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Abstract. A Cauchy-Euler type factorization property which is closely related with the Hyers-Ulam stability
problem is introduced in the algebra of all linear self maps of a commutative algebra without order. Several examples
of linear self maps with such a property are given in this note.

1. Introduction

In 1940, Ulam (cf. [5, 6]) posed the following problem: Let f be an approximate linear
map. Does there exist an exact linear map near to f? In the following year, Hyers [2] gave an
answer to the problem for additive maps between two Banach spaces. The stability problem
of this kind is called “Hyers-Ulam stability problem”, and many mathematicians have con-
sidered this problem for several functional equations. Alsina and Ger [1] are the first authors
who considered Hyers-Ulam stability for certain differential equations. After that, Miura,
Miyajima and Takahasi [4] proved the following stability result of this kind:

Let P(2) = Y ;1o Az be a polynomial and D = %. Then the differential equation
P(D)f = 0 on R has the Hyers-Ulam stability if and only if the equation P(z) = 0 has no
purely imaginary solution.

Recently, Kim and Chung [3] proved the following stability result:

Any Cauchy-Euler differential equation > ;_ Ait® £ (1) = 0 has the Hyers-Ulam sta-
bility on an arbitrary bounded interval in R™.

Both of the proofs essentially depend on the fact that the above differential operators can
be factorized suitably. The former can be factorized as follows:

P(D)=7y(D —ol)--- (D —ayl)
by the Fundamental Theorem of Algebra. The latter can be factorized as follows:

n
Zkktka =D —ail) - (D —ayl).
k=0
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Here ¢y, . .., a, are the roots of the corresponding characteristic equation. Now the following
question naturally arises:Which operators can be factorized suitably?

2. A problem

Let A be a complex commutative algebra without order and L(A) the algebra of all linear
self maps of A. In this case, we pose the following

PROBLEM. Givenig,A1,..., A, €C,ae A, T € L(A),canonefind A, ay,...,a, €
C such that Y} _o ma*T* = A(aT — oy 1) --- (aT — o 1) ?

We say that the pair (a,T) has the Cauchy-Euler type factorization property if
ZZ:o Axa® Tk is factorized in the above sense for each Ag, Aj, ..., A, € C n=2,3,...). We
wish to give a characterization for the pair (a, T') to have the Cauchy-Euler type factorization

property.
3. The main result

The following result gives a sufficient condition for the pair (a, T) to have the Cauchy-
Euler type factorization property.

THEOREM 3.1. Let n be a positive integer. Let 81, 2,...,0nh € C,a € Aand T €
L(A) be such that

(%) a*Tx = aT(a*x) + (B1 — Brs1)akx
forallx €e Aand1 <k <n — 1. Then
n
Zkkaka =T —ar ) (T — o)
k=0

holds for each Ao, A1, ..., Ay € C, where T = aT + Bl and oy, ..., o, € C are the roots of
the corresponding characteristic equation ho + Y ;_, A(t — 1) -+~ (t — Br) = 0.

PROOF. The resulting equation for n = 1 is trivial. Suppose that 1 < k <n — 1 and
a*T* = (T — BiI)--- (T — BI). Then

(T =B (T = B Dx =T = pest DT — 1) -+ (T — Bel)x
=T - prs1 D)@ T )
=T @"T*x) — Bry1a*T*x
=aT (@"T*x) + B1a*T*x — Bry1a*T*x
=aT (a"T*x) + (B1 — Brs1)a" T*x

=a"'TT*x (by (%))



CAUCHY-EULER TYPE FACTORIZATION 491

— gk

forall x € A. Therefore we have a*T* = (7 —Bil)--- (7 — BiI) forall 1 <k < n and then
n n
Y md T  =rol + ) aa* T
k=0 k=1

=hol + ) (T =Dy (T = Bl
k=1
=T —ar 1) - (T — an )

which completes the proof. Q.E.D.

