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Abstract. In this note we construct explicitly a family of nilpotent polylogarithmic extensions unramified
outside three points of the fieldC(z) of rational functions of one variable overC. We show how to use these
extensions to calculate explicitlyl-adic polylogarithms introduced in [5].

0. Classical complex polylogarithmsLin(z) = ∑∞
k=1

zk

kn
are related to certain nilpotent

quotients ofπ1(P1(C) \ {0,1,∞} ; −→
01). More precisely, the monodromy representation of

the matrice function (see [2])
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(log z)2

2! log z 1
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− Lin(z) . . .




factors through the polylogarithmic quotientπ1(P1(C)\{0,1,∞} ; −→
01)/〈Γ n+1, y(2)〉, where

〈Γ n+1, y(2)〉 is a normal subgroup ofπ1(P1(C) \ {0,1,∞} ; −→
01) generated by commutators

of lengthn + 1 and by commutators which contain at least twoy’s. (We recall thatx-loop

around 0 andy-loop around 1 are standard generators ofπ1(P1(C) \ {0,1,∞} ; −→
01).

Let K be a finite extension ofQ. In [5], we have definedl-adic polylogarithmsln(z),

which are coefficients of some big Galois representations of the group Gal(Q̄/K) for z ∈ K
and which non-normalized versions appear in“the same place” as the classical polylogarithms
Lin(z). Thel-adic polylogarithmsln(z) are calculated explicitly in [3].
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In this note, we shall recover the explicit formula from [3] studying nilpotent polyloga-
rithmic quotients of Galois groups of Ihara elementary extensions ofC(z)—the field of ratio-
nal functions of one variable overC. The approach is very elementary, though it is related to
the one presented in [3]. It is different from the Gabber construction of the Heisenberg cover

of P1 \ {0,1,∞}. The Gabber construction was however one of the principal motivations of
this note.

1. Let C(z) be a field of rational functions of one variable overC, i.e., the field of
rational functions onP1

C. We start with the study of the Galois group of the two-stage Ihara
elementary extension ofC(z) (see [1]).

Let l be a given prime number. Let us setξln := e
2πi
ln . Let a andb be two points of

P1(C) \ {∞}. We define extensionsK(n)
1 andK(n,m)

2 of the fieldC(z) setting

K
(n)
1 := C(z)((z− a)1/ l

n

)

and

K
(n,m)
2 := K

(n)
1 (((b − a)1/ l

n − ξ iln(z− a)1/ l
n

)1/ l
m ; 0 ≤ i < ln) .

Observe that these extensions ofC(z) are algebraic, unramified outsidea, b and∞.

Below we shall calculate the Galois group ofK(n,m)
2 overC(z). This group is a quotient

of π1(P1(C) \ {a, b,∞} ; v) — a free group on two generators,x-loop arounda andy-loop
aroundb.

The composition of loops is from right to left. Actions of groups are left actions, i.e.,
(α · β)(u) = α(β(u)).

Let us denote by

ϕn,m : π1(P1(C) \ {a, b,∞} ; v) → Gal(K(n,m)
2 /C(z))

the natural epimorphism.

LEMMA 1.1. The groupGal(K(n,m)
2 /C(z)) has the following presentation

Gal(K(n,m)
2 /C(z)) = 〈α, βi ; i ∈ Z/ln | αln = 1 , βl

m

i = 1 , βiβj = βjβi , αβiα
−1 = βi+1〉,

whereα := ϕn,m(x) andβi := ϕn,m(x
iyx−i).

PROOF. Let us define automorphismsα andβi (i ∈ Z/ln) of the fieldK(n,m)
2 by setting

α((z − a)1/ l
n

) : = ξ1
ln (z− a)1/ l

n

,

α(((b − a)1/ l
n − ξkln(z − a)1/ l

n

)1/ l
m

) : = ((b − a)1/ l
n − ξk+1

ln (z− a)1/ l
n

)1/ l
m

for k = 0,1, . . . , ln − 1 and

βi((z− a)1/ l
n

) : = (z− a)1/ l
n

,
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βi(((b − a)1/ l
n − ξkln(z− a)1/ l

n

)1/ l
m

) : = ξ
δki
lm ((b − a)1/ l

n − ξkln (z− a)1/ l
n

)1/ l
m

for k = 0,1, . . . , ln − 1 andi ∈ Z/ln. One easily checks thatα andβi (i ∈ Z/ln) satisfy the
relations of the Lemma.

