperfunctions to generalized hyperfunctions, elements of BG,
containing Colombeau generalized function algebra G as a subspace. Since B is not an alge-
bra, we introduce the algebra of megafunctions M, containing 5G as a subspace as well as
algebra G as a subalgebra. The sheaf R D w — BG(w) is flabby and w — MG (w) is supple.
This gives possibilities for new microlocalizations involving all microlocalizations of embed-
ded Schwartz distributions, ultradistributions and hyperfunctions as elements of generalized
function algebras.

Sheaves of algebras of generalized and holomorphic generalized functions Gp (£2),
where £2 is open in C, is introduced by Colombeau [4], [5]. We refer to [7], [6], [1] and
[2] for the properties of generalized holomorphic functions. In order to illustrate the specific
properties related to holomorphic generalized functions, we note that it is known that for an
open §2 an f € Gy (£2) is equal to zero if it is equal to zero in an open set of §2. Moreover,
it is equal to zero if its value, in the sense of generalized complex numbers, at any point of £2
is equal to zero. This does not hold for generalized functions of G which are equal zero if and
only if it holds in every generalized point. Also, if all the derivatives of f € G (§2) are equal
to zero, at a point x € £2, it does not follow that f = 0in f € G(£2). (Being equal to zero
means belonging to an ideal.)
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Let £2 be open in C and contain an open set w € R as a closed subset. The space of
generalized hyperfunctions is defined as BG(w) = Gy (2 \ w)/Gy (§2) while the algebra
of megafunctions is defined as MG(w) = G(£2 \ w)/G(§2). The analysis of corresponding
sheaves is the subject of the paper.

1.1. Colombeau type algebras. Recall, if E is a vector space on C (or R) with
an increasing sequence of seminorms w,, n € N, then the set of moderate nets of £y (E),
respectively of null nets of AV'(E), consists of nets (Re)ze(0,1) € E©D with the properties

(Vn € N) 3a € R) (ua(Re) = 0(e9),

respectively, (Yn € N) (Vb € R) (un(Re) = 0(8b))

(O is the Landau symbol). If E = C (or E = R) and the seminorms are equal to the absolute
value, then the corresponding spaces are £y; and N'. Moreover, they are algebras, A is an
ideal in £ and, as a quotient, one obtains Colombeau algebra of generalized complex numbers
C = &y /N (or R). Itis a ring, not a field.

Let w be an open set in R”. If E = £(w) is the Schwartz space with the (usual) sequence
of seminorms sup{|¢® (x)|; @ < v, x € K,}, v € Ny, where (K,), is an increasing se-
quence of compact sets exhausting w, then the above definition gives algebras s (w), N (w)
(the latter is an ideal) and as a quotient, the simplified Colombeau algebra G (w). The embed-
ding of Schwartz distribution space £’(w) is realized through the sheaf homomorphism

@) 3 f > [f *elol € G0,

where a fixed net of mollifiers (¢). is defined by ¢. = & "¢p(-/e), ¢ < 1, ¢ €
SRY), [¢wdt = 1, [t"¢@)dt = 0,m € Nj,|Im| > 0. (" = t;’“ <oty and
|m| = my + - -+ + my.) The extended sheaf homomorphism gives the embedding of D’(w)
into G(w).

We will consider the one-dimensional case. The n-dimensional version of results is more
complicated as in the classical hyperfunction theory.

2. Colombeau holomorphic generalized functions

Let £2 be an open set of R? = C. We will use notation (x, y) and x + /—1y for the
points of RZ. Following [7], it is said that G € G(§2) is a holomorphic generalized function if
it satisfies 3G = 0 i.e. there is a representative (G.). of G such that (0G,)e € N(2):

(YK CC £2) (Va > 0) (sup |0G¢(z)| = o(e%)) .

zeK

Note, by [9], it is not needed to assume the above estimates for the derivatives 39%9G,, ¢ < 1
(|| > 0).
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Holomorphic generalized functions constitute a subalgebra of G(£2). It is denoted by
GH (£2). Every holomorphic function H defines a generalized holomorphic function with the
constant net (H). as a representative.

