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1. Introduction

Let M be a compact C*°-Riemannian manifold, C°° (M) the space of all smooth func-
tions on M, and A the Laplacian on M. Then A is a self-adjoint elliptic differential operator
acting on C°°(M), which has an infinite discrete sequence of eigenvalues:

Spec(M)={0=A <t <Ay <- - <Xt <---1 00}

Let Vi = Vi (M) be the eigenspace of A corresponding to the k-th eigenvalue Ax. Then Vi is
finite-dimensional. We define an inner product (, );2 on C*°(M) by

(fs 92 =/ fadvy,
M

where dvy; denotes the volume element on M. Then Z;ﬁo V; is dense in C°°(M) and the
decomposition is orthogonal with respect to the inner product ( , );2. Thus we have

C®(M) = Z V(M) (in L*-sense).
t=0

Since M is compact, V) is the space of all constant functions which is 1-dimensional.

In this point of view, it is one of the simplest and the most interesting problems to esti-
mate the first eigenvalue. In [13], A. Ros gave the following sharp upper bound for the first
eigenvalue of Kéhler submanifold of a complex projective space.

THEOREM 1.1. Suppose that M is a complex m-dimensional compact Kdihler sub-
manifold of the complex projective space CP" of constant holomorphic sectional curvature
c. Then the first eigenvalue L1 satisfies

M Ecm+1).
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The equality holds if and only if M is congruent to a totally geodesic Kdhler submanifold
CP™ of CP".

If M is not totally geodesic, J-P. Bourguignon, P. Li and S. T. Yau in [3] gave the follow-
ing sharper estimate. ( See also [11].)

THEOREM 1.2. Suppose that M is a complex m-dimensional compact Kihler sub-
manifold of CP", which is fully immersed and not totally geodesic. Then the first eigenvalue
A1 satisfies

n—+1
pat

ME cm

It is not known when the equality holds in this inequality.

The purpose of this paper is to give the upper bound for the first eigenvalue of Kihler
hypersurfaces of a complex Grassmann manifold.

Denote by G,(C") the complex Grassmann manifold of r-planes in C", equipped with
the Kdhler metric of maximal holomorphic sectional curvature c¢. In the case that M is a
complex hypersurface of G, (C"), we obtain the following result, which is a generalization of
Theorem 1.1.

THEOREM A. Suppose that M is a compact connected Kdhler hypersurface of
G (C™). Then the first eigenvalue L1 satisfies

Méc(n_L).
rin—r)—1

The equality holds if and only if r = 1 orn — 1, and M is congruent to the totally geodesic
complex hypersurface CP"~2 of the complex projective space CP"~ 1.

The 2-plane Grassmann manifold G2(C") admits the quaternionic Kéhler structure J.
For the normal bundle 7+ M of a Kihler hypersurface M of G2 (C"), 3T+ M is a vector bundle
of real rank 6 over M which is a subbundle of the tangent bundle of G>(C"). We consider a
Kihler hypersurface M of G(C") satisfying the property that J7+M is a subbundle of the
tangent bundle 7 M of M. In Section 5, we will provide examples satisfying this property.

For a Kihler hypersurface of G2(C") satisfying this property, we obtain the following
upper bound of the first eigenvalue.

THEOREM B. Suppose that M is a compact connected Kdihler hypersurface of
G>(C"), n = 4. If M satisfies the condition 3 TM C TM, then the first eigenvalue

A1 satisfies
—1
MEcln— " .
2n -5

The equality holds if and only if n = 4 and M is congruent to the totally geodesic complex
hypersurface Q3 of the complex quadric 0* = GL(CH.
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NOTATIONS. M, (C) denotes the set of all r x s matrices with entries in C, and M, (C)
stands for M, ,(C). I, and O, denote the identity r-matrix and the zero r-matrix.

2. Preliminaries

In this section, we discuss geometries of the complex r-plane Grassmann manifold and
its first standard imbedding.

Let M, (C") be the complex Stiefel manifold which is the set of all unitary r-systems of
C", ie.,

Mr(cn) == {Z S Mn,r(c) | VAVAS Ir} .
The complex r-plane Grassmann manifold G, (C") is defined by

G, (C") = M (CH/U(r).

.. . I\ .
The origin o of G, (C") is defined by 7 (Zp), where Zg = (Or) is an element of M, (C"), and

7w M. (C") — G,(C") is the natural projection.
The left action of the unitary group G = SU (n) on G, (C") is transitive, and the isotropy
subgroup at the origin o is

K=S(U@r)-Un-r))

_ (U 0 Ui eU@), Uye Un —r), detU; detUp = 1},
0 U

so that G, (C™) is identified with a homogeneous space G /K .
Set g = su(n) and

t=R®su(r) ®sun —r)
1
uy O —;«/—llr 0 up € su(r)
= R
{(O u2)+a< 0 nir\/—lln,r @< Tuy esu(n—r)|’
then g and £ are the Lie algebras of G and K, respectively. Define a linear subspace t of § by

. [[(0 —¢&
oo (08 e emio)

Then m is identified with the tangent space T,(G,(C")). The G-invariant complex structure
J of G,(C") and the G-invariant Kéhler metric ge of G,(C") of the maximal holomorphic
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sectional curvature ¢ are given by

¢ 0)=(A Y0T)

2
2.1 Gg. X, Y)=——trXY, X, Yem.
‘ c
Notice that g, satisfies
_ 21 2 L)
2.2 =———B; =———B;
22 Ieo c2n *? c 2

on m, where Bj is the Killing form of g, and L(g) is the squared length of the longest root of
g relative to the Killing form.
In the case of r = 2, the complex 2-plane Grassmann manifold G2(C") admits another

geometric structure named the quaternionic Kihler structure J. J is a G-invariant subbundle

of End(T(G2(C"))) of rank 3, where End(T(G>(C"))) is the G-invariant vector bundle
of all linear endmorphisms of the tangent bundle 7 (G>(C")). Under the identification of
T,(G,(C")) with m, the fiber J, at the origin o is given by

Jo={Je =ad@® | & ety),
where Eq is an ideal of ¢ defined by
_ u; 0

w={(50)

Define a basis {¢1, €2, &3} of su(2) by

V=1 0 0 1 0 V-1
£ = , &= , &= .