LetG be a subgroup of Gal(K(n,m)
2 /C(z)) generated byα andβi (i ∈ Z/ln). Observe

thatG hasln · (lm)ln elements and thatG has a presentation as in the Lemma. The field

extensionK(n,m)
2 of C(z) is finite of degreeln · (lm)ln , henceK(n,m)

2 is a Galois extension of

C(z) and Gal(K(n,m)
2 /C(z)) = G.

Studying monodromy transformations of functions(z−a)1/ ln and((b−a)1/ ln −ξkln(z−
a)1/ l

n
)1/ l

m
for 0 ≤ k < ln along elementsx andxiyx−i for 0 ≤ i < ln we show that

α = ϕn,m(x) andβi = ϕn,m(x
iyx−i) for 0 ≤ i < ln. �

COROLLARY 1.2. In the groupGal(K(n,m)
2 /C(z)) we have

(α−1 · β0)
ln = βln−1 · βln−2, . . . , β1 · β0 ,

henceα−1 · β0 is an element of orderln+m. �

COROLLARY 1.3. The groupGal(K(n,m)
2 /C(z)) is isomorphi to the semi-direct prod-

uct

Z/lm[Z/ln]×̃ϕZ/ln ,

whereϕ : Z/ln → Aut(Z/lm[Z/ln]) is given byϕ(1̃)(
∑ln−1
i=0 αi [i]) = ∑ln−1

i=0 αi [i + 1]. �

2. In this section, we shall study nilpotent polylogarithmic quotients of a free group on
two generators.

For any groupF we denote by{Γ nF }n∈N the lower central series ofF . We denote by

(Γ 2F,Γ 2F) the double commutator ofF .
Let F(x, y) be a free group on two generatorsx andy. Let us introduce the following

notation:

(x(0), y) := y , (x(1), y) := x · y · x−1 · y−1

and

(x(m+1), y) := (x, (x(m), y)) for m > 0 .

LEMMA 2.1. For any natural numbersi andj , we have

xi · y · x−i ≡
i∏
k=0

(x(k), y)(
i
k) mod (Γ 2F(x, y), Γ 2F(x, y))
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and

xi · (x(j), y) · x−i ≡
i∏

k=0

(x(k+j), y)(
i
k) mod (Γ 2F(x, y), Γ 2F(x, y)) .

PROOF. Observe thatx · y · x−1 = x · y · x−1 · y−1 · y = (x(1), y) · y. Hence the first
congruence is shown fori = 1. Assume that it is true fori ≤ m. Observe thatx · (x(a), y) ·
x−1 = (x(a+1), y) · (x(a), y). Hence we get

xm+1 · y · x−m−1 ≡ x ·
( m∏
k=0

(x(k), y)(
m
k) · x−1 ≡

m∏
k=0

((x(k+1), y)(
m
k) · (x(k), y)(mk))

)

≡
m+1∏
k=0

(x(k), y)(
m+1
k ) mod (Γ 2F(x, y), Γ 2F(x, y)) .

The proof of the second congruence is the same. �

3. Now we shall construct nilpotent polylogarithmic quotients ofF(x, y) and in con-

sequence finite nilpotent polylogarithmic coverings ofP1
Q

\ {a, b,∞} unramified outsidea, b

and∞.
In a finite polylogarithmic quotient ofF(x, y), we wantxl

n = 1. On the other side by
Lemma 2.1 we have

xl
n · y · x−ln ≡

ln∏
k=0

(x(k), y)(
ln

k ) mod (Γ 2F(x, y), Γ 2F(x, y)) .

Hence in a finite polylogarithmic quotient ofF(x, y) we must require that∏ln

k=0(x
(k), y)(

ln

k ) ≡ y.

We start with the discussion of arithmetic properties of numbers
(
ln

k

)
. If m is a natural

number we denote byvl(m) thel-adic valuation ofm.

LEMMA 3.1. Let k be a natural number such that0< k < ln. Then we have

vl

((
ln

k

))
= n− vl(k) .

PROOF. Letm = ∑M
i=0 ai · li be thel-adic development of a natural numberm. Then

thel-adic valuation ofm! is given byvl(m!) = 1
l−1(m− ∑M

i=0 ai).

