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Introduction

Let (M, g) be a Riemannian manifold. We denote by G” (T,,, M) the Grassmann manifold
of all oriented p-dimensional linear subspaces of the tangent space 7,, M of M atm € M and
by GP(T M) the Grassmann bundle | J,,c,; G”(T,nM). Let V be a subbundle of G”(T M).
A p-dimensional submanifold N of M is called a V -submanifold if T,, N € V holds for any
m € N. If a Lie group G acts on M, the action is naturally extended to the action of G on
GP(TM). It seems to be an interesting problem to study V -submanifold for an orbit V of an
action of G on G” (T M).

Let J be the standard almost complex structure of the 6-dimensional sphere S and
(,) the standard Riemannian metric. It is well-known that the group of automorphisms of
(8%, J,(,)) is isomorphic to the compact exceptional simple Lie group G,. The complex
volume form w of the tangent space 7;, S® at m € S is extended to a G,-invariant (complex)
3-form on S°. For a complex number « (|k| < 1), we put

Ve ={£ € G (TS :w(E) =k).

A 2-dimensional submanifold ¢ : M?> — S is said to be a J-holomorphic curve if
J(dop(TyM)) = de(T,,M) holds for all m € M. Bryant [1] showed that for any Riemann
surface M there exists a superminimal J-holomorphic curve ¢ : M — S® which has no
geodesic point. In this note we study whether a tube over a J-holomorphic curve (in the
direction of first or second) normal space is a V,.-submanifold or not. In the case of tubes in
the direction of second normal space, we shall prove the following

THEOREM 1. Let ¢ : M? — S be a J-holomorphic curve without geodesic point. If
a tube @2, over ¢ of radius y is a V-submanifold, then one of the following holds
(i) y=n/2andk =1,
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(1) ¢ is a superminimal J-holomorphc curve and

9cos’y — 8
K=cosy ——————.
J/4—30032)/

A submanifold N of S° is said to be a totally real submanifold if J (T, N) L T,, N holds
forany m € N. A tube over a J-holomorphic curve ¢ : M> — S° is a totally real submanifold
if ¢ is superminimal and the radius is equal to arccos(v/5/3) (Ejiri [3]) and if the radius is
equal to r/2 (Dillen and Vranken [2]).

For a 3-dimensional subspace & of T,,S® the condition J(£) L & is equivalent to
lw(&)] = 1. The second author showed that w(7,,N) = 1 (m € N) holds for a 3-
dimensional totally real submanifolds [5], namely a totally real submanifold is nothing but
a Vi-submanifold. Recently the second author [7] proved that if a compact V, submanifold
exists then « is a real number.

Ejiri [3] also showed that there exists a tube @1, over a J-holomorphic curve ¢ : S 12 6~

S° which is a totally real submanifold. But the value, he obtained as the radius of the tube,
is incorrect. In this paper, we also study tubes in the direction of the first normal bundle over
J-holomorphic curves.

The authors would like to thank Professor Hiroyuki Tasaki for his comment on the im-
provement of the proof of Proposition 3.

1. Cayley algebra

Take an orthonormal basis {Eg = 1, Ey, - - - , E7} of the Cayley algebra € such that

E\Er =FE3, E\E4=FEs, EE;=FEs, E)E5=E7;,
ErxEqs=FE¢, EsEs=E;, E3Eq=Es.

We put
C={wuec :u+u=0}

where “”” denotes the conjugation in €. The unit sphere S® C € centered at the origin has
an almost complex structure J defined by

In(X)=m-X, m€S6,XETmS6.

We denote by G, the group of all automorphisms of €. We identify €y = 217:1 RE; with the
set of all 7-dimensional column vectors in a natural manner and consider G as a subgroup of
SOo).

LEMMA 2. For a pair of mutually orthogonal unit vectors a1, ap in & put az = ap -as.
Take a unit vector as € &y, which is perpendicular to ay, ar and a3. If we put as = ay - aa,
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ag = as - a4 and a7 = as - a4 then the matrix
g = la1, a2, a3, a4, as, ag, a7] € SO(7)

is an element of G».

We denote by w1, - - - , w7 the orthonormal coframe dual to Eq, --- , E7. The complex
volume form

o= (w + «/—_1w3) A (wg + «/—_1505) A (w7 + \/—_10)6) .

of the tangent space Tk, 5% is extended to a G-invariant 3-form on S6, which we also denote
by w.

