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Abstract. 'We show that all types of self-adjoint perturbations of a semi-bounded operator A (purely singular,
mixed singular, and regular) can be described and studied from a unique point of view in the framework of the
extension theory as well as in the framework of the additive perturbation theory. We also show that any singular finite
rank perturbation A can be approximated in the norm resolvent sense by regular finite rank perturbations of A. An
application is given to the study of Schrodinger operators with point interactions.

1. Introduction

Let A be a semi-bounded self-adjoint operator acting in a separable Hilbert space H with
inner product (-, -) and let D(A), R(A), ker A, and p(A) denote the domain, the range, the
null space and the resolvent set of A, respectively. Without loss of generality, we will assume
that A > I. By Py we denote an orthoprojector in H onto a closed subspace M of H.

Let N be a closed subspace of H. Define D(Ay) and Ay as

D(AN) ={u € D(A) | (Au,n) =0,Vn e N}, AN = A [Day) - (1.1)

where A [p(4,) means the restriction of A onto D(Ay). Obviously, Ay is a closed symmetric
operator in { and its defect subspace R(Ax)’ = HER(Ay) coincides with N. The operator
Ay is densely defined if and only if N N D(A) = {0}.

Let A be a self-adjoint operator in H and let A A A be the maximal common part of A
and A:

ANA=AlpGry. DWAAA) ={ueDA)NDA) | Au= Au}. (1.2)

Comparing (1.1), (1.2) one gets AANA= Ay, where
N={neH|(Au,n) =0, Au= Au} (1.3)

is the defect subspace of A A A. The operators A and A are relatively prime extensions of
the symmetric operator Ay (i.e., the maximal common part A A A of A and A coincides
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with Ay) and the self-adjoint extension A can be considered as a perturbation of the initial
(nonperturbed) operator A. In this way, an arbitrary self-adjoint operator A # A can be
regarded as a perturbation of a fixed operator A.

The perturbation Ais finite rank if and only if dim N < oo, where N is the defect
subspace of ANA.

A self-adjoint operator A # A is called: regular perturbation of A if D(A) N D(;f) =
D(A) and singular perturbation if D(A) N D(Z) # D(A). It is convenient to divide the
class of singular perturbations into two subclasses. Precisely, we will say that a singular
perturbation Ais purely singular if the maximal common part ANAis densely defined and
mixed singular if AN Ais nondensely defined.

At present, regular and purely singular perturbations are well-studied, respectively, by
the additive perturbation theory and extension theory methods (see [1, 2, 16] and the reference
list therein). Mixed singular perturbations are investigated considerably less.

In the present paper, a unique approach to the description and study of all types of per-
turbations of A (regular, purely singular, and mixed singular) is developed.

In Section 2, we describe all self-adjoint operators A in relation to a fixed self-adjoint
operator A by parameters {N, T'}. Here N is a defect subspace of AAAanda self-adjoint (in
N) operator T distinguishes A among self-adjoint extensions of A A A which are relatively
prime to A. We study the relationship A < {N, T} in detail and establish simple connec-
tions between { N, T} and the parameters characterizing A in the frameworks of the extension
and additive perturbation theories. (The relationship between such approaches for finite rank
perturbations has been studied in [25, 27].)

Our investigations show that the parameters {N, T} are quite natural for the description
of self-adjoint perturbations of a semi-bounded operator A. In particular, they naturally appear
in the Krein’s resolvent formula relating Aand A (Theorem 2.1). The parametrlzatlon Ao
{N, T} provides convenient tools for extracting different properties of A. For example, the
Krein-von Neumann extension of Ay corresponds to the pair {/V, 0} (Proposition 2.2) and the
Friedrichs extension is determined by {N, T'}, where N C D(A!/ ), NND(A) = {0} and T
is uniquely defined by the relation (T, £) = (A2, AY/2£), Vn, & € N (Proposition 3.3).

In a certain sense, some results of Section 2 (Theorem 2.2) were inspired by the recent
papers [21, 22] where the authors present various ways of description of all self-adjoint per-
turbations of A (and moreover, all closed operators having at least one common point in their
resolvent sets) by parameters { M, y } appearing in Krein’s type resolvent formulas. In Remark
1, we present an explicit formula relating the parameters {M, y} and {N, T'}.

By the construction, the parameters {N, T'} deal with the extension theory approach. In
Theorems 2.5, 2.6, we reformulate the description of self-adjoint perturbations in the frame-
work of the additive perturbation theory. To do this, the parameters { N, B, R} are used. Here,
B and R are self-adjoint in N such that B = (T — R)~!.

In Section 3, self-adjoint perturbations A of A are described as A + V, where, in general,
the “potentials” V act in the scale of Hilbert spaces associated with A (A-scale).
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In Section 4, we show that any finite rank self-adjoint perturbation A can be approxi-
mated by regular perturbations in the norm resolvent sense. Section 5 deals with some appli-
cation for the Schrédinger operators with point interactions.

2. Extension theory approach

In this section we are going to describe all types of perturbations of A (purely singular,
mixed singular, and regular) by methods of the extension theory.

2.1. Preliminary results. The boundary value spaces (BVS) approach is one of the
most popular methods for the description of self-adjoint extensions of a given densely defined
symmetric operator [13, 23]. Now we briefly outline some well-known results of the BVS-
theory needed for our exposition.

DEFINITION 2.1 ([13]). Let Ly be a closed densely defined symmetric operator in
‘H. A triple (N, I, 1), where 1 is an auxiliary Hilbert space and I, I are linear mappings
of D(Lfnin) into N, is called a boundary value space (BVS) of Lfnin if the abstract Green

identity

(Linf> 9 — (fs Lying) = (N f , Togom — (Tof. Mgy, fo 9 € D(Ly)
is satisfied and the map (Ip, I77) : D(L%. ) — 91 @ N is surjective.

min

If N, Iy, 1) is a BVS of L;’;m, then the restrictions of the adjoint operator Lfnin onto
the domains ker Iy and ker I} determine, respectively, self-adjoint extensions Lo and L of
Lin.