EXAMPLE 1. The next example will illustrate the boundary value representation as
well as the comments quoted in the introduction. Let f.(x) = m, teR, ¢ e€(0,1).
This net determines a generalized function f € G(R) such that for everyt € R, f(t) = 0in
the sense of generalized real numbers R but f # 0 in G(R). Moreover, f@(t) = 0 in R, for

everyt # 0.
Now define

fe(@) =

zeCy, e<l1.

1 R t
d
2m/—1 /—oo (t — z) cosh(z/¢) a

This net defines an element of Gy (C+) and it is different from zero in any point of C4. Note
that for every ¢ € (0, 1),

1
2w/ —1

lim Fe(x +iy) = lfs(x) - H(fe)(x), x€R,
y—0+ 2

where H is the Hilbert transform, and

lirngFe(x +v-ly) = Fe(x —=v=1y) = fe(x), x€R.
y—

By f:(z) = m, e € (0, 1) is defined a moderate net in C \ {z; Wz = 0} and this net
determines the zero generalized function, there. For every fixed e, f. is real analytic, but
there does not exist a common open set V around R and € such that f; are analytic in 'V for
& < &0.

We collect some results for holomorphic generalized functions. Only part v) is cruicual
for our paper.

THEOREM 1. Let G € Gy (£2).
i) There exists a representative (Gp)e € Ep(82) with G, € O(82) (the space of
holomorphic functions on §2) for every ¢ < 1.
ii) If G = 0in an open subset of 2, then it is equal to zero in 2 ((G¢)e € N (£2)).
iii) If for some zo € $2, there exists n > 0 such that for every a > 0 there exist C > 0
and g € (0, 1) such that

1IG@(z0)| < Cn®ale®, e <ey, a€Ny,
&

then G = 0.
iv) IfG(x) =0 foreveryx € §2, then F = Q.
v) Fundamental lemma.
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Let 21 and §27 be open sets in C such that 2 = 21 N 2y = W and let F € Gy (82). Then
there exist F1 € Gy (821) and F» € Gy (§27) such that

F=Flg—-Fla.

PROOF. Parts i), ii) and iii) are proved in [18]. Note that i) is also proved by Ober-
guggenberger (private communication) and ii) is proved by Colombeau and Galé [7] (the
proof in [18] is a simplification). Part iv) is proved recently by Khelif and Scarpalezos [13].

v) The proof goes in the same way as the corresponding proof for holomorphic functions
[12], [14]. First consider the case when F is extendable out of §2 i.e. there exist o500
and F € QH(S}) such that ﬁ|g = F. Also, assume that the boundaries y; = £2, N 952
and y» = £21 N 952 are piecewise smooth, oriented in opposite directions and that they form
disjoint closed curves ¥, s = 1, - - -, r forming the boundaries of simply connected domains
25 s=1,---,r sothat

2 ZU::l ‘st Y1 :U::1 va V2:U::1 J/;

where yf =y N2, yj" =y N2, s=1,---,r. Then, F,, ¢ € (0, 1), are holomorphic
on y* and applying the Cauchy formula

| Fe(2) :
Fio(2) = / d¢, zeC\yl, =12, s=1,---,r, e<1,
j.e(2) 27“/__1;:1 Tz ¢ \vj. J

we obtain holomorphic functions:
Fiein £;, i=1,2, such that F,=Fi¢|lo—Fclo, e<1.

The given integral representation and the simple estimates over compact sets K of £2 (K CC
§2)imply that (F; o). in Ep(82;), i = 1, 2. In the general case, we take sequences of domains
(21K, 2jk CC 2jk+1, k € N, which exhaust £2;, j = 1, 2, such that for every k € N
§21 kN S22, = §2¢ has a piecewise smooth boundary and that the pair £2; U$2; and £21 ;U $22 &
forms a Runge pair.