Let k = ∑n−1
i=0 ail

i be thel-adic development ofk.Using the formula forl-adic valuation
of m! we get

vl(ln!) = 1

l − 1
(ln − 1) and vl (k!) = 1

l − 1

(
k −

n−1∑
i=0

ai

)
.
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Let us setι := vl(k). Then(l − aι)l
ι + ∑n−1

i=ι+1(l − ai − 1)li is the l-adic development of

ln − k. Hencevl((ln − k)!) = 1
l−1(l

n − k − (n − ι)l + ∑n−1
i=0 ai + (n− ι− 1)). The lemma

follows immediately from the equalityvl
((
ln

k

)) = vl(ln!)− vl(k!)− vl((ln − k)!). �

LetN be a positive integer such thatN ≤ ln. We define a natural numberq(n,N) by

q(n,N) := min

{
vl

((
ln

k

)) ∣∣∣∣ 0< k < N

}
.

It follows from Lemma 3.1 that

i) q(n,N) ≤ n;
ii) if N is fixed andn → ∞ thenq(n,N) → ∞.

LEMMA 3.2. LetN be a positive integer such thatN ≤ ln. Then for anyi and anyk
such thati > 0 and0< k < N we have(

i + ln

k

)
≡

(
i

k

)
mod lq(n,N) .

PROOF. The lemma follows from the identity(1 + T )i+ln = (1 + T )i · (1 + T )l
n

and
from Lemma 3.1. �

Now we introduce some notations and definitions.
We denote byG(y(2)) a normal subgroup ofF(x, y) generated by commutators inx

andy which contain two or morey’s.
We define a polylogarithmic quotient ofF(x, y) by

P(n;N) := F(x, y)/φ(n,N) ,

where

φ(n,N) := 〈
Γ N+1F(x, y),G(y(2)), xl

n

, (x(k), y)l
q(n,N) | 0 ≤ k ≤ N − 1

〉

is a normal subgroup ofF(x, y) generated by subgroupsΓ N+1F(x, y) andG(y(2)) and by

elementsxl
n

and(x(k), y)l
q(n,N)

for 0 ≤ k ≤ N − 1.
Observe that the subgroup(Γ 2F(x, y), Γ 2F(x, y)) is contained inG(y(2)). Hence it

follows from Lemmas 2.1 and 3.2 that

P(n;N) ≈
(N−1⊕
k=0

Z/lq(n,N)(x(k), y)
)
×̃Z/lnx ,

i.e.,P(n;N) is a semi-direct product ofN copies ofZ/lq(n,N) by Z/ln and that the action of

a generatorx of Z/ln on (x(k), y) is given by

x((x(k), y)) = (x(k), y)+ (x(k+1), y)
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if k < N − 1 and

x((x(N−1), y)) = (x(N−1), y) .

PROPOSITION 3.3. LetN ≤ ln andm ≥ q(n,N). There is an epimorphism

ψ : Gal(K(n,m)
2 /C(z)) → P(n,N)

such thatψ(α) ≡ x modφ(n,N) andψ(βi ) ≡ xi · y · x−i modφ(n,N) for 0 ≤ i < ln.

PROOF. We must show that kerϕn,m ⊂ φ(n,N). Let εn : F(x, y) → Z/ln be given
by εn(x) = 1 andεn(y) = 0. Then

ker εn = F(xl
n

, xiyx−i; i ∈ {0,1, . . . , ln − 1})
is a free group onxl

n
andxiyx−i for i ∈ {0,1, . . . , ln − 1}. Hence any elementg of F(x, y)

can be written as a product

g = xa ·
ln−1∏
i=0

(xiyx−i)ai · g1 ,

whereg1 ∈ Γ 2 ker εn. If g ∈ ker ϕn,m thena ≡ 0 mod ln andai ≡ 0 mod lm for i =
0,1, . . . , ln − 1. Notice that the commutator subgroup of a free group is the smallest normal
subgroup containing commutators of all pairs of free generators of the group. The last two
observations imply that kerϕn,m ⊂ φ(n,N). �

We shall study kerψ. Let us observe that any element of Gal(K
(n,m)
2 /C(z)) can be

written uniquely in the formαa · ∏ln−1
i=0 β

ai
i , where 0≤ a < ln and 0≤ ai < l

m.

LEMMA 3.4. The elementαa · ∏ln−1
i=0 β

ai
i ∈ Gal(K(n,m)

2 /C(z)) belongs tokerψ if and

only if a = 0 and
∑ln−1
i=k

(
i
k

)
ai ≡ 0 mod lq(n,N) for k < N .

PROOF. It follows from Lemma 2.1 that we have

ψ

(
αa ·

ln−1∏
i=0

β
ai
i

)
≡ xa ·

ln−1∏
i=0

( i∏
k=0

(x(k), y)(
i
k)ai

)
≡ xa ·

ln−1∏
k=0

(x(k), y)
∑ln−1
i=k (

i
k)ai

≡ xa ·
N−1∏
k=0

(x(k), y)
∑ln−1
i=k (

i
k)ai modφ(n,N).