The operators Lo and L are transversal extensions of Ly, i.€., they are relatively prime
with respect to Liin: Lo A L1 = Lmin and D(Lg) + D(L1) = D(L?,. ). These properties are
characteristic for the existence of BVS. Precisely, for any transversal self-adjoint extensions
Lo and Ly of Ly there exists a BVS (N, Iy, I17) of L}, suchthat Lo = LY. [kerr, and
L= L;knin rkerl‘l-

LEMMA 2.1 ([11,13]). Let L be a fixed self-adjoint extension of Lmin and let
(%, Io, I'1) be a BVS of L;knin such that D(L) = ker I'1. Then an arbitrary self-adjoint exten-

sion L of Lmin relatively prime with L is defined by the formula
L=Lk Ipg). DL ={feDLy) | TIHf=Tof}. 2.1)

where T is a self-adjoint operator in . The correspondence L < T determined by (2.1)isa
bijection between the set of all self-adjoint extensions L relatively prime with L and the set of
all self-adjoint operators in N. Self-adjoint extensions L transversal with L are determined
by bounded self-adjoint operators T.

Let us use Lemma 2.1 for the description of purely singular perturbations A of A. In that
case A and A are relatively prime self-adjoint extensions of the densely defined symmetric
operator Ay = AAA, where the defect subspace N of A A A satisfies the relation NND(A) =
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{0}. The domain of the adjoint operator A}, has the form D(A}) = D(A)+N and
AVf=Aywu+n) =Au, Vf=u+neDAy) (ue D), neN). (2.2)

Taking into account (see e.g., [13]) that the triplel (N, Iy, I'1), where
Io(u+n) = PvAu, TIw+n)=-n (NVueD(A), VneN) (2.3)

is a BVS of A}, such that ker 7 = D(A) and applying Lemma 2.1 (for t = N,L =
A, Lmin = Ay) with the use of (2.2) and (2.3), we immediately obtain

PROPOSITION 2.1. A purely singular perturbation A of A is determined by the for-
mula

Af=Aw+n=Au, DA ={f=u+n, ueDA),neDT)| —Tn= PyAu},

where N is the defect subspace of AANAandT isa self-adjoint operator in N.

The correspondence Ao {N, T} is a bijection between the set of all purely singular
perturbations of A and the set of pairs {N, T}, where N is an arbitrary non-trivial subspace
of H such that N N D(A) = {0} and T is an arbitrary self-adjoint operator in N.

In the case of mixed singular or regular perturbations A, the situation is more complicated
because the operator Ay = AAAis non-densely defined and the adjoint A}, does not exist as a
uniquely defined operator. As a rule (see e.g., [9, 10, 19]), Ay and its ‘adjoint’ are understood
as linear relations and the description of all self-adjoint relations that are extensions of the
graph of Ay is carried out.

The approaches presented below enable one to preserve the operator form of the exposi-
tion and they do not need the linear relations technique.

2.2. The description of all self-adjoint perturbations of A. Let A # A be an ar-
bitrary self-adjoint operator in H. Obviously, A and A are relatively prime with respect to
Ay = A A A but the symmetric operator Ay is not necessarily densely defined and its defect
subspace N may have a non-trivial intersection with D(A).

Now, we are going to extend the description of purely singular perturbations presented
in Proposition 2.1 to the general case of all self-adjoint perturbations.

LEMMA 2.2. Assume that A is an invertible operator in H, N is a subspace of H, and
T is a linear operator in N. Then the relations

Antf=ANnT@WU+ ) = Au, 24
DAnT)={f=u+n uecDA), neDT)| —Tn= PyAu} 2.5

define an operator Ay T in H if and only if T satisfies the condition
Tn—PyAn=0=n=0, VneDA)NDT). (2.6)

n fact, this BVS was already implicitly used in the classical works [8, 20].
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PROOF. Assume that f = u +n € D(An7) and f = 0. Thenn = —u €
D(A)ND(T). In this case, (2.4) and (2.5) give Ay.rf = —An and Tn = PyAn. Since
A is invertible, the implication f = 0 = Axn rf = 0 holds if and only if n = 0 that is
equivalent to (2.6).

DEFINITION 2.2. An operator T acting in a subspace N of H is said to be admissible
with respect to A if T satisfies (2.6).

It follows from (1.1), (2.4), and (2.5) that Ay 7 is an extension of Ay for an arbitrary
admissible operator 7.

THEOREM 2.1. Assume that A > I is a self-adjoint operator in H, N is a subspace
of H, and T is an admissible operator in N. Then the operator Ay.T determined by (2.4),
(2.5) is a self-adjoint extension of the symmetric operator Ay if and only if T is self-adjoint.
In that case 7 € p(A) N p(An.T) if and only if Qo(z) + T is boundedly invertible, where
Q0(z) = zPyA(A — z1)~' Py and

Ant—z2D) ' =A@ -z = AA -z Qo) + T) ' PNAA —zD)T' . (2.7)
PROOF. The domain D(Ay,7) determined by (2.5) can be also described as

D(An1) = D(AN) +{(I — A™'T)n | ¥n € D(T)}. (2.8)

So, any f € D(Ay,r) admits the representation f = ug — ATy +n (Vup € D(Ay),
Vn € D(T)) and the formula (2.4) takes the form

An7f = AnT(o— A" Ty+n) = Aug — Tn. (2.9)

The formulas (2.4), (2.5) and (2.8), (2.9) give equivalent descriptions of Ay r.

In view of (2.8), (2.9), Ay, 7 is an extension of the symmetric operator A y for any choice
of admissible operator 7 in N.

Assume that T is self-adjoint in N and show that Ay 7 is densely defined in . Let
t € 'H be orthogonal to D(Ay,1). By virtue of (2.8), ¢ is orthogonal to D(Ay). This means
thatt = Aw,, where w, € N, = N N'D(A). Recalling that ¢ has to be orthogonal to all terms
in (2.8), we get

0= (—A"'"Tn+n, Aw,) = (9, Aw,) — (T, w,), V¥neDT).