0 ——1 -1 0 V=1 0

Then €1, &7 and &3 satisfy

l

up € 5u(2)} =~ 5u(2).

[e1, &2l =2e3, [e&2, 831=2¢1, [&3,e1]1=2¢.

0 0
basis of J,, satisfying

Set g; = <8i O) and J; = J; fori = 1,2, 3. Then the basis {J1, J2, J3} is a canonical

JE=—idgy fori=1,2,3,
Nhh=—-hh=J0, hi=-hh=J1, JBh=-NJ]=/,
G, (JiX, JiY)=§, (X, Y), for X,Y et and i =1,2,3.
Since J is given by

J=ad(ec), éc=

r(n—r) —%«/—llr 0
n 0 anr«/—ll,,,r
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on m, and since £¢ is an element of the center of E J is commutable with J.
Let HM (n, C) be the set of all Hermitian (r, n)-matrices over C, which can be identified

with R". For X ,Y € HM((n, C), the natural inner product is given by
2

(2.3) (X,Y)=—-trXY.
c

GL(n,C) actson HM(n,C) by X — BXB*, B € GL(n,C), X € HM(n, C). Then the
action of SU (n) leaves the inner product (2.3) invariant. Define two linear subspaces of
HM(n, C) as follows:

HMy={Xe€ HMn,C)|trX =0},
HMg ={al|a € R},

where [ is the n-identity matrix. Both of them are invariant under the action of SU (n), and
irreducible. We get the orthogonal decomposition of H M (n, C) as follows:

HM@n,C) = HMy® HMR .

It is well-known that H My (resp. H MR) is identified with the first eigenspace V{(G,(C"))
(resp. the set of all constant functions, i.e. Vo(G,(C™))).
The first standard imbedding ¥ of G, (C") is defined by

Y((Z)=2Z"€c HM(n,C), Z e M,(C").
¥ is SU (n)-equivariant and the image N of G, (C") under ¥ is given by
2.4) N=W¥(G,(C"Y)={Aec HM(n,C) | A>=A, trA=r},

so that it is contained fully in a hyperplane
HM, ={A € HM(n.,C)|trA =r} = {A+51‘A e HMO}
n

of HM (n, C). The tangent bundle 7N and the normal bundle 7+ N are given by

TAN ={X €e HM(n,C) | XA+ AX = X} C HMy,
(2.5)
TAiN={(ZecHM®n,C)|ZA = AZ}.

. .. I, 0 .
In particular, at the origin A, = ¥ (0) = ( Or 0), we can obtain
0 %
TAUN:{(S §O> ‘éEMnr,r(C)} >

(2.6)

TALON:{(ZO1 ZO) ‘ Zy e HM(r, C), ZzeHM(n—r,C)} :
2
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The complex structure J acts on Ty, N as

e (0 -(Ae )

If r = 2, then the quaternionic Kéhler structure J acts on 74, N as

(0 EF\ _ (0 e&F
(2.8) J€<§ O)_<—ée 0), e esu2).

Let & and H denote the second fundamental form and the mean curvature vector of v,
respectively. Then, for A € N and X, Y € T4N, we can see

2.9 oAX,Y)=(XY +YX)(I —2A),
~ c

and o satisfies the following:
(2.11) ga(JX,JY)=04(X,Y),
(2.12) (0a(X,Y), A)=—(X, Y).

Denote by S"z_z(% r(n'i 55) the hypersphere in HM, centered at +1 with radius

2r(n—r)
c n

and that the center of mass of ¥ (G,(C")) is %I . In fact, ¥ satisfies the equation AV =
cn(¥ — %I ). Moreover, all coefficients of ¥ — -1 span the first eigenspace Vi(G,(C")).

. .. . . . 2
. Then we see that ¥ is a minimal immersion of G,(C") into S§" _2(%#),

Let’s assume that M is a submanifold of G, (C") with an immersion ¢. Then F = ¥ o ¢
is an immersion of M into HM (n, C), and the set of all coefficients of F' — - spans the
pull-back ¢* V1 (G, (C™")).

3. Examples

One of the simplest typical examples of submanifolds of G,.(C") is a totally geodesic
submanifold. B. Y. Chen and T. Nagano in [5, 6] determined maximal totally geodesic sub-
manifolds of G2 (C"). 1. Satake and S. Thara in [14, 9] determined all (equivariant) holomor-
phic, totally geodesic imbeddings of a symmetric domain into another symmetric domain.
When an ambient symmetric domain is of type (I) , ,, taking a compact dual symmetric space,
we obtain the complete list of maximal totally geodesic Kéhler submanifolds of G,(C").

Let M be a maximal totally geodesic Kihler submanifold of G,(C") given by a Kihler
immersion ¢ : M — G,(C"). Since M is a symmetric space, denote by (G, K) the compact
symmetric pair of M, and denote by (g, €) its Lie algebra. Then there exists a certain unitary
representation p : G — G = SU(n), such that @(M) is given by the orbit of p(G) through
the origin o = {K} in G, (C™).
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Let L(g) be the squared length of the longest root of g relative to the Killing form By.
Tables of the L(g) constants appear in [8]. The Kéhler metric induced by ¢ is a G-invariant
metric corresponding to an Ad(G)-invariant inner product

J 2L@,\_ 2L@

on g, where [, is the index of a linear representation p defined by Dynkin. Tables of indices
of basic representations of simple Lie algebras appear in [7].

Using Freudenthal’s formula with respect to the inner product (3.1), we can calculate the
first eigenvalue of the Laplacian of M. (cf. [17])

Summing up these results, we obtain the following.

THEOREM 3.1. Let M = G/K be a proper maximal totally geodesic Kdhler subman-
ifold of G,(C"), p a corresponding unitary representation of G to SU (n), and A the first
eigenvalue of the Laplacian with respect to the induced Kdhler metric. Then, M, p and )1 are
one of the following (up to isomorphism).