This finishes the proof of the lemma. �

Now we shall look for a subfield ofK(n,m)
2 fixed by kerψ. The base ofK(n,m)

2 overC(z)
is given by

(z − a)k/ l
n
ln−1∏
i=0

((b − a)1/ l
n − ξ iln (z− a)1/ l

n

)ki/ l
m

,
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where 0≤ k < ln and 0≤ k0, . . . , kln−1 < lm. The element
∏ln−1
i=0 β

ai
i acts onK(n,m)

2 in the
following way:

( ln−1∏
i=0

β
ai
i

)( ∑
0≤k<ln, 0≤k0,...,kln−1<l

m

fk,k0,...,kln−1(z) · (z− a)k/ l
n ·

ln−1∏
i=0

((b − a)1/ l
n − ξ iln (z− a)1/ l

n

)ki/ l
m

)

=
∑

0≤k<ln, 0≤k0,...,kln−1<l
m

ξ

∑ln−1
i=0 aiki

lm · fk,k0,...,kln−1(z) · (z− a)k/ l
n ·

ln−1∏
i=0

((b − a)1/ l
n − ξ iln (z− a)1/ l

n

)ki/ l
m

.

We assume that
∏ln−1
i=0 β

ai
i ∈ kerψ and we look for elements ofK(n,m)

2 fixed by kerψ.

We recall that
(
i
j

) = 0 if i < j .

LEMMA 3.5. The product
∏ln−1
i=0 ((b − a)1/ l

n − ξ iln (z − a)1/ l
n
)ki/ l

m
is fixed bykerψ

if and only if(k0, k1, . . . , kln−1) ∈ (Z/lm)ln is a linear combination of vectors

ej = lm−q(n,N)
((

0

j

)
,

(
1

j

)
, . . . ,

(
ln − 1

j

))
, 0 ≤ j < N .

PROOF. Assume that(k0, k1, . . . , kln−1) is a linear combination of vectorse0, e1,

. . . , eN−1. Then it follows from Lemma 3.4 that
∑ln−1
i=0 kiai ≡ 0 mod lm for any sequence

(a0, a1, . . . , aln−1) such that
∏ln−1
i=0 β

ai
i ∈ kerψ. Therefore it follows from the formula ex-

pressing action of Gal(K(n,m)
2 /C(z)) on elements ofK(n,m)

2 that
∏ln−1
i=0 ((b − a)

1
ln − ξ iln(z −

a)
1
ln )

ki
lm is fixed by kerψ.

Now we assume that
∏ln−1
i=0 ((b − a)

1
ln − ξ iln (z− a)

1
ln )

ki
lm is fixed by kerψ. This means

that
∑ln−1
i=0 kiai ≡ 0 modlm for any vector(a0, a1, . . . , aln−1) such that

∏ln−1
i=0 β

ai
i ∈ ker ψ.

Let κ := ∑ln−1
i=0 kiXi be a linear form from(Z/lm)l

n
to Z/lm vanishing on any vec-

tor (a0, a1, . . . , aln−1) such that
∏ln−1
i=0 β

ai
i ∈ ker ψ. Let us consider linear formsdk :=

lm−q(n,N) ∑ln−1
i=k

(
i
k

)
Xi from (Z/lm)l

n
to Z/lm for 0 ≤ k < N.

It follows from Lemma 3.4 that
⋂N−1
k=0 ker dk ⊂ ker κ. Henceκ is a linear combination

of formsdk for 0 ≤ k < N. This finishes the proof of the lemma. �
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COROLLARY 3.6. The subfield ofK(n,m)
2 fixed bykerψ is a field

P(n,N) := C(z)
(
(z− a)1/ l

n

,

ln−1∏
i=0

((b − a)1/ l
n − ξ iln (z− a)1/ l

n

)(
i
k)/ l

q(n,N) ; 0 ≤ k < N

)
.

The Galois groupGal(P(n,N)/C(z)) is equal toP(n,N) = F(x, y)/φ(n,N). �

4. We shall study monodromy transformations of functions appearing in Corollary 3.6.
Let us set

f
(−s)
k :=

ln−1∏
i=0

((b − a)1/ l
n − ξ i−sln (z− a)1/ l

n

)(
i
k)/ l

q(n,N)

for 0 ≤ s < ln.

LEMMA 4.1. The monodromy transformation off (−s)k is given by

(x(p), y) : f (−s)k �→ ξ
( s
k−p)
lq(n,N)

· f (−s)k .