Since T is a self-adjoint operator in N, the obtained equality implies w, € D(T) and Tw, =
Py Aw,. The last relation and (2.6) give w, = 0. Hence t = 0 and Ay 7 is a densely defined
operator in H.

To find the adjoint A?\/,T we describe all elements g, w € H satisfying the relation

(Anrf.9) =(fiw), VfeDAnT). (2.10)

Putting f = uo € D(Ay) in (2.10) and taking into account that (g, w) = (Aug, A~ w),
we get g — A~ 'w € N. Denote i = g — A~'w and substitute ¢ = A~'w + 7 and elements
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f € D(An,T) of the form f = —A7'Tyn+19 e D(An,7) into (2.10). As a result, after a
trivial transformations with the use of (2.9), we derive

(=Tn. ) =0 w), ¥neDT). (2.11)

Since T is self-adjoint, (2.11) implies 77 € D(T) and —T7 = Pyw. But then, the element g
in (2.10) takes the form

g=A"' U -PyW+A ' Pyw+T=ug— AT'TH+7 wo=A"'U - Py)w).

Therefore, ¢ € D(Ay,7) and Ay, 79 = w (by (2.8) and (2.9)). So, if T is self-adjoint, then
AK/,T =AnNT.
Let Ay, 1 be self-adjoint. It follows from (2.4) and (2.5) that

0=(An1f.9) — (fiAnr9) =—(Tn, )+ (1, Th)

for an arbitrary f = u + nand g = v + 7] from D(Ay, 7). Hence, T is a symmetric operator.
To prove its self-adjointness, we consider an arbitrary 7 € N and w € H satisfying (2.11). In
that case, as follows from above, g = A w4+ 7 satisfies (2.10) for all f € D(An 7). Hence
g € D(Ay,7) and w = Ay, 19 (since Ay, r is self-adjoint). Combining this with (2.4), (2.5)
one gets 7 € D(T) and —T7 = PyAu = Pyw (here u = A~'w). Recalling now (2.11), we
derive the self-adjointness of 7.

To prove (2.7), we fix z € C\R and consider the operator Qo(z) = zPyA(A—zI)"' Py.
Since its imaginary part Im Q(z) = (Im z) PyA(A — 1)~ A(A — zI)~! Py is a positive (for
Im z > 0) or negative (Im z < 0) defined bounded operator in N and T is self-adjoint, the
operator Qo(z) + T is boundedly invertible (i.e., 0 € p(Qo(z) + T)).

Leth €e Hand f = u+n € D(Ay.r) be such that h = (Ay 7 — zI) f. Using (24),
(2.5), one gets h = (A — zI)u — zn or PyA(A — zI)"'h = —(Qo(z) + T)n and hence,
n=—(Qo@ +T)"'PyA(A—zD)"'h.

On the other hand, it is easy to verify that [(Ay.7 — zI)™' — (A — z)7'lh =
A(A — zI)~!y. Comparing the latter two equalities we justify (2.7) for Im z % 0. Obviously,
(2.7) can be extended onto z € p(A) N p(An,7) by continuity and 0 € p(Qo(z) + T) &
z€ p(A)N p(Ay,1). Theorem 2.1 is proved.

THEOREM 2.2. Let A be an arbitrary self-adjoint operator in H and A > I. Then
there exists a unique pair { N, T}, where T is an admissible self-adjoint operator in a subspace
N suchthat A = Ay 1.

The correspondence A< {N, T} is a bijection between all self-adjoint operators and
the set of pairs {N, T}, where N is an arbitrary subspace of H and T is an arbitrary admis-
sible self-adjoint operator in N.

PROOF. Assume that A # A is an arbitrary self-adjoint operator in H. Then A and
A are relatively prime extensions of the symmetric (not necessarily densely defined) operator
AN = A A A, where N is determined by (1.3).



PERTURBATION THEORY OF SELF-ADJOINT OPERATORS 279

Denote by N, = H © R(An — zI) the defect subspace of Ay corresponding to z € C.
An analog of the von-Neumann formulas for non-densely defined symmetric operators (see
e.g., [18, 23]) provides the following description of A

D(A) = D(An) +{( — C)ni | Vi € N}, (2.12)
where C3 = (Z — iI)(X + 1)~ is the Cayley transform of A and
Ao +ni — Cqni) = Aug +i(I + Cpmi  (uo € D(Ay), 1i € Ny). (2.13)

The operator A is described by the same formulas (with C4 = (A — il)(A + i)~}
instead of Cj) and the property of A and A to be relatively prime with respect to Ay means
that (C4 — C3) [u; is an invertible operator.

Taking into account that A(A — zD™! maps N onto N; and R(Cy [n;) = N—;, one can
decompose any f =ug+ (I — Cy)n; € D(X) as f =u + n, where

u=ug+iA"' (I +Cpmi € DA), n=(A+iDA"(Ca—Cpmi eN

and A f = Au. These relations, enables one to rewrite the definition (2.12), (2.13) of A in the
form (2.4), (2.5), where

Tn=—iPNUI+C7)(Ca—Cp) 'AA+iD™ 'y, neDT) =(A+iDA T (Ca—Cy)N; .

The operator T is well-defined (since ker(C4 — C3) [n;= {0}), admissible (by Lemma 2.2),
and self-adjoint (by Theorem 2.1). So, we show that A= ANT.

It follows from Theorem 2.1 that the correspondence Ao {N, T} is a bijection between
self-adjoint operators and pairs {N, T}, where N is a subspace of H and T is an admissible
self-adjoint operator in N. Theorem 2.2 is proved.