Applying the first part of the proof, we have

Felo, = Fiieloy — Pokel,, €<1, keN.
This implies
Fiiei1,e — Fiee = Foxt1,e — Foge on 213N, e<1, keN,

and we obtain, for every k € N, a net of holomorphic functions (G ¢)s on 21 U 22
with the property (Gi.s)e € Em(21,x U §22.4). By Runge’s theorem, there exists (Hi.¢)e €
(O(£21 U £22)) D

1
IG,(:?;)(Z) - H,{(,DQ(Z)I <% 1€ 21 k-1U224—1, €e<1. (1
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This condition implies that for every ¢, @ and z € £21 x—1U$22 x—1 the series Z] —k IG(Q)(z) —

H;,e) (z)| is convergent. Moreover, (Hi ¢)e € Ep(§21 U §22). We will show this.

Let us prove (1). Since the closure of £21 x—1 U §22x—1 in §21x U £22 x is compact,
there exist a finite number of open balls L,,, v = 1,---,s so that L, C 211 U £22 and
21 k-1U 224-1 C Uj_; L. Taking connected components of this finite covering and their
piecewise smooth boundaries I,, w = 1,---, p, (parts of circles), one obtains p simply
connected domains which cover §21 y—1 U £23 x—1. Put

p
1 Gre(£)dg
hie(2) = : , 2€821 k-1 U820 k-1,
e l; 2n/=1Jr, ¢ —2

p 1 Ny (e)

Gk,e(é‘,u,i)Agu,i
Sk.e =
ke (2) ; 27 /—1 ; i —2

, ZE€ 21 k—1U 2241

where Sy  are the corresponding Riemann sums. Consider (¢, = 21 k—1U822 1.
The Runge theorm (cf. the proof givenin [11], p. 37, for example) implies that these functions
can be approximated by polynomials with the prescibed precision. Noting this and that

Ny (e)
lim Z |AZy,il = |T,| (the measure of I',) ,

Ny(e)—o0 4

we can prove that Hy ., of the form

p Nu(e)

Hie@ =Y Y Gkg(zu,)AcMZa (@ —0ui)

n=1 i=1

z€ 21U82,, a;EC,MSp, i <Ny, j=<Nui, e<1, keN,

are elements of £37(£2; U £2;) such that (1) holds.
Moreover, we can choose the Riemann sums so that (1) holds for o < k.
Now one can prove that

o
Fje=Fj1e+ Y (Gre— Hie)

k=1
N—-1
—F,NS+Z(G”— ne) = Y Hue, j=1,2,6€(0,1),
n=N n=1
are nets of holomorphic functions in £2;, j = 1,2, determining generalized holomorphic

functions F; and F> such that the assertion of the theorem holds.
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3. Space BG(w)

We follow the definition of classical Sato’s hyperfunctions. We refer to [12] and [14] for
an elementary introduction which is enough for our presentation and to [19] for the extension
of the theory and the analysis of pseudo-differential operators.

Let w be an open set in R and £2 C C be an open set containing w as a closed subset.
The space of generalized hyperfunctions on w is defined by

Gu(2\ w)

so = U =g

2Dw
Fundamental lemma implies that for any fixed §2 (containing w as a closed set),
On(2\ w)
Gu(82) -
Let f = [(F)e] € GB(w), where the representative (F;), constitutes of holomorphic func-
tions in £2 \ w. We will use the notation
f=1(Fe)el = [(Feo)el,  f=Fplx++/=10) = F_(x —v/=10) = F} — F_,

where Fy = [(F¢4)e] and F_ = [(F;_).] are holomorphic generalized functions in £2 and
£2_, respectively.
The next theorem is also a consequence of Fundamental lemma.

THEOREM 2. R D w — BG(w), is a flabby sheaf.

PROOF. The flabbiness is a direct consequence of Fundamental lemma.