() M =G(C"H—G(C"), 1Sr<n-2

p1 = natural inclusion and i =c(n—1)

2) My=G,1(C") = G(C"), 2=r<n-—1,

p2 = natural inclusion and i =c(n—1)

(3) M3 =G, (C") X G1,(C?) <> Gpury(C1H2), 1<r <mi—1, i=1.2,

p3 = natural inclusion and ,; = cmin{ny, no}

@ Ma=Msp=5Sp(p)/U(p) = Gp(CP), p=2,

p4 = natural inclusion and A =c(p+1)

(5) Ms=Ms,=S02p)/U(p) = G,(C*"), pz=4,

ps = natural inclusion and A =c(p—1)

(6) Mo, = CPP — G,(C") : the complex projective space,

r=< p >, n:(p+1>, 2<m<p-—1,
m—1 m

Pe.m = the exterior representation of degree m,

—1
and =c(p+1) <Z: 11>

(7) M7= Q3 Q%= G»(C* : the complex quadric,
p7 = spin representation and A] = 3¢
8) Mg = Mgy = 0% < G.(C*) : the complex quadric, r =21, 1>3,
21
,oét = (two) spin representations and A1 = CF
In the above list, notice that M4 » = M7 and M5 4 = Mg .
Another one of the simplest typical examples of submanifolds of G,(C") is a homoge-
neous Kihler hypersurface. K. Konno in [10] determined all Kihler C-spaces embedded as a
hypersurface into a Kéhler C-space with the second Betti number b, = 1.
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THEOREM 3.2. Let M be a compact, simply connected homogeneous Kiihler hyper-
surface of G,.(C"), and 71 the first eigenvalue of the Laplacian with respect to the induced
Kdhler metric. Then, M and Ay are one of the following (up to isomorphism).

(1) My =CP" 2~ CP"!'=G(C") and I =cn—1)

2) Mip=0"2— CP"!'=G(C") and i =cn—2)

3) M7 =03 0*=G»(CYH and X =3¢

4) My = Sp()/UQ) - Sp(l —2) — G2(C*) : Kiihler C-space of type (Ci, a2),

122 and M =cl—-1)
My and M7 are totally geodesic. My, M1y and M7 are symmetric spaces. If | = 2, then M1,
is congruent to M7.

For each [ with [ > 2, M is not a symmetric space. Then, it is not easy to calculate the
first eigenvalue A1 of M1;. We will calculate A; of M in the next section.
From these two theorems, we obtain the following proposition:

PROPOSITION 3.3. Let M be either a proper maximal totally geodesic Kdhler sub-
manifold of G,(C") or a compact, simply connected homogeneous Kiihler hypersurface of
G (C™). Then, the first eigenvalue )1 of M with respect to the induced Kdiihler metric satisfies

AMScm—1).
Moreover, the equality holds if and only if M is congruent to one of the following:

My, My, Msr=M;, Mg, M.

4. The Kéhler C-spaces with b, = 1

In this section, we will consider the first eigenvalue of the Kédhler C-space whose second
Betti number is equal to 1. First, we review the general theory of Kéhler C-spaces. For details,
see [2] and [16].

Let g be a compact semisimple Lie algebra and t be a maximal abelian subalgebra of g.
Denote by g€ and t€ the complexifications of g and t, respectively. t€ is a Cartan subalgebra
of g€. Let (, ) be an Ad(G)-invariant inner product on g defined by — By, where By is the
Killing form of g. Let ¥ C (t©)* denote the root system of g relative to t. We have a root
space decomposition of g:

(4.1) g =t“+> gf.

aceX

where gg ={X € g€ | (adH)X = a(H)X forany H € t}. Since g is compact type, for any
a € XY and H € t, a(H) is pure imaginary, so that there exists a unique element & € t such
that, for any H € t, the equality a(H) = +/—1(&, H) holds. We identify & with &, so that the
root system X is identified with a subset {& | @ € X'} of t. Choose a lexicographic order > on
Y andput Xt = {a € ¥ | > 0}. Let IT be the fundamental root system of X consisting of
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simple roots with respect to the linear order >. [T is identified with its Dynkin diagram. Let
{Ag)}aerr C t be the fundamental weight system of g€ corresponding to I7:

2(Aa, ) |1 ifa =8,
B.B |0 ifa#B.

Let I1y be a subdiagram of I7. We may suppose that the pair (11, I1p) is effective, that
is, Iy contains no irreducible component of I71. Put Xy = X' N {I1y}z, where {I1y}z denote
the subgroup of t generated by ITy over Z. Define a subalgebra u of g€ by

(4.2) u=t¢+ Z gt .

aeXyuxt

Let G€ be the connected complex semisimple Lie group without center, whose Lie al-
gebra is g€, and U the connected closed complex subgroup of GC generated by u. Let G be
a compact connected semisimple subgroup of GC generated by g and put K = G N U.
The canonical imbedding G — G© gives the diffeomorphism of a compact coset space
M = G/K to a simply connected complex coset space GC/U. Therefore, the homogeneous
space M = G /K is a complex, compact, simply connected manifold called a generalized flag
manifold or a Kahler C-space. Lie algebra ¢ of K is given by

(4.3) €=+ > o

aeld

Define a subspace ¢ of t and a cone ¢* in ¢ by
c= Z RA,,
aell—I1y

4.4) t={0ec—{0}| (8 ) > 0foreacha € IT — Iy},

respectively. Then we have ¢ = 3" .5 R* Ag, where R* denotes the set of positive real
numbers.

Let m be the orthogonal complement of £ in g with respect to (, ), so that we have a
direct sum decomposition g = £ 4+ m as vector space. The subspace m is K -invariant under
the adjoint action and identified with the tangent space T, M of M at the origin o = {K}. Put

Xt =2t - %, ¥, =—X} and define K -invariant subspaces m* of g€ by
(4.5) m*= " g%,.
aexi

Then the complexification mC€ of m is the direct sum m€ = m™ +m~, and m¥ is the +/—1-
eigenspace of the complex structure J of M at the origin o.

Denote by X — X the complex conjugation of g€ with respect to the real form g. We
can choose root vectors E, € gg for o € X with the following properties and fix them once
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for all:
(4.6) [Eo, E_ol=~—1a, (Eq,E_4)=1, Ey=E_, foraeX.