REMARK 1. Theorem 2.2 can be also proved with the use of [21], where a description
of all self-adjoint operators A has been obtained with the help of parameters { M, y} appearing
in the Krein’s resolvent formula relating A and A. Here M = Ny ={neH|{(A+
iDu,n) =0, Au = Au} is a defect subspace of A A A and the self-adjoint operator y in M
is determined by the relation

U=1-2iy+il)"'Py, (2.14)
where the unitary operator U has the form
U=[A—iDA+iD) " (A+iDA—-iD]. (2.15)
Let us show that the equation

A—iD'=A-iD"'—AA-=iD " QoG)+T) ' PyAA —il)™! (2.16)

has a unique solution 7', where T is self-adjoint in N and Qo(i) = i PyA(A — il)~! Py.
Indeed, since (A + iI)(A —il)~' = I +2i(A — iI)~! by substituting (2.16) into (2.15) we
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have
U=1-2iAA+iD)" " Qo)+ T) ' PyAaA—iD7". (2.17)

Equating the right-hand sides of (2.14) and (2.17), enables one to establish an explicit expres-
sion of T through y:

T =PyAA—il) ' Pyy PyAA+iD)™'Py + Py(A+ A 7Py (2.18)

Since y is self-adjointin M = A(A+iI)~' N, relation (2.18) shows that T is self-adjoint
in N and D(T) = (A +iI)A~'D(y). It follows from (2.7) and (2.16) that (AN, — in~!=
(A—iD ™ ie,A=AnrT.

Many properties of Ay 7 can be easily characterized through the parameters N and 7'.

PROPOSITION 2.2. Let An,T be defined by (2.4), (2.5). Then:

(1) The zero operator T = 0 is admissible for any choice of N. The corresponding
operator Ay o coincides with the Krein-von Neumann extension® of An.

(i1) The operator Ay, T is boundedly invertible if and only if T is boundedly invertible
in N. In that case A;,}T =A1 T 1py.

(iii) The operator AT is a finite rank perturbation of A if and only if dim N < oo.

PROOF. Since A > [ the condition (2.6) provides the admissibility of the zero operator
T = 0 for any choice of N. The corresponding operator Ay ¢ has the domain D(Ayn o) =
D(An)+N (by (2.8)). Employing Corollary 3 in [5], we derive that Ay ¢ coincides with the
Krein-von Neumann extension of Ay .

Since A > 1, formulas (2.4), (2.5) imply that 0 € p(Ay,7) < 0 € p(T) and A]T,}T =
A7l —T71py.

A self-adjoint operator Ay 7 is a finite rank perturbation of A if the resolvent difference
6, = (An.t — zI)™' — (A — zI)~! is a finite rank operator (i.e., dimR(f;) < oo) for at
least one z € p(A) N p(An,T) [16]. Since 0 € p(A(A — zI)™1), the relation (2.7) yields
dim R(6;) = dim N. Proposition 2.2 is proved.

2.3. BYVS approach. As was mentioned above, the symmetric operator Ay is not
necessarily densely defined and the description of self-adjoint extensions Ay, r D Ay cannot
be obtained directly by methods of the extension theory of densely defined operators. An
approach presented in this subsection allows one to avoid this inconvenience and to consider
An.r as an extension of a densely defined symmetric operator. Precisely, under the assump-
tions:

(1) N, = NND(A) is aclosed subspace in H;

(2) there exists a bounded self-adjoint operator R in N satisfying the condition

Rn, = PyAn,, Vn. €N, (2.19)

2j.c., the “smallest” self-adjoint extension among all nonnegative extensions of Ay, whereas the Friedrichs ex-

tension of Ay is the “greatest” one, see [5] for details.
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and such that (T — R)~! is a bounded operator in N,

we construct a closed densely defined symmetric operator Ay r.min such that Ay C
AN.T.min C An, 7 and describe Ay 7 in terms of BVS of A";V’T’min (cf. Proposition 2.1).

It follows from (1) that the space N admits the decomposition N = N, & N, into its
singular Ny = N & N, and regular N, = N N D(A) parts with respect to A.

With respect to the decomposition N = N, @& Ny, the operator R can be presented as an
Rrr Rrs
RSI" RSS
and R,; = R}.. The choice of Ry, in Ny is restricted by the condition of (7' — R)~! to be
bounded.

Since D(A) + N = D(A)+Ns, the definition (2.4), (2.5) of Ay.7 can be rewritten with
the use of R

Antf=ANT(OW+n) =Av— APy, veEDMA), ns€N;, (2.20)

operator-valued matrix < ) Here R, = Pn,APy,, Ry = Pn,APy, (by (2.19)),

where n € N and n; = Py, 7 satisfy the boundary condition
(T — R)n = —(PvAv + Runy) . (2.21)
By analogy with (2.20) and (2.21), we define an operator A y.7.max in D(A)+Nj by the
formulas

AN,T,maxf = AN,T,maX(U +ng) = Av — APN,& , veD(A), nseN;s, (2.22)

where & € N is determined for f = v + 5, by the relation (cf. (2.21))
(T — R)§ = —(PvAv + Ryy) . (2.23)

It follows from the definition of Ay, 7 .max that D(AN, 7 max) < D(A)+N;.

THEOREM 2.3. [Ifassumptions (1), (2) hold, then the operator AN T max possesses the
following properties:
i) D(AN,T,max) = ,D(A)‘i‘Ns-
ii) The abstract Green identity

(AN, T.max f> 9) — (fs AN, T.max9) = (I f, Tog)n, — (o f, T 9N » (2.24)
(f, g € D(AN,T.max)) holds, where
Inf =To(w+ng) = Pn(Av+Rys), If=nI@+n) =& —ns, (2.25)

veD(A), ns € Ny, and & = Py, &, where & € N is determined by the relation (2.23).
iii) The map (I, I') : D(AN,T.max) = Ns @ Nj is surjective.
iv) The operator AN,T,min = AN,T,max [D(Ay 7.min)>

D(AN,T.min) = {f € DA+ Ny | Inf =T f =0} (2.26)

is a closed symmetric densely defined operator in H and A}y 1 i = AN, T,max-
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v) The triple (N, Iy, I'1), where I'; are determined by (2.25) is a BVS of AN, T .max =
Aﬂ]i/,T,min'

PROOF. Since (T — R)~! is bounded, the relation (2.23) immediately implies i).