The sheaf property concerning the support is clear. We have to prove that for an open
covering w;, and given fi € BG(w;), A € A, with the property fi = fu on wy N w,,
there exists an f € BG(w) so that f = f) on wy, A € A. In fact, with the corresponding
representatives in O(§2, \ wy), A € A, if Fey — Fep = Fepu + reju. € < 1, where
(Fean) € (O N 2,00V N ENE2: N 2,), (resp)e € N2, N2, A, € A, then
there exists an (F.). € (O(2 \ @)@V N Ey (L2 \ ) such that F, — F.; € O(£2;), € < 1,
for every A € A. We can assume that o = (52, 0, 2 = (5=, £2, and that the coverings
are locally finite.

In the case of a finite covering, the assertion is a consequence of Fundamental lemma.
(In fact, for n > 2 it is not simple but we skip this.) In the general case, let 2 =

Zozl ®,, O, CC 0,11 so that (£2, ®,) makes a Runge pair for every n. Since for ev-
ery fixed n we can apply the result for a finite covering, we construct the corresponding
Fen, € < 1, (Fepn)e € (O(2,\ @)@V N EY(2, \ w), sothat Fep = Fe — Fe €
O2,NOy), e <l,neN(Fgn=0if ®, N 2, = @). Consider the family

Feonl — Fean=Fens1 — Fen on ®,N82;, e<1, AreN.

Net of holomorphic functions G¢ ,, € < 1 on ®,, definedby G¢ , = Fe ) pr1—Fern. A€ A
on ®, N2, ¢ < lisin Ey(O,). By the same explanation as in the proof of Fundamental
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lemma, there exists (He ,)s € (O(2)OD N €y (£2) so that foreveryn > 2 and @ < n,

1
|Gg‘j‘,2(z>—H;5‘;2(z>|52—n, e<l, z€O, .

Define on £2) \ w; :

00
Rs,k =F 1+ Z(Fe,k,n+l — Fepn— Hs,n) , e<1.

n=1

Since Ry ) = Fep v + ZZ‘):]V(G&,1 — Hep) — Z,]:];ll H;,, ¢ <1, it follows that (R; ), €
(O, \ @)D N Ey (25 \ wp) and that, on 2, N 2,

RS,A_RS,M:FS,)»,Mv e<1.
Now, this property and F ) — Fe o = Fe 4, € < 1o0n 82, N2, imply
Fe,A_Re,A:Fs,M_Rs,M: g<1, on QAQQM,

forevery A, u € N and in this way we construct (F¢), € £y (82 \ w) sothat F = Fy ) — Re»
on (£2; \ wy). This completes the proof.

3.1. Multiplication in BG.  As in the classical theory of hyperfunctions [12], we
define the micro-analyticity at x — v/—1dx00, x € w.

Let f € BG(w) have a representative determined by holomorphic functions F, ¢ €
(0, 1) in £2\ w, such that the restrictions on §21 and §2_, denoted by F . and F_ ., ¢ € (0, 1)
respectively, have the property that F . and F_ ; can be extended as analytic functions, to
2., forevery e € (0, 1). Then we say that f is micro-analytic at x — v/—1dx0co, x € w. We
define the micro-analyticity of f atx + +/—1dxoo, x € w in the similar way.

Then it is said that x — /—Ldx 00 (resp. x ++/—1dx00) belongs to the singular spectrum
of f, SSf, if f is not micro-analytic at x — v/—1dx 00 (resp. x + /—1dxo0).

As in the hyperfunction theory, we define the product of generalized hyperfunctions f
and g only in the cases when their singular spectrums are in a “good position” (5G(w) is not
an algebra). So

if f=F—-0, ¢g=G4+—-0, then fg=Fi(x++/—-100GL+(x++v—10)—-0,

if f=0—F_-, ¢g=0—-G_, then fg=0—F_(x —+~/—-10)G_(x —v—10).