4. Examples

(1) Let M be a multiplieron A and @ € A. Let oy, ...,a, € C be the roots of the
characteristic equation ) ;_ Axtk = 0. Then we have

n
ZkkakMk =@M —ail)--- (@M — a,l) .
k=0

Therefore (a, M) has the Cauchy-Euler type factorization property.

PROOF. Take B1 = B2 = --- = B, = 0 in Theorem 3.1. In this case, it is clear
by the definition of multipliers that () holds and then the desired result is obtained from
Theorem 3.1. Q.E.D.

(2) Suppose that A has an identity element e. Let D be a derivation on A with D(a) = e
for somea € A. Letay, ..., o, € C be the roots of the characteristic equation
A0+Z'k’:1)»kt(t— 1).--(t —k+1) =0. Then

n
Zkkaka = dn(aD —ayl)---(aD — ayI).
k=0

Therefore (a, D) has the Cauchy-Euler type factorization property.
PROOF. Take By =k—1(k=1,2,...,n)in Theorem 3.1. Since
aD(a*x) + (B1 — Br+1)ax =aD(a*x) — ka*x
:a(kakilx + aka) — ka*x

=a"*t' Dx ,

it follows that (%) holds and then the desired result is obtained from Theorem 3.1. Q. E.D.
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(3) Let M and D be a multiplier and a derivation on A respectively. Suppose that A
has an identity e and that D(a) = e for some a € A. Then (a, D + M) has the Cauchy-Euler
type factorization property for each A € C.

PROOF. PutT = AD + M and take By = A(k — 1) (k =1,2,...,n) in Theorem 3.1.
Since

aT(a*x) + (B1 — Big1)a"x =a(AD + M)(a*x) — rka*x
=a()»kak_1x + kaka) +a* " Mx — rka*x
=ra*T'Dx + a"' Mx
a1 Ty ,
it follows that (x) holds and then the desired result is obtained from Theorem 3.1. Q. E. D.

(4) Let H and D be a homomorphism and a derivation on A respectively. Suppose that
A has an identity e and that H(a) = a and D(a) = e for some a € A. Then (a, AD + uH)
has the Cauchy-Euler type factorization property for each A, u € C.

PROOF. PutT = AD + uH and take By = A(k—1) (k =1,2,...,n)in Theorem 3.1.
Since

aT(akx) + (B1 — ,3k+1)akx =a(AD + ,uH)(akx) — Aka*x
=a(kkak_1x + Aaka) + p,aH(ak)Hx — MkaFx
=ra*T'Dx + /LakHHx
=a* Ty ,
it follows that (x) holds and then the desired result is obtained from Theorem 3.1. Q. E. D.

(5) Let H and M be a homomorphism and a multiplier on A respectively. Suppose
that H(a) = a for some a € A. Then (a, bH + M) has the Cauchy-Euler type factorization
property for eachb € A U C.

PROOF. PutT = bH + M and take 81 = B2 = --- = B, = 0 in Theorem 3.1. Since
aT(a*x) + (B1 — Prs1)a*x =a(bH + M)(a*x)
=baH(akx) + aM(akx)
=baH(ak)H(x) +a" Mx
=a* b H (x) + d"t' Mx

=gkt! T(x),

it follows that (x) holds and then the desired result is obtained from Theorem 3.1. Q. E. D.
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Here we give an example of (5). Put (Hf)(t) = f(1—t) foreacht € Rand f € C*(R).
Then H is a homomorphism of C°°(R) into itself. Put p(¢) = (t — %)2 for each t € R. Then
p is a fixed point of H. Given g, h € C*°(R), define (T, f)(t) = g(O) f(A =) + h(®) f ()
foreach f € C*°(R). In this case, T, becomes a linear self map of C°°(R) and we have the
following factorization:

n 1 2k 1 2 1 2
Zkk<t —~ 5) TS, =,\,,<<t— 5) Ty —a11>--- ((r —~ 5) Ty —a,,1>
k=0

for each Ao, A1, ..., A, € C, where ¢, ..., o, € C are the roots of the corresponding char-
acteristic equation Y }_ Axtk = 0.
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