To establish the Green identity for Ay 7.max, we denote fi = v’ + ni (v € D(A),
772 € Ny, i = 1,2) and consider the corresponding £/ € D(T') that are determined by (2.23).
It follows from (2.22), (2.23) that

AN Tmacf ' D = (FL AN Tma f2) = (Avh 2 — 1) — () — €], Av?)

+ (!, APN,E?) — (APN, Y, n?) + (AV), D) — (€, Av?) . (2.27)

Using the self-adjointness of 7 and R and the relation (2.23), we get (Av!, £2) —
(', Av®) = (=(T = R)§' — R}, &%) — (¢!, —(T — R)E* — Rn7) = (RE', n}) — (n;, RE).
Substituting the obtained expression into (2.27) and taking (2.19) into account, we establish
(2.24).

To prove iii) it suffices to verify that

I'N'D(AN,T,max) = Ny and  (I'o, I')D = N, @ {0} (2.28)

for some set D C D(AN,T.max)- Indeed, for any f = —A’anS + 7, relation (2.23) gives
& = 0 and hence, I'1 f = —n;. So, the first relation in (2.28) is true.

Let wy € Ns. Since T — R is boundedly invertible in N, (T — R)§ = w; for an
element & € N. Putny = &, andv = —A~ (w; + Rny). Then It (v+1n5) = & — s = 0 and
I'o(v+ns) = Py, (Av+ Rng) = —w; that gives the second relation in (2.28) for D = {v+1;}.

Let us prove iv). It follows from (2.24) and (2.26) that A x, 7 min iS @ symmetric operator
in H. Moreover Ay, 7 min D An (see (2.25)). Thus, if ¢ is orthogonal to D(A N, T,min), then
t L D(Ay) and hence, t = Aw,, where w, € N,. Denote by & the solution of the equation
(T — R)E = wy and put gy = & = Py&E, v = —A~'(w, + Ryy). Then (v + ny) =
& —ns=0,To(v+ns) = Py, (Av+ Rns) =0.Thus f =v+1ns € 7-)(AN,T,min) and

0= (f, Aw,) = (=A™ (w, + Rny) + 15, Aw,) = —(w,, w,) =0

(here we use that R = R* and Py Aw, = Rw,). Therefore w, = 0 and An, 7 min is a densely
defined operator.

The adjoint Aj‘V’T’min can be find by analogy with the description of A*N’T in Theorem
2.1. Namely, we consider the equation (Ay,7 minf, 9) = (f, w) forall f € D(AN.T.min)- The
assumption f € D(Ay) gives g — A~ 'w = ¢ € N. Hence g = A~'w + ¢ € D(A)+N; =
D(AN,7.max)- By (2.24), (AN, 7.minf, 9) = (fs AN.7.max9) (Vf € D(AN, T min))- S0, w =
A*N,T,ming and AR,T,ming = AN,T,maxQ»

The relation Ay, 7 max O AN.T.min implies A";V’T’max C AN, T.max- The equality
A*N!T’max = AN, T.min follows from the Green identity (2.24) and the property iii) of I;.
Thus Ay, 7. min is a closed operator.
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By virtue of i)-iv), the triple (Ny, Iy, I'1) is a BVS of A"]‘V 7 min = AN.T.max- Theorem
2.3 is proved.

THEOREM 2.4. If assumptions (1), (2) hold, then An T is a self-adjoint extension of
the densely defined symmetric operator AN, T .min and

ANT = AN.T.max DAy DANT) ={f € DA+ Ny | I f =0}.

PROOF. If (T — R)~ ! exists, then ker(T — R) = {0} and, hence ker(7 — R) v, = {0}.
The last relation and (2.19) yield (2.6). So, T is an admissible self-adjoint operator in N.

Let Ay, 7 be a self-adjoint operator determined by (2.4), (2.5). Comparing (2.21) and
(223) forany f = v+ ny € D(Ay,7) one gets £ = n. Butthen I'1f = & — ny = 0 and
An.Tf = AN.T.max f. Therefore, the self-adjoint operator Ay 7 is a restriction of A?V’T =
AN, T max [kerry- Since (Ng, I, 17) is a BVS of Ay, 7 max, the operator A’N’T is self-adjoint
[13]. Hence, Ay, = A’N’T. Theorem 2.4 is proved.

In Theorems 2.3, 2.4 it is assumed that B = (7 — R) ! is a bounded self-adjoint operator
in N. This allows one to exclude & in (2.22), (2.23) and to establish the following explicit
expression for Ay, 7. max:

AN,T,maxf = AN,T,max(U +n5) = Av + APNrBPN(AU -+ Rny) (2.29)
for all v € D(A) and n; € Ns. Combining (2.29) with Theorem 2.4, one gets

THEOREM 2.5. Let B be a bounded self-adjoint operator in N = N, & N5, N, =
N N'D(A) is a closed subspace, and ker B = {0}. Then the operator

Af =A@+ n) = Av+ APy, BPy(Av + R) (2.30)

where elements v € D(A) and ns € Ny satisfy the boundary condition
ns + Pn,B(PyAv+ Rng) =0 (2.31)

is self-adjoint in ' H and ANA=Ay.

Note that Theorem 2.5 can be proved without employing of previous theorems. To do
this, it suffices to establish the Green identity for the operator A y 7, max defined by (2.29) with
the boundary operators

Inf =Tow+ns) = Py,(Av+Rng), If=TI1Ww+ns) =—ny— Py,B(PyAv + Rny)

in the right-hand side and to verify that the triple (N, I, I7) is a BVS.
In a particular case where N = N,, the following result can be easily proved.