Let {®w*}qex be the linear forms of g€ dual to { Eg }oe s, more precisely, the linear forms
defined by

»*(t9) = {0},

| ifa=g,
OlE —
" (Ep) :0 if o B,

Every G-invariant Kéhler metric on M is given by
1
@7 g0 =2 Z G, oY o% o%= E(a)—‘)‘ R Y+ *Q@w %)
aexd
for @ € ¢*. Note that the inner product (, ) satisfies
(a )m‘*'XF =2 Z o ¢ 0.
aexd
We define an element 61, € t by
1
8m = 5 Z o € C+ .
aeXl

Then, for the Kihler metric g(6), the Ricci tensor Ric and the scalar curvature T are given
respectively by

Ric =4 Z Gm, )0 0%,

an{“*'

(4.8) =43 (O, @)

If IT — Iy consists of only one root, say «;, then the Kéhler C-space M is said to be of
type (g, o). The second Betti number b, of M is equal to 1. In this case, we obtain

" =R"A,, ,

so that there exists a positive real number b with 26., = b A, . Therefore, (g, o) is a Kdhler-
Einstein manifold, and the Ricci tensor and the scalar curvature with respect to a Kdhler metric
g(aAg,) are given by

b b
Ric = —gad,), tv=2—dimcM,
a a

respectively.
Y. Matsushima and M. Obata showed the following:
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THEOREM 4.1 ([12]). Let M be an n-dimensional compact Einstein Kihler manifold
of positive scalar curvature t. Then the first eigenvalue A (M) of the Laplacian satisfies that

T
MM 2 —.
n
The equality holds if and only if M admits a one-parameter group of isometries (i.e., a non-
trivial Killing vector field).

This theorem implies the following proposition immediately.

PROPOSITION 4.2. For the Kihler C-space M = (g, o) equipped with the Kdhler
metric g(aAyg,), the first eigenvalue A1 (M) of the Laplacian is given by A1 (M) = 2a_b

From now on, we assume that g is a compact semisimple simple Lie algebra of type
C;,1 =2 2, and we consider a Kihler C-space of type (g, o). Then, IT is identified with the
Dynkin diagram of type C;

o—o0——:++—0
ap o a1 o

and X7 is given by
ot o+t ajog A1<i<jsI+1, .
@+ Fa-D+@+-Fa-D+tay (1sisjsi-1
Therefore, we have
rh=53"UZx" disjoint,
o={eit o tatota; (1SisSrsjsDy,
Y={ai+toy D)+ @i+ to_)tay (1SisSri<j<I-1).

Immediately, we get
) r
dlmcMz#E;:5(4z—3r+1).
Put
Y =XUXUZiUfal,
Pi=foi+ -+t tapto+a; 1SiSr—1L,r+15j25D),
Sy=foi+ 4o ta 1<i<r—1),
i={ar+toq1++a; r+15j<D).
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Then a direct computation gives

r—1 !
Zazz Z Oli+~..+01r,1—|—ar+ar+1+”'+aj

aeX] i=1 j=r+l1

r—1
:(l—r)Za,'—i—u'—i—ar,]
i=1

[
+r=DU=Par+ =1 Y g+ +oj

j=r+1
r—1 !
=(-n) iti+=DU=ra+r—1) Y (—j+Daj,
i=1 j=r+1
r—1 1
Z(X:Zia,-+(r—1)ar, Za:(l—r)ar+ Z (—j+1aj,
aeX) i=1 weX} j=rt1
so that we have
r—1 l
4.9) Da=U-r+D)) igi+rl—r+Da+r Y (—j+Daj.
ael’ i=1 j=r+1
On the other hand, we get
-1
(4.10) Yoa=) Y @it )+ (@) ) + o)
aez” i<r j=i
-1
=Y U=t +a)+Y > (j—i+Daj.
i<r i<r j=i
We have
(4.11) YU —i)ei+-+ o)
i<r

=Y =i+ +a )+ Y (L —i)ar+-+ar)

i<r i<r

r—1 ! r
= Z < (- k))am + Z (Z(l - k))am
m=1 "k=1 m=r k=1

m
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and
-1 r -1
(4.12) YN G—i+Day=) Y G—i+ D+ > (j—i+De;
i<r j=i i<r j=i i<r j=r+1
r—1 m -1 r
=> (Zk)am +> (Z(m —k+ 1)>am.
m=1 k=1 m=r k=1

Then, from (4.10), (4.11) and (4.12), we have

r—1 -1
1
Z a:lZmam +r2(l+m —r)a, —|—Er(21—r— Doy,

acX” m=1 m=r

which, combined with (4.9), implies

r—1 -1
1
28m = Z a=Q2 —r+ 1)(;mam+rmzzrotm +Era1>.

aEE$

The Cartan matrix C of g = C; and its inverse matrix are given by

2(0i, i)

et}

C = <Cij) , Cij = ———
]gl,‘]gl (Clj’ /)

c' = (d,’j) s
1<i,j<1

joif1<j<i—1andj<i<I,
if 1<j<I—1land1<i <,
if j=1,

d,’j =

~.

o~

so that the following holds

! r—1 -1
1
Ay, = Zdrmozm = Zmam +r2am + Eroq.
m=1 m=r

m=1

Therefore, we obtain
2m=Q2 —r+1)Ay, .
Summing up the above consideration, we obtain following.

THEOREM 4.3. For the Kdhler C-space M of type (Cy, o) equipped with the Kdhler
metric g(a /g, ), the complex dimension, the scalar curvature v and the first eigenvalue )1 (M)
of the Laplacian are given respectively by

r(4l —3r+1) 22l -r+1)

dmeM=——"T""7 ¢+ =22"" T P dimcM, MM)=

200 —r +1)
2 a ’
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When g is a compact simple Lie algebra of the other classical type, suppose that the simple
roots «; are naturally numbered as follows:

Ajo—o—+-.—o0—o0 o Xi-1
o o -1 o Dr- e
/i 0—O0——+++—0
Biio—o— - —o0=0 AN
o o2 -1 Q] ] o2 Qj-200]

By an argument similar to Theorem 4.3, we can obtain the following theorem:

THEOREM 4.4. Let g be a compact simple Lie algebra of classical type. Then, for
the Kdhler C-space M of type (g, o) equipped with the Kihler metric g(a Ay, ), the complex
dimension and the first eigenvalue A1 (M) of the Laplacian are given as follows:

g dimc M AL(M)
Al r@—r+1)| 2D
r(4l=3r+1) 2(2l=r) 1<r<i—-1
2 a = =
Bi 14+1) 4l
2 a r=1
r=3r+1) | 2Qi—r+1)
Cl 2 a
r@dl=3r—1) 22—r=1
£ - 1srsl-2
Dy 1a=1) 4-1)
- - r=1-1,1

5. The homogeneous Kihler hypersurface (C;, o)

In this section, we will consider a Kéhler C-space of type (Cy, o) as a Kidhler submani-

fold of G, (C?).
Let’s set

o=t )|

then g is a compact semisimple Lie algebra of type C; whose complexification is given by

A B
o€ =5p(l.C) = {( _,A>

Note that the Killing form By is given by

C

Bg(X,Y) =2(+ 1)irXY,

A, Ce MO,
A*=—-A'C=C

I

A, B, C e M;(C),
'B=B,'C=C

X,Yeg.
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For integers i and j with 1 < i, j </, let E;; be the matrix in M;(C) whose (i, j)-coefficient
is 1 and others are zero. and let’s set

E;; 0 0 E;i+E; 0 0
el”: J ﬁ: 7 J gl":
/ 0 —Ej ’ / 0 0 ’ / Eij + Ej; 0/’

_ VT
Tal+ )

i
for 1 < i, j < I. Relative to an abelian subalgebra t = R{;, 1 < i < [}, the set ¥ of all
positive roots is given as

Tt={6i-0;G <)), 6i+6;G=)).
The simple roots «; numbered as the last section is given by
o =0 —6(1Sisl-1), o=20,
so that we have linear combinations
i —6j=ai+---+aj_1 (1Zi<j=s0),
O +0j=(i+ - +ay-)+@++a_1)+oy (1Si<j<Ii-1),
i+ =i+ 4+a (AZiZl-1), 20=q.

The root vectors

1 1
Eo. =———e¢ij, E_ g0, =———cceji,
KW/ KW/
1 1
Epig = ——ofii, E_ g g =———gqg;, for 1<i<j<I
0+, W Jij 0;—0, ngz, < S
1 1
Eyp = ——— fi, Egp=—— g, for 1<i<I
%= marn ST T =!=
satisfy (4.6).

Yo and X} are givenby, for 1 S r <1 —1,

£ —-0) (I<i<j<rorr+15i<j=s0),
E - . . 9
£ +6) r+1=isj=))

sr_|6i—6 (ASiSrandr+1<j<0),
mTl6+6;, A<i<randi<j<I) :

and, forr =1,

Yo ={£6:-0) (1=i<j=Dh},
Th=1+6, (1Zi<j<Dh}.
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By a direct computation, (4.2) and (4.3) imply
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A A B B” A, B e M (C),
o a B A" B, C" e M;_(C),
“llo o -4 o A", B" € Myy—+(C), [’
0 ¢ -4 -W)|'B=B,'B=B,C=C
E=gNu
A 0 O 0
O A/ O _E A € Mr (C) 3
= 0 0 A 0 A, C" e M- (C),
0 o0 & A¥=—A, A*=-A",1C'=C

=u@)+spl—r).

Therefore, the Kihler C-space M of type (C, o) is identified with the homogeneous space

G/K =Sp)/U(r) - Sp(l —r).

For x,y € M;_,,(C) and z € M, (C) with 'z = z, define

0

nx,y,z) =

= N o= O
o< O

0
0
0
0

0
0

0

Note that, if » = [, then we ignore x and y, and 7n(x, y, z) and (0, 0, z) denote a matrix

0;
0y

(¥
Z

>7 z € Mj(C), 'z = z. (4.5) implies

m= {n(xv )’»Z) - n(xv ysz)*}v

m* = {n(x,y,2)}.

If1§r§l—l,then(otr,0!r)=+

Thus, define subsets of X, by

21+
2(a, Ag,)
>t =tae X | (2 Ag) = =lae X | —2 =1
my o m | (@ Ag,) 4(l+1)} {O[ ™| o)
= {a € Ent | o = o + (sum ofotheroq)}
| 6—-6;, AZiZ<randr+1Zj=21),
|l e+ AZLisrandr+1=5j<0D |7
2(a, Ag,)
>t =tae X | (2 Ay) = =jaeX| —" =2
m T E | () 2(1+1)} {“ ™| o)

={6; +0;

o € & | @ = 20, 4 (sum of other a;) }

(Isi=randi = jSr),
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and we have an orthogonal decomposition m* = mf + m;‘ ,
Z g€, = (n(x,y,0)},

an{;l

my= " g5 =00,02}.

aexd,

From (4.7), the G-invariant K&hler metric corresponding to a Ay, is given by

17 Ot + 26t

m, ><m2

9@ha,) = 4(l+ D

so that, for X = n(x, y, z) — n(x, y, 2)* € m, we get
9(afe,)(X, X) = 2g(afy,)(XT, XT)

- 2(%1){(}&’ X)) 420X, XD = 2atr(x*x + y*y + 72)

where X* = n(x, y,2) e m*, X{ =n(x,y,0) € m] and XJ =1(0,0,z) € m].

If r =, then (a7, o) = l% So, Z‘;n" satisfies the following:

m

2+={a62;

M) = —— | = it
(o, a’)_Z(l—i—l) =jae X

={o e 2T | @ = oy + (sum of other o;;) } .
m

2(a, Ay;) _ 1}

(o, o)

From (4.7), the G-invariant Kéhler metric corresponding to a A4, is given by

a
glady) = m(, )t T

so that, for X = (0, 0, z) — (0, 0, 2)* € m, we get

g(aAe) (X, X) = 2g(ady)(XT, XT) = H%(Xﬂ XT) =2atr(z),

where X+ = 75(0,0, z) e m™.
Consequently, for any r with 1 < r <[, we see

(5.1)  glade, )X, X) =2atr(x*x +y*y+72), X=nx,y,2 —nx,y,2)*em.