A real analytic function ¢ is embedded into the space of hyperfunctions B(w) as ¢ =
@ (x ++/—10) — 0 = &, where @ is its analytic extension in a neighborhood of w. Clearly,
¢(x) = @4(x) = &_(x), x € w. With this notation (and embedded ¢ in BG as a constant
net), for an arbitrary f = F — F_ € BG, we have

f¢=F d, —F @, .
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Note, if ¥ is analytic in a neighborhood of w, then, in the space of hyperfunctions B,
¢ =(DPx++/—-10)+¥(x ++—-10)) =¥ (x —v—10).
For an arbitrary f = Fy — F_ € BG and an analytic ¢ the product in BG is:

fé=(Fp— F_)(®s + W, — W)
=F (@ +Y, -V )—F (D +V¥, -V )=F, &, —F D,
where the cancellations F, ¥, — FL¥_ =0, F_¥, — F_W_ =0, are done.

3.2. Embedding I. We will give a canonical embedding of the sheaf of Colombeau
generalized functions into the sheaf of generalized hyperfunctions.

First, define: f = [(F:)¢] € BG(w) (F¢ are holomorphic functions in §2 \ w) is an
element of G(w) if for every wg CC w there exists a net of smooth functions (g¢). € Ep(wp)
such that for every ¢ € (0, 1) and every o € N,

lim+(F£(°‘)(x ++/=1y) — Fs("‘)(x —+/=1y)) = gg("‘)(x) uniformly for x € wy .
y—0

Now, if ¢ = [(¢:)e] € G(w) is compactly supported, supp g CC w, then the corresponding
generalized hyperfunction is defined by a net of holomorphic functions in £2 \ w:

1 / ge(t)
2]‘[\/—_1 wt—(X+\/__1y)

By Plemelj type theorems, we have that

Fo(x+V—-1y) = dt, x++V-lyef\w, c¢€(0,1).

lir(r)1+ Fo(x ++v/—1y) — Fo(x —v/—1y) = go(x), for every ¢ < 1.

y%

In this way we define the sheaf homomorphism which can be extended in a usual way to the
sheaf homomorphism G(w) - BG(w), w € R.

The embedding of distributions and its subspaces is done in a similar way. For example,
if g € &(w), let g = g * ¢ele, € € (0, 1), where ¢, & € (0, 1) is a net of mollifiers. This
is a net in &y (w) and as above we determine the corresponding representative in BG(w).
Similarly, but using appropriate classes of mollifiers, we can embed some classes of algebras
of generalized ultradistributions [17] and periodic hyperfunctions [20].

4. Algebra MG(w)

As earlier, let  be an open set in R and £2 C C be an open set containing w as a closed
subset. The space of generalized megafunctions on w is defined by

G(£2\ w)

MG (w) = U W

2Dw
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Let f € MG (w). We continue to use the notation

[=Fi(x+v=10)—F_(x —v/=10), f=F —F_,

F+ € g(Q+) , F_ e Q(Q,) .
By the partition of unity, as in the case of Colombeau generalized functions, we have:
THEOREM 3. R D w — MG (w), is a sheaf. Moreover, this sheaf is supple.

PROOF. We will only prove the second part of the theorem (cf. [16] for the suppleness
in G).

Let Zl and Zz be closed sets in w and Zl U Zz = 7. Let Z1 and Z» be closed sets in §2
suchthat Z; Nw = Zl,Zzﬂa)z 22, andZ,UZy =7 = ZNw.

Let f € M(w), supp f = 7. We have to show that there exist fi e M(w), i =1,2,
such that f = fi + f> and supp f; C Zi, i =1,2.

Let f be represented by F = [(F:):] € G(£2 \w). Let n. € C*°(£2), ¢ € (0, 1) such that

( - 1 (x,y) ez
P00 e\ @, ecD)

and [0 (x,y)| < Cee™P*, (x,y)e R, e€(0,1),

where positive constants Cy, and p, may depend on o.
((ZDe = {(x,y) € $2; dist.((x, y), Z1) < &}.)
Let F; be represented by (Fg1n.). and F> be represented by (Fe(1 — ns))s.

One can easily prove that f = f1 + f2, supp fi C Zi, i = 1,2, where, F; represents
fi, i=1,2.