THEOREM 2.6. Let B be a bounded self-adjoint operator in N C D(A). Then the
operator

A=A+ ABPyA, D(A)=D(A) (2.32)

is self-adjoint in H. The relation ANA= Ap holds if and only if ker B = {0}.
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REMARK 2. In this subsection, operators Ay 7 are studied under assumptions (1) , (2)
(see the introductory part of subsection). Their weakening requires an additional considera-
tions. However they are immediately satisfied in a series of important particular cases. For
instance, in the case of purely singular perturbations N, = {0}, the condition (1) is trivial and
(2) is obviously satisfied for any self-adjoint operator 7. Another example deals with the case
of finite rank perturbations. Here (1) is obvious and (2) is justified by the following assertion.

PROPOSITION 2.3. Let T be an admissible self-adjoint operatorin N = N, & Ny and
dim N < oo. Then there exists a self-adjoint operator R in N satisfying condition (2.19) and
such that ker(T — R) = {0}.

PROOF. Let

C=T-R= (g g) . C=ChL. Cu=C.., Cuy=C.
Since the property of 7' to be admissible is equivalent the relation ker C., Nker Cs, = {0}, we
complete the proof after the finding C;, such that ker C = {0}.
Let us consider Cyy = I + CerCrrl_lPNl C,s, where I is the identity operator in N;
and Ny = N, © kerC,,. It is clear that Cr_rl Py, and |Crr|_1PN1 exist and hence, Cyg is
well-defined. Assume that x = x, + x; € kerC, i.e.,

Crrxr +Crsxs =0, Cgxr+ Cssxs =0. (2.33)

It follows from the first relation that (C,sxs,x9) = 0, Vxo € kerC,, and x, = Xg —
Cr_r1 Py, Crsxs, Xo € kerC,,. Substituting the obtained expression of x, into the second
relation of (2.33) and multiplying it by x; we get

(x5, x5) 4 (Csr [|Crr | ™' = €1 PN, Crixs, x5) = 0.

Here the second term is nonnegative (since C,s = C}.) and hence, x; = 0. Butthen C,,x, = 0
and Cg.x, = 0 (see (2.33)) i.e., x, € kerC,, NkerCy, = {0}. Therefore, kerC = {0}.
Proposition 2.3 is proved.

3. Additive perturbations theory approach

To describe self-adjoint perturbations Aof Aas A+ V,in general, one needs to use
“potentials” V acting in the scale of Hilbert spaces associated with A (A-scale).

We recall [7] that A-scale is the collection of Hilbert spaces Hy C H = Ho C H—s s >
0, where H; = D(A%/?), |lulls = ||A*/?u|| and H_; is the completion of H( with respect to
lull—s = |A~*/2u||. We will use the notation A for the continuation of A as an isometric
mapping from Ho = H onto H_». Then the inner product in H can be extended to a pairing
between H; and H_;. In particular, for u € Hy = D(A) and ¥ € H_j, we have (u, ) =

(Au, A=) = (Y, u).
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An operator L : ‘Hy — H_; is called Hermitian if (Lu, v) = (u,Lv) for all u,v €
D) C H;,.

Let L : H — H_,. In that case, the operator L = L [p, where D = {u € D(L) | Lu €
‘H} is called the H-part of L (or the restriction of L in H, L = L |3). If L # L |4, then the
operator L is called singular in H.

Obviously, that A |1y= A and A is a singular operator in H.

PROPOSITION 3.1. Under the conditions of Theorem 2.5, we consider the singular
operator

Af =Af+ABPy(Av+Rn,), f=v+n,, veHa, €Ny, (3.1

determined on Hy+Ns. Then the H-part of A coincides with the self-adjoint operator A in
Theorem 2.5.

PROOF. Since
Af =A@+ 1) = A+ 1) + Alns + Py, BPy(Av + Ryy)1,

where A is determined by (2.30), the condition K(v + ns) € H is equivalent to the boundary
condition (2.31). Hence, A = A. Proposition 3.1 is proved.

THEOREM 3.1. LetV : Hy — H_j be a bounded Hermitian operator and let N =
A"'R(V) = Ho AkerV be a subspace of H such that N = N, & Ny, where N, = N N\ Hj.
Assume that R is a self-adjoint operator in N satisfying the condition (2.19) and consider the
extension (regularization)

Vef=Vu+A'Ry), f=u+n,, ueHy, ns €N

of V onto Hy+Ny. Then the H-part of the singular operator A=A+ V& is a self-adjoint
operatorg =A |3 inH and AN A = Ay.

PROOF. The operator B = A~!VA~! Py is a bounded self-adjoint operator in N and
ker B = {0}. It is easily to see that the singular operator A = A + Vy coincides with the
operator A defined by (3.1). Using Proposition 3.1, we complete the proof of Theorem 3.1.

REMARK 3. The necessity of an extension (regularization) of an Hermitian singular
“potential” V for the construction of self-adjoint realizations of A 4+ V in H has been justified
in [2] for the case of finite rank purely singular perturbations. For Schrodinger operators
with point interactions, the ideology of the regularization of an initial expression to the wider
domain of the formal adjoint operator is often used in physical works and it was inspired by
Fermi’s work [12], where a “pseudo-potential” was used for regularization.

IfR(V) C H_1,ie., N C Hy, asingular operator V : H> — H_3 can be continuously
extended onto H; as a bounded Hermitian operator V:H 1 = H_1. The operator V is defined
onH; D Ha+ Ns and itis called natural extension of V. In that case, the regularizing operator
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R is determined uniquely by the equality (Rn, 7)) = (A'/?n, AV/%¢), ¥y, & € N C H; and it
is called natural.
The next statement is a direct consequence of Theorem 3.1.

PROPOSITION 3.2. LetV : H1 — H_1 be a bounded Hermitian operator. Then the
‘H-part of the singular operator A=A+Visa self-adjoint operator A= A+ ’\7) |7 in H.

REMARK 4. In[17] for purely singular perturbations of the form

A=A+ay_i( V1), Y_1eH 1\ H (3.2)

it has been shown that the Friedrichs extension of the corresponding minimal operator is
determined by (3.2) with the coupling constant « = co. Such a property can be generalized
as follows.