The natural inclusion Sp(l) — SU(2[l) defines an immersion ¢ of M into M =
G- (C¥y=G/K =SUQl)/SU(r)-UQL—r)) by

p(g-K)=9g-K, g€G.
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Under identification of T, M with @, the image of X = n(x, y,z) — n(x, y, 2)* € mis
0 —x* —z —y*
P«(X) =
y

so that we have
- 4 _
(5.2 Ge(@(X), 9 (X)) = Etr(X*x‘i‘y*y"i‘ZZ)a

where c is the maximal holomorphic sectional curvature of G, (CZI ). Therefore, Theorem 4.3,
(5.1) and (5.2) imply the following.

THEOREM 5.1. For the Kdhler C-space M = Sp(l)/U(r) - Sp(l —r) of type (C1, o)
equipped with the Kdhler metric g(%Aar), M is immersed in G,(C*) by the Kiihler immer-
sion ¢. The complex dimension, and the first eigenvalue A1 (M) of the Laplacian are given
by

, r4l —3r+1)

dime M = ——————. M(M)=c@ —r+1).
In particular, if r = 2, then M = Sp(1)/ U (2)-Sp(I —2) is a Kiihler hypersurface of G2(C?),
whose first eigenvalue A (M) of the Laplacian is given by

MM)=cR2l—-1).
REMARK 5.1.
(1) (Cy, ap) is a Hermitian symmetric space Sp(l)/ U (1).
(2) (Cy,ay) is a complex projective space CP?~! so it is Hermitian symmetric. But
the pair (Sp(/), U(1) - Sp(l — 1)) is not a compact symmetric pair.
(3) Other (C1,a,), 2 < r <1 — 1 are not symmetric spaces.

For z € M, (C), define an unit vector v at the origin o of Go(C? by

00 —z* 0

0 0 0 0 - 4 "
v(z) 0 0 0 em, c trz'z

0 0 0 0

Then v(z) is tangent to M if and only if z is symmetric.
The Kihler hypersurface M = (Cj, ) satisfies the following property relative to the
quaternionic Kihler structure Jj of G (C2.

PROPOSITION 5.2. The Kiihler hypersurface M = Sp(l)/ U (2) - Sp(I —2) of G2(C?)
satisfies

(5.3) JT*M CTM (& JE L JE foranyé € TTM),
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where T M and T+M are the tangent bundle and the normal bundle of M, respectively.
PROOF. Let v, be an unit normal vector of M at o defined by

1 /e [0 —1
Vo = V(20), ZOZE 5(1 0>’

so that the normal space TOJ-M is given by

TEM = R{v,, Jv, = v(v/—12,)}.
Then we see
Jo T,"M =R {Jiv,, JiJv,, i=123}

= R{v(zo&i), v(V—lz08i), =123},

where Ji, J and J3 are a canonical basis of J, defined in the section 2. It is easy to check
that z,¢; and +/—1z,¢&; are symmetric, so that we obtain

Jo TPM C T,M .

Since the quaternionic Kihler structure J is G-invariant, and since the immersion ¢ is G-
equivariant, (5.3) holds at any point of M. |

If the ambient space is G»(CH), then the condition (5.3) determines a Kéhler hypersur-
face as follows:

PROPOSITION 5.3. Suppose that a Kiihler hypersurface M of Q* = G,(C*) satisfies
the condition

JT*MCTM.

Then M is totally geodesic. Moreover, if M is compact, then M is congruent to a complex
quadric Q3 =Sp2)/U(2).

PROOF. Denote by V the Riemannian connection of Q4, and denote by V, o, A and
v+, the Riemannian connection, the second fundamental form, the shape operator, and the

normal connection of M, respectively. It is well-known that Gauss’ formula and Weingarten’s
formula hold:

VxY =VxY +0(X,Y),
5.4 . N

Vx§ = —AgX + Vx§,
for X, Y € TM and & € T M. The metric condition implies
(5.5 ge(0(X,Y),§) = ge(Ae X, Y).
Relative to the complex structure J, o and A satisfy

(5.6) o(X,JY)=Jo(X,Y), Asol=—JoAs=—Aj.
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For a local unit normal vector field &, we define local vector fields as follow: ¢; = J;&, i =
1,2, 3, where Ji, J> and J3 are a local canonical basis of Jj. Then, under the assumption of
this proposition, {eg, e2, e3, Jey, Jea, Je3, &, J&} is a local orthonormal frame field of Q4
such that {e1, e2, e3, Jey, Jea, Jes} is a tangent frame of M. For X € T M, (5.4) implies

(5.7 Vxei + 0 (X, e;) = Vxe; = (VxJi)é + Ji (V&)
= (VxJ)E — LA X + J;(Vx£).

Since J is parallel with respect to the connection V, we have ﬁx Ji € J, so that the normal
component of (5.7) is

o(X,e) = —gc(JiAe X, §)§ — gc(JiAe X, J§)J§
= gc(Ae X, €)§ + gc(Ae X, Jei)JE,
where ¢, is the induced Kéhler metric of M. On the other hand, (5.5) and (5.6) imply
o(X,e) = ge(o (X, €i), §)§ + ge(o (X, €), J§)J§
= 9c(Ae X, €)§ — gc(AeX, Jej)J§ .
From these two equations, we get
(5.8) gc(AeX, Jej) =0.
Instead of X, applying to J X, we have
9c(Ae X, ;) = gc.(—AgJ X, Je;) =0.

Therefore, we have As = 0, or 0 = 0, so that M is totally geodesic. By B. Y. Chen

and T. Nagano [5]’s results, if M is compact, M is congruent to a complex quadric Q3 =
Sp(2)/U(2). O

The Kéhler submanifold M = (Cy, «,) satisfies another interesting property as follows:

PROPOSITION 5.4. The isometric immersion Yoo : M = Sp(l)/U(r)-Sp(l—r) —
HM 21, C) is a sum of (HM (21, C)-valued) eigenfunctions with eigenvalues 0, c(2l —r + 1)
and 2cl. More precisely, ¥ o ¢ satisfies

Vop=F+F + F,
AFpy =0, AFi=cQR2l—r+1)F,, AF,=2cF,,

where Fy, F and F» are HM (21, C)-valued functions defined by

r 1 _ r 1 -
Fo=—Iy, Fi=-(A+SAS), Fh=——I —(A — SAS),
0= 51l 1 2( + ) 2 2 21+2( )

A = W o ¢ is a position vector in HM (21, C), and

0 -
S‘(n O).
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REMARK 5.2. If r = [, then F> vanishes. If r = 1, then two positive eigenvalues
coincide with each other, and ¥ o ¢ is the first standard imbedding of cpA-t,

COROLLARY 5.5. Forl 23 and2 <r <1—1,2cl is an eigenvalue of the Laplacian
of Sp()/U(r) - Sp(l — r), which is greater than the first eigenvalue.