PROPOSITION 3. Let &, &' be elements of G3(T S®). There exists an element g € G
such that g(§) = &' if and only if w(§) = w(&).

PROOF. Without loss of generality, we may assume that £&; and & are subspaces of
Tk, S°.

If we take a suitable oriented base vy, vz, v3 of &, the restriction of the Kahler form
2(X,Y)=(J(X),Y) oné is of the form

0
[(J),vj)l=| —a
0

S O

There exists an element 7 € SU (3) such that
h(v) = E2, h(v2) =aEk3+bEs+cEs, h(v3)=E7.

Note that w(§) = b 4 +/—lc. We take an oriented orthonormal base v}, v}, v; of & and
h' e SU(3) with

h,(vll) =FE>, h,(vlz) =a'E3+ b Es+'Es, h/(vé) =FE;.
Since the only element of SU (3) which stabilizes E, and E7 is the unit element, there exists

an element g € SU(3) with g(§) = &' if and only if (a, b, ¢) = (a’, b, ¢'). q.e.d.

2. J-holomorphic curve in S°

Let ¢ : M? — S° be a J-holomorphic curve in S°. We denote by o the second fun-
damental form of a J-holomorphic curve ¢. Take an orthonormal frame e, e = J(eq) of
T,,M. The length of o (eq, e1),, and o (e1, €2),, are equal to each other if the point m is not a
geodesic point. Assume that ¢ : M — S° is a J-holomorphic curve without geodesic point
and put

e3=o(er,e))/h, es=o(e,ex)/h, es=ceres, ec=J(es)
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where A = |0 (e1, e1)]. Since we have ¢(m) x e3 = e4 and ex X e3 = —eg, the matrix

[p(m), e1, ez, e3, ea, e5, —eq]

is an element of G, by Lemma 2.
We denote by U N; the bundle of all unit vectors in the first normal space. For a constant
v, we define the tube ¢, of radius y in the direction of the 1-st normal bundle as follows;

@1,y : UN| — SO (m, X) — (cosy)p(m) +siny X .

The tube @, ,, of radius y in the direction of the 2-nd normal bundle is defined in a similar
fashion.
Define a (local) lift g : M — G, of ¢ by

g(m) = [eo, e1, €2, €3, e4, €5, —eg]
where we put eg = @(m). We denote by D the covariant derivative of R” and by wp4 the
connection form,
wpa(X) = (Dxea,ep), 0<A,B<6.

Put h8, = <De,- eq, e B) = wpA(e;). The pull-back of the Maurer-Cartan form of G by g is of

1
the form

0 wo1 w02 w03 0 0 0
10 0 W w3 w4 w5 —O16
wy w1 0 w3 w4 w5 —W6
w3 w31 W32 0 w34 w35 —w36 (1)
0 o W w43 0 w45 —w46
0 wsi ws2  ws3  ws4 0 —ws6
0 —we1 —wer —we3 —we4 —wes 0

Since (1) is a go-valued 1-form, we have the following

PROPOSITION 4. The connection form {wpa} satisfy the following

w4 = —wW32

w4 = W3]

we2 = W51

w6l = —W52

w3 = —ws4 + W]
We4 = —W53 — W2
W65 = —W43 — W21 .
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In other words,
4 4 3 3
hi, = h21 = hu = —h3 (=2,
3 3 4 4
hiy = hy = —hjy =hy =0,
5 6 5 6
hiy = hjy = —hy, = hy;,
6 5 5 6
his+hiy =hy —hy =1,

6 416 —p3
his +hSy =h33 —hiy=0.

holds. Especially, ¢ is a minimal immersion.
The third fundamental form o3 of ¢ is defined as follows
o3(u, v, w) = (Dyo(V, W), es5)es + (Dyo (V, W), ec)es, u, v, weTM,

where V, W are locally defined vector field on M with V,, = v and W, = w. A
2-dimensional submanifold M of S° is said to be a superminimal surface if and only if
{o3(X, X, X) : X € T,,M, |X| = 1} is acircle in the second normal space. The condition that
a surface ¢ : M? — S° is a superminimal surface is equivalent to

5 6 5 6
Wiz +hy3 = hy —hj3 =0.
Thus we have the following

COROLLARY 5. A J-holomorphic curve ¢ : M — S® without geodesic point is a
superminimal surface if and only if

5 6 6 5
h13 =hy, = h23 =—hy =0,
6 5 5 6
hiy =iy =hy = —hyy = 1/2.