PROPOSITION 3.3. A purely singular perturbation A of A coincides with the
Friedrichs extension Afr ofg A A if and only if N C Hj, where N is the defect subspace
ofg A A. In this case, A= Afp = AN, T, where T is determined by the relation

(Tn, &) = (A2, AV8), Vi, EeNCH, (3.3)

and A;l =A"1— PZ]{‘ A~ where PZ,-[] is an orthoprojector in the Hilbert space H1 onto
N.

PROOF. Since A and A are relatively prime extensions of the symmetric operator Ay =
A A A with the defect subspace N, the general properties of the Friedrichs extension yield
that A = Ap & N CH, (see e.g., [6]). The Friedrichs extension Ar is distinguished by
the condition (Ar f, g) = (A2 f, A1/2¢) (Vf, g € D(AF)) among all self-adjoint extensions
Ay.r of Ay. Using (2.8) and (2.9) we rewrite this condition as (Tn, &) = (A'/%n, A1/2&)
(Vn,& e N C Hy).

By virtue of assertion (ii) of Proposition 2.2, A;l = A~'—T~1Py. Using (3.3), it is easy
to show that T P11' A= = Py that gives A—' = A=! =PI A1 Indeed, (T PL' A=) f, ) =
(AV2PII A= AV2g) = (PIY A=Y, p)gg, = (A™V f, )3y, = (Pw f, ). Proposition 3.3
is proved.

REMARK 5. Under the conditions of Proposition 3.3, the natural regularizing operator
R coincides with T. This means that B = (T — R)~! does not exist. In this case, from the
physical point of view, infinite value of the coupling operator-parameter B can be used.

REMARK 6. The non-uniqueness of the regularizing operator R (up to the choice of
Ryy) is useful for the description of all finite rank perturbations in terms of singular additive
perturbations (see Proposition 3.1 and Remark 2) and for the preservation of initial symmetries
of the potential V in its regularization Vy (see e.g., [2, 15]).
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4. The resolvent approximation

PROPOSITION 4.1. Let a finite dimensional subspace N be fixed and let T; be a se-
quence of admissible operators that converges to an admissible operator T in N. Then Ay 1
converges to An,T in the norm resolvent sense.

PROOF. To justify that Ay, 7; — Ap,7 in the norm resolvent sense it suffices to show
that [|(An,7; — 27— (AnT — z)7'| — 0 for a fixed z € C\R. By virtue of (2.7), the
latter relation is equivalent to

I(Qo() + T~ = (Qo(z) + T)'1Px| — 0. .1

To verify (4.1), we fix an orthonormal basis {n;}] in N and consider matrices ®; =

(Glil)ZJ:l and ® = (le)ﬁgl:] that correspond to the operators Qo(z) + T; and Qo(z) + 7T,
respectively, in the basis {n;}].

Since T; — T, the operators Qo(z) + T; converge to Qo(z) + T as i — oo. In this
case, e,gl — O forany 1 < k,l < n [14]. Hence, det ®; converges to det @, where det ® is

. . . . 1 1
a non-zero number (since Qo(z) + T is invertible). This means that Te, — o and any

entry Xlil of the inverse matrix @lfl converges to the corresponding entry xz; of @ ~!. This
property is equivalent to (4.1) [14]. Proposition 4.1 is proved.

THEOREM 4.1. For any finite rank self-adjoint perturbation Ay T there exists a se-
quence Ay, 1, = A+ V; (Vi = AT — PN,.A)_IPNI. A) of regular finite rank perturbations
that converges to AN, in the norm resolvent sense, as i — 0.

PROOF. Let Ay, 7 be a singular finite rank perturbation of A and let {n;}] be an or-
thonormal basis in N. Since D(A) is dense in H, any vector n; of the basis can be approxi-
mated by elements from D(A). Combining this with the Gramm-Schmidt orthonormalization
procedure it is easy to establish the existence of an orthonormal system {nj}’f of elements
from D(A) such that

Inj —nill<e. 1<j<n, Ve>0. 42)

€,

Let us choose a decreasing sequence &; — 0 and let {nji }| be the corresponding or-

thonormal system satisfying (4.2) for ¢ = ¢;. Obviously, the linear span N; of {n;i ¥ is
contained in D(A) and the sequence of subspaces {N;} approximates N in the sense of (4.2).

To define a sequence {7;} of admissible operators in N; we fix the matrix 7 = (tkl)f(’) =1
corresponding to the given operator 7 in the basis {n;}| and determine an operator 7; having
in N; the same matrix representation 7 but with respect to the basis {nj’ }1. Of course, the
operator T; constructed in such a way need not be admissible (i.e. may happen that ker(7; —
Py; A) is not trivial). However, the admissibility of 7; is easily achieved by the replacement

of T; by T; — al, where a > 0 can be chosen less than an arbitrary fixed positive number.
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In what follows, for definiteness, we will assume that the entries of the matrix 7; =
(t,’;l)z_ ;= corresponding to the admissible operator 7; in the basis {77;’ }] satisfy the relation

lt —ti)| <&, 1<kl<n, VieN. (4.3)

The regular subspaces N; and admissible operators 7; constructed above allow one to
determine with the help of (2.32) a sequence {Ay; 7} of finite rank regular perturbations of
A.

By analogy with the proof of Proposition 4.1 we conclude that the convergence Ay, 7; —
An.r fori — oo in the norm resolvent sense is equivalent to the convergence

1(Qh(z) + T ' Py, — (Qo(@) + T) ' Pyll = 0, i — oo, (4.4)

where Py, are orthoprojectors onto N; in ‘H, z € C\R is fixed, and Q{)(z) = zPn;A(A —
2L
Let f € H. Then (Qo(x) + T) "' Px f = (1, ..., n)O ' col((fs ), ..., (f, ma)) and

(Oh@) + TPy, f =i, 0O eol((f, (), .oy (s 0ED)) . (4.5)

Here ©® = (6)} ;_, and ©; = (Olil)z ;— are the matrix representations of Qo(z) + 7 and
Qf)(z) + T; in the basis {n;}] and {nji 1, respectively.