REMARK 5.3. By B. Y. Chen’s definition, if [ =2 3 and 2 < r < [ — 1, then
Sp()/U(r)-Sp(l —r) is a mass-symmetric 2-type submanifold of order {c(2] —r + 1), 2cl}.
On the other hand, forany / > 1, (C;, ;) = CP?~! is a mass-symmetric 1-type submanifold

of order {2cl}, and (C;, ;) = Sp(l)/U(I) is a mass-symmetric 1-type submanifold of order
{c I+ 1)}. (cf. [4])

PROOF OF PROPOSITION 5.4. Notice that G = Sp(l) is a subgroup of G = SUQI)
and satisfies

G=Sp(l)={geSUQRL|'"gSg=S}.
Forl1 <i < j <r,let’s set

1 /c
gGij =3 E(Eij —Eji),
so that v(z;;), Jv(zij) = v(v/—1z;;), 1 £i < j < r are an orthonormal basis of T;-M. By
a simple computation, we get

I, 0 0 0
cr=110 0 0 0
i<j i<j )
0 0 0 0/—

.. 1, 0
From (2.9), at the origin A, = ¥ (0) = <(; 0 >,
2]l—r

D (64, 0(ij). v(@if)) + G, (Tv(zij). Tv(zi)))

i<j

c(r—=1)
= 4( > w*(v(z,»j»z)(l =240 = = (=4, = SAS).

i<j

Since M is minimal in G,(C?), it follows from (2.10) that, at the origin A,, the mean curva-
ture vector Ha, of M in HM (2!, C) is given by

2dime M Ha, = 2r2l —r)Hy, — Y (64, (0(zi). v(zij)) + 64, (Jv(zij), Tv(zi))))

i<j

- %(21’] — (@4l —r+ DA, + (r — 1)SA,S).
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Since the immersions ¢ and ¥ are equivariant under the actions G and G, at a point A =
gA,9*, g € G, the mean curvature H, is given by

2dime M Hy =2dime M g Hp, g = %(Zrl — (@l —r+ DA+ (r — 1)SAS).
Therefore, we obtain
AA = —2dime M Hy = _%(M — (@l —r+ DA+ (r — 1)SAS) .

which implies Proposition 5.4. a

REMARK 5.4. A quaternionic projective space HP'~! admits a totally geodesic em-
bedding ¢ppi-1 into G»(C?). (See [5] and [6].) @gpi-1 1s a quaternionic embedding with
respect to the quaternionic Kéhler structure of Gz(CZZ), and is a totally real embedding
with respect to the complex structure of G»(C?). It is known that the Kihler hypersurface
M = (C}, a) is the focal set of HP!~1 in G»(C?). (cf. [1])

6. Proof of main theorems

Let M be a compact connected Kéhler hypersurface of G, (C") immersed by a immersion
@. It is well-known that every H M (n, C)-valued function F satisfies

6.1) (AF, AF);2 — M (AF, F);2 20.
The equality holds if and only if F is a sum of eigenfunctions with respect to eigenvalues
0 and Aj. It is equivalent to that there exists a constant vector C € H M (n, C) such that
A(F—C) =M(F —-C).

Denote by H the mean curvature vector of the isometric immersion @ = ¥ o ¢. Then,
since M is minimal in G,(C"), (2.10) implies

(6.2) 20r(n —r) — DHy =2r(n — r)Hp — 64 (5, &) — 64 (JE, JE)
=c(rl —nA) —oa(E, &) —o4(JE,JE),

where A is a position vector of @ (M) in HM (n, C), and & is a local unit normal vector field
of ¢. Using (2.12) and (6.2), we get

(6.3) (Ha, A) = —1.

H M (n, C)-valued function & satisfies A® = —2(r(n — r) — 1)H, so that (6.1) and (6.3)
imply the following. The equality condition dues to T. Takahashi’s theorem in [15].

LEMMA 6.1.

(6.4) 2r(n —r) — 1)/ (Ha, Hp)dvy — Ajvol(M) =2 0.
M
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The equality holds if and only if ® is a minimal immersion of M into some round sphere in
HM (n, C), more precisely, there exists some positive constant R and some constant vector
C € HM((n, C) such that Hy satisfies

C—-A).

1
6.5) Ha = 2

LEMMA 6.2. If the equality holds in (6.4), then M is contained in a totally geodesic
submanifold of G, (C™) which is product of Grassmann manifolds, more precisely, there exist
integers ki, ri, i = 1,---,m such that

0<ri<ki, n2rnz-Zrm,

m m

ri=r, E ki=n,
i i=1

(6.6) M C G, (CH) x G, (CR) x -+ x Gy, (CP") € G, (C").

1

Notice that Go(Ck) = Gy, (Ck) = {one point).

PROOF. Assume that the equality holds in (6.4).
Since M is minimal in G,(C"), H is normal to G,(C"). Then, from (2.5) and (6.5), we
get

(6.7) CA=AC,

where C is a constant vector in Lemma 6.1. Since SU (n) acts on G, (C") transitively, without
loss of generality, we can assume that C is a diagonal matrix as follows:

c1 1, 0

c2li, o
(6.8) C = . s ki>0, ciFcil@#])).

0 cml,
Notice that
n=ki+ky+---+ky,.
Define a linear subspace L of HM (n, C) by L = {Z € HM(n, C) | ZC = CZ}, so that
Z1 0

Z
L= . Z,‘ (S] Mk; (C)

0 2z

From (6.7), M is contained in G,(C") N L.
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For each integer r; with 0 < r; < ki, > ;- ri = r, let’s define connected subsets of
G,(C") by
Al O
W _ A2 Ai € My, (C),
Tt = A%:Ai, trAj =r;

0 A

So, G-(C") N L is a disjoint union of all W,, .
in suitable one of W, ... ;,,’s, saying W, .