REMARK 6. If we put ¢y = ey and ¢; = e; and put e3 = o(ey, e1)/A, fz% =
(Dg, €3, és) etc., then we have

PS5 _ 15 P 5
hiz =hiz, hig=1-hyy.

From proposition 4, if we put h% = v and h?4 —1/2 = pu, we have
ws3 = vor + (1 + 1/2)w;
we3 = —( — 1/2)w1 + van
wsq = (n+1/2)o1 —var
wes = vo1 + (L — 1/2)w>

From the Maurer-Cartan equation of G, we have the following
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PROPOSITION 7 (Integrability condition).
dw) = wy] AN
dwr = w2 N o
dani = (2.7 — Dy A w2
dwysz = —(2)»2 — 2,u,2 +2u—1— 21)2)0)1 A @2
0=J*"dlog A + 2wy — w43
0= J*dlog i + 2wz1 + 2w43

where J* is defined for 1 form by J*a(X) = —a(J (X)), X € TM.
COROLLARY 8. ([4])

Alogh =5/2 — 6\ + 2|1
Alog |III| = 1 — 4|12

3.1)
3.2)
(3.3)
(3.4)
(3.5)
(3.6)

where || is the square of the length of the third fundamental form |II|? = (u — 1/2)% + 2.

3. Proof of theorem 1

Let ¢ : M — S° be a J-holomorphic curve without geodesic point. From lemma 2 an

orthogonal transformation g on €y which is defined by

glex)) =E1, gler) =Ey, g(e2) =E3, g(e3)=Ey,

gles) = E5, gles) =Eq, gleg) =—E7

is an element of G,. We put ¢ = cosy, B = sin y and

A =hjycost +hfysint, B = (1 —hSy)cost+hiysint.

The tangent space of the tube
@2, UNy — S5
at g_1 (¢E1 + B(costEe — sintE7)) is spanned by
Ui =g '([0, 0,0, 0, 0, sint, cost ]),
Up=g ([0, & 0. —=BA, —BB. 0. 0]),
Us =g (10, 0, «, =B, BA, 0,0]).
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The orthogonal matrix

a 0 0 0 0 Bcost —pBsint
0 0 O 0 0 sin ¢ cost
-8 0 O 0 0 ocost —asint
h=10 1 0 0 0 0 0
0 0O « Pcost —Bsint 0 0
0 0 O sin ¢ cost 0 0
0 0 —B wcost —asint 0 0

is an element of G, with h(aE1+ B(costE¢—sint E7) = Ej. Substiting h(g(Uy)), h(g(U2)),
h(g(U3)) into w|g,, we have

o1, U, Us)
= B{(1/2+ (h3)* — hi5 + (W] D) B — 2a%)
+ B(1 = 3a?){(1/2 — h83) cos(21) + hiy sin(21)}
+2v/—=T apihi; cos(2t) + (hf; — 1/2) sin(21)} .
If we put G = det([(U;, U;)]), we have

®(d1,(T(UN)) = (U1, U, U3)/VG.
The imaginary part of w(d @2, (T (U N2)) is equal to

h3; cos(2t) + (h8; — 1/2) sin(2t)
(h33)? + (h0)2 + K8 — 172 — (h8; — 1/2) cos(2t) + h35sin(2r)

208

which is a constant if and only if one of the following holds.
e v =cosy =0,
o 1%, =1/2,h3; =0.