It follows from (4.2) and (4.3) that the entries 9,£l of ®; converge to the corresponding
entries G; of ®. Using this fact and arguing as in the proof of Proposition 4.1, we conclude
that the entries Xlil of the inverse matrix @i_l converge to the corresponding entries xi; of
O lasi — oo.

Let us fix an arbitrarily small ¢ > 0 and choose m € N such that the inequalities ¢; <
e and |xx — x,il| < &1 <k,l <nholdforalli > m. Using (4.2) and (4.5) it is easy to
verify that

1(Q(2) + T) " Py, f — (Qo() + T) ' Py fIl < Bn®x)ell fIl, Vi>m, (4.6)

where x = maxi<ki<n|xki|- Since f is arbitrary element from H, the upper bound (4.6)
implies (4.4). Theorem 4.1 is proved.

5. Finite rank perturbations of the Schrodinger operators

5.1. One point interaction in R3. Let us consider the Schrodinger operator with one
point interaction determined by the expression —A + 1 + b (-, 8)8 (b € R), where § is the
Dirac §-function (with support at 0).

In this case, the free Schrodinger operator has the form A = —A 4+ I, D(A) = H, =
W22 (R3), where W22 (IR3) is the Sobolev space. The operator A acts in L>(R3). The dual space
‘H_» coincides with W~ 2(R3 Yand V = b (-, §) 6(x) is a symmetric singular operator acting
from Hy in H_».
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Obviously, ker V. = {u(x) € W22 (R3) | u(0) = 0}. The restriction of A onto ker V de-
termines a symmetric densely defined operator Ay, D(Ay) = ker V (see (1.1)), where the

defect subspace N = L,(R?) © Aker V coincides with the linear span of %Tl

To define a regularization Vg on D(A}) = W22 (R3)+N, we consider the linear func-
tionals I'; : D(Ay) — C (i =0,1)

Nf = fo=dr i 3£, Tof = f; = lim <f(x) . ) (5.1)

47 |x|
and define the following extension of V onto D(A})):
Vef(x) =bf.8(x), VfeDAy) = WZZ(R3) +N. (5.2)

It is interesting to note that the well known pseudo-potential

3
VEf(x) = b[—lxlf(x)] 8(x)
dx| 4120

suggested by Fermi [12] in 1936 determines exactly the same regularization Vg.
The operator A = —A + [ is determined in the A-scale and it maps L2(R3) onto

W, 2(R3 ), where the right-hand side is understood in the distributional sense, i.e.,
Af =(=A+Df=—ANE+ fX)+ fi8(x), feWsR)EN.  (53)

Here the symbol —(Af)(x) means the action of —A in the point-wise sense except for x = 0.
The LZ(R3)—part of A+Vr is a self-adjoint operator Ain L>(R3) and it can be considered
as a model of the Schrédinger operator with one point interaction determined by the singular
potential V. The operator Aisa purely singular perturbation of A.
Since f € D(Z) & (A + VR)f € Lo(R3), relations (5.2) and (5.3) imply

D(A) = {f € WIR»4N | f; +bf, =0}
and Af (x) = =(Af)() + f ().

To get a description of A in the extension theory framework we note that the triple
(C, Iy, I'1), where I are determined by (5.1) is a BVS of Ay. In terms of this BVS, the oper-
ator A can be described as the restriction of A%, onto D(Z) ={f e DAY | =bIovf =If}.

5.2. Nonlocal point interaction in R. Let us consider a Schrodinger operator that is

. . 2 . . . .
determined by the expression —% + I 4+ V with a singular symmetric potential

V=011 (8)8+b1a(,q)8 + b21 (-, 8) g + bn(-,q)q . 54

Here the coefficients b;; € C form an Hermitian matrix 5.

The nonperturbed operator A has the form A = —d?/dx?* + 1, D(A) = W22 R) = H,o
and the defect subspace N C L»(R) coincides with the linear span of functions 11(x) =
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A7ls = %e""' and np(x) = A~ 'g(x). Since n2(x) € D(A), the corresponding symmetric
operator Ay is non-densely defined.

Self-adjoint extensions of Ay are examples of mixed singular perturbations of A. To
describe such type of extensions with the help of additive perturbations A 4+ V, we need to
construct some extension (regularization) of V onto WZZ(R) + N. This is a simple problem
because W22 (R) + N C H; and the delta function § admits the extension by continuity onto
W2(R) + N defined by the formula (f, 8) = f(0) (f € W2(R) + N). As a result we get

Vrf =0b11f(0)8(x) + b12(f, )6(x) + b21f(0)q (x) + b22(f, q)gq(x) .

The operator A = —dd—xzz + I maps L>(R) onto W, Z(R), where the derivative is under-
stood in the distributional sense, i.e.,
d2
—ﬁf(X) =—f"(x) = fI8(x) — £:8'(x), Yf e WiR\{0D), (5.5)

where f; = f(+0) — f(=0), f; = f'(+0) — f/(—0), and f”(x) means the ordinary second
derivative for x # 0.
Since any function f € WZ2 (R) + N is continuous at x = 0, the formula (5.5) takes the

form: Af = —f"(x)+ f — fl8(x), Vf € WZZ(R) + N. Therefore,

A+VR)f = —f"(x0)+ f(x)+[ba1 f(0)+ b2 f. ¢))q (x) + [b11 f(0)+b1a(f. q) — £;18(x) .
The L (R)-part of A 4 Vg is a self-adjoint operator A in L>(R) determined by the rule:

Af =—f"@) + f(x) + b2 £(0) + baa(f, 9))q(x)

where f € D(A) = {f € W}(R) + N | bi1 f(0) + b12(f, q) = £/} and A can be interpreted
as a model of the Schrodinger operator with non-local point interactions [3, 4].
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