4.1. Multiplication in MG.  We will multiply elements of MG as germs: if f €
G(£21\w)/G($21) and g € G(£22 \ w)/G(§22), where open sets §2] and §2, contain w as a
closed set, then we will consider their productin G(£2 \ w)/G(§2), where 2 = 21 N £2;.

Let

k:C—>C, x++v-lyk(x++v—-1y)=x—+—1y.

Assume k($2) = 2, k(2;) =$2;,j=1,2.
Let F+ € Q(C+) Then

K*(Fo)(x —v/—1y) = Fr(k(x —v/—1y)), x—+/—1y e C_, (yispositive)

is an element of G(C_) (k* makes holomorphic antiholomorphic). With the same notation we
have that

K*(F_)(x +v/=1y) = F_(k(x + V/—=1y)), x++/—1yeCy,
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is an element of G(C_.) if F_ € G(C_). The corresponding boundary value notation is
K*(F)(x —+/—10) = Fy(x ++/—10) and k*(F_)(x ++/—10) = F_(x —+/—10).
Let f=F, —F_, g=G4+ — G- € MG(w). Then we define the product fg € MG(w) by

f9=Hy—H_,
where
H. (x +/—10)
= Fi(x + vV=10)G4 (x + v/=10) + k*(F_) (x + v/=10)k*(G_) (x + +/=10),
H_(x —/—10)

= k*(Fp)(x = V=10)G_(x — vV/—10) + F_(x — V—=10)k*(G1)(x — ~/—10).

Let ¢ = 0 in MG(w) be represented as ¢ = G4+ — G_, where G4+ and G_ have the
same boundary value G € G(w), G(x) = G(x ++/—10) = G(x — +/—10). Then fg = 0 for
any f = F — F_ € MG (w), because

Fr(x + vV=10)G4(x + v/—10) — kK*(F) (x — vV/—=10)G_(x — +/—10)
= Fi(x +v=10)(G+(x + v/=10) — G_(x — v/=10)) =0,

K*(F2)(x + v/ =10)k* (G ) (x + V/=10) — F_(x — v/=10)k*(G4)(x — ~/~10)
=F_(x = V=10)(G_(x —v/—10) — G4 (x ++/—10)) = 0.
One can easily prove the next theorem.
THEOREM 4. MG (w) is a commutative and associative algebra.

Let f € G(w). Without loosing the generality assume that f is compactly supported. We
determine its boundary value representation as in Section 3.2:

f= lir8+ Fir(x+~=1ly)— F_-(x ++v—1y) = Fy(x ++/—10) — F_(x ++/—10),
y%

where Fly = Flo., F- = F|g_. Let
Fy(x +v=1y) = Fy(x + V=1y) = k*(F_)(x +v/=1y), y>0.
It is an element of G(£2). With the given notation, we have
f= 11%1 Fi(x++v/—1y) = Fy(x ++/—10)—0.
y—>04

This implies that any f € G(w) can be written in the form f = Fy — 0, where F €
G(£24+). The image of f in MG (w) is defined by

If=F,—0.
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Let g € G(w) and Zg = G4+ — 0. We have in MG(w) :
I(fg) = F1 G+ — 0= (I/)(Tg).

This implies that G(w) is a subalgebra of MG (w).

4.2. Embedding II. We already defined the embedding of generalized functions al-
gebra G into MG. Note, if f € G(£2) satisfies flo, € Gu(£24) and f|o_ € Gy (§2_), then
the corresponding element in 5G(w) is equal to zero. This fact postulates the definition of a
sheaf homomorphism BG(w) — MG (w) (of vector spaces) as follows.

Let f € BG(w), f = F+ — F_. Then Fy and F_ are elements of G(£2+) and G(£2_),
respectively. They determine an element in MG (w) equals zero only in the case when they
are the parts of the same Colombeau generalized function but in this case f is equal to zero
in BG(w).

With this embedding, the multiplication of embedded generalized hyperfunctions coin-
cides with the embedded product, if the product of generalized hyperfunctions exists (it is
explained in [18]).
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