If « = 0 then w(d@2,, (T (UN>))) = 1, namely the tube ¢ ,2(UN>)) is a V| (in other
word, totally real) submanifold.
If % = 1/2 and h3; = 0 then w(d@2,, (T (U N>))) is equal to

9cos’y — 8
oSy ——————.
y4—3w§y

4. Tubes ¢,

First we give two typical examples of J-holomorphic curves of S°.
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EXAMPLE 1. The subgroup
T = {exp(aGaz + bGys + cGrs) s a,b,c e R,a+ b+ c =0}

is a maximal torus of G2, where G;; (1 <i # j < 7) are skew-symmetric transformations
on &y defined by

Gij(Ey) =0k Ei —uEj, 1<k=<T.
The mapping
@y T — S% (a,b, c) = exp(aGs + bGas + cG6)(po)
where we put pg = (E2 + E4 + E6)/\/§, is a J-holomorphic curve. Take
el = /3/2(Ga3 — Gr6), e2 =+/1/2(G23 — 2G5 + G76)
as a basis of the Lie algebra of 7. We have
Dge1 = —po++/1/2e3, Dger=+/1/2e4, Dees=—po—+/1/2e3,
where we put
e3 =—+/1/6(Ey —2E4+ E¢), es4=—/1/2(Ey — Ep).
We extend e3, e4 to a left invariant vector fields on 7', and denote them also by e3, e4. Put
es =+/1/3(E3+ Es — E7), ec=E],

and extend es, eg to a left invariant vector fields on 7', and denote them also by es, eg. We
have

h?z = hgl = h?l = _hgz =J1/2,
h%z = hgl = héz‘z = _h?l =0,
h?3 = h?4 = hg3 = _h§4 =0,
h?4=h§3= L, h?3=hg4=0.
EXAMPLE 2. There exists a 3-dimensional simple Lie subgroup Us of G2(C
SO (R7)) whose action on R” is irreducible (cf. [5]). The orbit of the subgroup Uy through e

is the Veronese embedding @ : S12 6~ S, The length of second fundamental form of @, is
5/3.

THEOREM 9. Let ¢ : M> — S° be a J-holomorphic curve without geodesic point. If
a tube ¢y ,, over ¢ of radius y is a V,.-submanifold, then one of the following holds
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() @ is (locally) congruent (up to G») to the J-holomorphic curve ®y : T? — §(C
S and y = 7 /2. In this case k> = 1/3.

(i) ¢ is (locally) congruent (up to G2) to &y : S7 16— S0 and0 <y < /2. In this
case

6cos?y —2sin’y

Kk =siny

bl

\/90054)/ - 3coszysin2y +4sin4y
(i) ¢ is a superminimal J-holomorphc curve M — S and y = /2. In this case
k=1

PROOF OF THEOREM 9. The tangent space of the tube ¢1,,, : UN| — S at g~ (wE +
B(costE3 + sintEy4)) is spanned by

0
0
0
U = gf1 . sin ¢ ,
—cost
0
0
0
o —ﬁh?lcost
—Bh3, sint
Uy=g"- 0 ,
0
,B(h?3 cost +h?4 sin t)

—B((1 — h3,) cost + h3,sint)

0
—,Biz?1 cost
o+ Bh3; sint
Us=g ' 0 ,
0
,B(h?4 cost — h% sint)

—B(h3;cost + (hy, — 1) sint)
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We put

a 0 0 PBcost B sint 0 0
0 0 0 —sint cost 0 0
B 0 0 —acost —asint 0 0

h=]0 1 O 0 0 0 0
0 0 « 0 0 —Bcost —fsint
0 0 O 0 0 sint —cost
0 0 B8 0 0 o cost o sint

and substitute 2 (g(U1)), h(g(U2)) and h(g(U3)) into w|g,. By a long (and tedious) calcula-
tion we obtain

o (U1, Uz, Us) = B2a” + 7 (13 + (hy)* — iy — ()%}
+ 20B%h3 h35 sin(3t) — ap?h3 (2h7, — 1) cos(3r)
— 2/ —=1B%h3 h35 cos(3r) .

If we put G = det([(U;, U;)]), we have

w(d@1,,(T(UN))) = w(U1, Uz, U3)/VG .

Fix a point m and assume that w(d¢y,, (T (UN1))) is a constant with respect to ¢. Since G
does not contain any term cos(kt?) and sin(kt) for k > 5, the coefficient of /—1 sin(6¢) in the
expansion of Im(w (U1, Us, Us))? is equal to 0, namely we have

2ap*(h3)*(h3)* = 0.
From the condition that the coefficient of +/—1sin(6¢f) in the expansion of
Im(w (U, U», U3))2 is equal to 0, we have the following two cases:
5 5
o hi;=0,h),=1/2,
o h3;=0,0=0.