’s. Since M is connected, M is contained

sfm

By the definition, we see

sfm csfme

W, =G, (CM) x G,,(C*) x - x G, (Chn).

st lm

Without loss of generality, we can choose a diagonal matrix C with respect to which the
inequalities r| = rp 2 -+ 2 1y, hold. O

From (2.9), (2.11) and (6.2), we get

C

© = -1

{ R -2
(1 = nA) = — (€21 =24) .

Using (2.3) and (2.4), we see

Cc

(6.10)  (Ha, Hp) = 2Wm—rn =12

4 2 n—2r
{nr(n—r)—Ztr Er(lll*g) (I+ . A)
+tr C—z(‘l’*é) (I =2A)(¥é)"U —2A)}.

Since the immersion ¥ is G—equivariant, for any A € @ (M), there exists a element g, € G
and a matrix v, € M, ,(C) satisfying A, = g, A g} and

c (0 Vi) «
(6.11) \/;(UA O)—QA(‘I’*E)QA~

Since the inner product (, ) is G—equivariant and £ is unit, we have tr vj; vy =truy vj; =1.
After translating by g4, together with (6.11), (6.10) implies
c

(6.12) (Ha. Ha) = 50— 512

{n(r(n —r)=2)+2tr (vj;vAvj;vA)} )
LEMMA 6.3. Forv € My_,,(C) with tr v*v = 1, the following inequality holds
(6.13) trvfvv*v < 1.

Moreover, the following three conditions are equivalent to each other.
(1)  The equality holds in (6.13).

1
(2) The hermitian r-matrix v*v is similar to <0 0 0 >
r—1
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.. . e 1 0
(3) The hermitian (n — r)-matrix vv* is similar to .
0 0p—r—1
P 0

If the equality holds in (6.13), then there exists R = <O 0

) e S(Ur)-Um —r)) such

that v = QuP* satisfies

1 0 1 0
VR = ( ) and Vv'* = < ) .
0 0,— 0 0O0p—r—1

PROOF. Lemma 6.3 follows from that both of Hermitian matrices v*v and vv* are sim-
ilar to diagonal matrices with non-negative eigenvalues. a

Form (6.12) and Lemma 6.3, the following lemma is immediately obtained, which is used to
prove Theorem A.

LEMMA 6.4.

c n—2
(6.14) (Ha, HA)ém{”_m} ‘

The equality holds if and only if, for any A € @ (M), it is possible to choose v , satisfying

1 0 1 0
(6.15) viv, = (O 0r1> and v, v = <O Onrl) .

PROOF OF THEOREM A. (6.4) and (6.14) imply

)\1§C(H—L>.
rn—r)—1

Let’s assume that this equality holds. Then, the equality conditions of Lemmas 6.1 and
6.4 hold.
Assume m = 1. Then, (6.5) and (6.9) imply

1 4 5
ﬁ(cll—A)z {(r]—nA)—;(llf*"g‘) (I—2A)}.

¢
2h(n —r)—1)
After translating by g4, together with (6.11) and (6.15), we obtain

L A — el °
gt = DI =505 {(r_") rt <0 0,1)} :

1 I c I 1 0
—0C _ =— r _ —_— .
R 26tm—rn—D| " \0 0,

The first equation implies r = 1, and the second one implies n — r = 1. So, we have n = 2
and r = 1. This contradicts that M is a complex hypersurface.

Since m = 2, from Lemma 6.2, M is contained in a proper totally geodesic submanifold
of G,(C"). On the other hand, M is of complex codimension 1 in G,(C"). Consequently,
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either r = 1 orr = n — 1 occurs, and M is a totally geodesic complex hypersurface of a
complex projective space CP"~! = G(C") = G,,_1(C"). a

PROOF OF THEOREM B. Let’s assume that M is a compact connected Kéhler hypersur-
face of G,(C") satisfying the condition J& L J&. Since both of the complex structure and

the quaternionic Kihler structure are f}-invariant, we obtain, at the origin A,,

* *
(6.16) J(O UA)J_J,-(O ”A), i=1,2,3,

v, O v, O
where Ji, J; and J3 are a canonical basis of J, defined in the section 2. Set
v= ) V), vy, v € My 1(C)=C2,

Using (2.7) and (2.8), (6.16) implies that |[v/,| = [v/{| and v/, L v’; . Combining these with

trviv, = 1, we obtain [v/y| = [V}| = \/LE so that

1/1 0
(6.17) UZUA=§<0 1).

Together with (6.17), (6.12) implies

(Hi. Hy) — c _n—l}
S YO P L P I

Therefore, form Lemma 6.1, we obtain

-1
M=o n—— .
2n —5

Let’s assume that this equality holds. Then, the equality conditions of Lemma 6.1 holds.
Computing dimensions of manifolds in (6.6), we have

(6.18) =5 ritki —ri).

i=1
From ) /' ri =2andry Zry 2 -+ 2 ry, the following two cases occur:
Casel : ri=rn=1, rn=--=r=0,
Casell: r =2, rn=---=r,=0.

In Case I, (6.18) implies 2n — 5 < ky + k» —2 < n — 2, so n < 3. This is contradiction.
Therefore, Case II occurs. Then, (6.18) implies 2n — 5 < 2(k; — 2), so that we have
n=ki,m=1,kry="---=ky, =0.(6.5) and (6.9) imply

1 4 5
@l —4) = {(ZI—nA)—E(lI/*E) (I—2A)}.

c
2(2n —5)
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After translating by g4, together with (6.11) and (6.17), we obtain

1 D= c ) 1
me- )_2(2n—5){ _"+E}’

Lcll 2 :4{21 b — v v*}
R2 TS T o0n—5) e ATl
The second equation implies
22n —5) ¢
* —
(6.19) vy =dlo, d_Z—fﬁ.

From (6.17), we have

1
dvy =dl, yvs = (VyV3)vy =V (V3Vy) = Sva>

so thatd = % Consequently, taking traces of both sides of (6.19), we obtain n = 4.

[1]

[2]

[3]

[4]
[5]

(6]
[71]
[8]
[91
[10]
(1]

[12]

[13]
[14]

[15]
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Therefore, from Proposition 5.3, M is congruent to Q3. O
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