CASE 1. Assume that h?3 =0, h?4 = 1/2 hold, namely ¢ is a superminimal surface.
Since w and G are

o(U1, U, U3) = BQa* — B2(W* + 1/4)),

G = (& + 207 +1/4))* — 2hap)’.
the function x (m) = w(d@1,,(T(UNy))) is a constant on M if and only if A = h?l is a
constant.

From the equation of Gauss, M is a space of constant curvature. By results of Sekigawa
[6] and Hashimoto [4] ¢ is the Veronese surface 512 /6~ SO (where A = /3 /12). In this case,
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we have

p6o> —2p)
K = .
V(3o +282)2 — 15(ap)?

CASE 2. Assume that @ = 0 and h?3 = 0. We have

2 (W2 —p?+1/4)2
T2+ (1D (A2 + (12— 1/2)Y)

where we put A = h?l and u = h?4 — 1/2. From

2 _ 8P — 12 + /D2 + p? — 1/4dh — 202 + p? + 1/4)dp)

e (2 + (2 +1/2)D) (A2 + (u? = 1/2)?) @

the function k% on M is a constant if and only if one of the following holds
0=pu 5.1
0=22—pu?+1/4 (5.2)
0=u?+u>=1/Ddr— 10>+ u?+ 1/d)dp . (5.3)

Put My ={meM : u@m) # 0}.
In the interior of M \ M it falls into Case 1. So we assume that M is non-empty. Since
(5.2) or (5.3) holds on M,

A —ut+1/4
A

U =

is a constant (the numerator of the differential dU is equal to the left hand side of (5.3)).
From (3.5) and (3.6), we have
w1 = —(1/6)J*dlog [\ pu| .
Since wy; = J*d log p, we conclude that p®A2p is a constant.
Put My ={me My : dum # 0}, M3 = {m € My : dA, # 0} and assume that M3 is
not an empty set.
Since U = A2 — 2 + 1/4)/Apnand V = %22 are constants, A and y are functions of
o on M3. Namely there exist functions x, [ of variable p such that

Ax) =h(p(x), ) =pi(px), meMs.
From p6)»2u = const., we have
2p%dh 4+ p A dpw = —6 pwdp. (6)
From (5.3) and (6), we have
A= —6A0E+ A2+ 1/4)/pBA2 + 302 + 1/4) (7.1)
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Qo= —6002+ 02— 1/4)/p(3A% + 302 + 1/4) (7.2)

If f is a function of p, i.e., there exists a function F of 1-variable such that f(x) =
F(p(x)), m € M, we have

(FF' — F? + (1/p)FF)||gradp||* = F*Alog f — FF p(232 — 1).
Apply the above to A and u, we have
@3 =37+ (1/p)id)) | gradp] 2
=22(5/2 =632 +20%) — A/ pi2 —1) (8.1)

A A 12 A A
(ap" — "+ (1/p)a")lgradpl |2

= °(1—4p% — ap/p(2R* — 1) (8.2)
From (7.1), (7.2) we have
a2 NENG _65‘2 INEV /
AN = AT+ (1/p)AN = ~ AN +MMY,
p(BAZ +3u2 +1/4)2
N —1242 o

~r2 A A A A
ap” — @'+ (1/p)ap = M+ ).

p(3A2 +3u2 + 1/4)2
Thus we obtain
2/1% x (Lh.s. of (8.1)) — A% x (Lh.s. of (8.2)) = 0
On the other hand, we have
0 =24% x (r.hs. of (8.1)) — A% x (r.h.s. of (8.2))

)\2[)42

T 2(3A24302+1/4)

):2@2

T 2(A2 4302+ 1/4)

Thus M is a constant, which contradicts to our assumption diu # 0. Namely M3 is an empty
set and A is a constant on M»>. But using (5.3), we conclude that M3 is also an empty set.
Namely A and p are constants on M. Using Corollaly 8, we conclude that u = 1 on M.
After all if M is not an empty set then © = 1 on M and X is a constant on M. Thus we have
K=1-2)2=0and ¢ is congruent (up to G7) to @ (cf., [4]). g.e.d.

(4822112 — 1222 + 48* — 842 — 1)

AR — D122+ 1222 + 1)
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