PROOF. First, we notice that

y : f (−s)k �→ ξ
(sk)
lq(n,N)

· f (−s)k .

We calculate monodromy transformations of functionsf
(−s)
k by induction. Observe that

(x(p+1), y) = (x, (x(p), y)) : f (−s)k

(x(p),y)−1

�−→ ξ
−( s

k−p)
lq(n,N)

· f (−s)k

x−1�−→ ξ
−( s

k−p)
lq(n,N)

· f (−s−1)
k

(x(p),y)�−→ ξ
−( s

k−p)
lq(n,N)

· ξ(
s+1
k−p)
lq(n,N)

· f (−s−1)
k

x�−→ ξ
−( s

k−p)+(s+1
k−p)

lq(n,N)
· f (−s)k .

The lemma follows from the identity
(
s+1
k−p

) − (
s

k−p
) = (

s
k−(p+1)

)
. �

COROLLARY 4.2. Let ε ∈ G(y(2)). Then

ε : f (−s)k �−→ f
(−s)
k .

PROOF. Observe that monodromy transformations off (−s)k along (x(p), y) and

(x(q), y) commute. Hence the commutator of(x(p), y) and(x(q), y) acts trivially onf (−s)k . �

COROLLARY 4.3. The monodromy transformation off (0)k along(x(k), y) is given by

(x(k), y) : f (0)k �−→ ξlq(n,N) ·f (0)k . �

We shall show how to use the functions
∏ln−1
i=0 ((b− a)1/ l

n − ξ iln(z− a)1/ l
n
)(
i
k)/ l

q(n,N)

to
calculatel-adic polylogarithms introduced in [5].
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LetK be a number field. Let

V := P1
K \ {a, b,∞} ,

wherea, b ∈ K. Let v andz0 beK-points or tangentialK-points ofV . Let γ be a path from
v to z0. Let π1(VK̄; v) be a pro-l completion of the étale fundamental group ofVK̄ based at
v.

Let δ ∈ GK . The elementgγ (δ) := γ−1 · δ · γ · δ−1 ∈ π1(VK̄; v) (see [4] Definition
1.0.1) we write as an infinite convergent product

. . . , εn+1 · (x(n), y)αn+1(δ) . . . ε3 · (x(2), y)α3(δ) · (x, y)α2(δ) · yα1(δ) · xα(δ) ,
whereεn is a product of commutators inx andy of lengthn belonging toG(y(2)).

PROPOSITION 4.4. Let δ ∈ GK be such thatgγ (δ) ≡ 1 modΓ kπ1(VK̄ ; v), i.e.,

gγ (δ) ≡ (x(k−1), y)αk(δ) · εk modΓ k+1π1(VK̄ ; v). Assume thatk ≥ 2 and thatδ acts as the

identity onπ1(VK̄; v)/Γ 3π1(VK̄; v). Then the exponentαk(δ) is given by the formula

δ−1(f
(0)
k−1(v))

f
(0)
k−1(v)

· δ(f
(0)
k−1(z0))

f
(0)
k−1(z0)

= ξ
αk(δ)

lq(n,N)
.

PROOF. Observe that(x(k−1), y) : f (0)k−1 �→ ξlq(n,N) · f (0)k−1 by Corollary 4.3. The ele-

ments ofΓ k+1π1(VK̄ ; v) andεk fix f (0)k−1.

On the other sidegγ (δ) transformsf (0)k−1 into δ−1(f
(0)
k−1(v)) · (f (0)k−1(v))

−1 · δ(f (0)k−1(z0)) ·
(f

(0)
k−1(z0))

−1 · f (0)k−1. This implies the proposition. �

COROLLARY 4.5. Let a = 0, b = 1 and v = −→
01. Let γ be a path from

−→
01 to a

point z0. Let δ ∈ GK(µl∞ ) be such thatgγ (δ) ≡ (x(k−1), y)αk(δ) · εk modΓ k+1π1(P1
K̄

\
{0,1,∞} ; −→

01). Then

ξ
(−1)k−1lk(z0)(δ)

lq(n,N)
= δ

( ln−1∏
i=0

(1 − ξ ilnz
1/ ln)(

i
k−1)/ l

q(n,N)

)/ ln−1∏
i=0

(1 − ξ ilnz
1/ ln)(

i
k−1)/ l

q(n,N)

PROOF. It follows from the definition ofl-adic polylogarithms given in [5] § 11 that

(−1)k−1αk(δ) = lk(z0)(δ). Hence the formula follows immediately from Proposition 4.4.�
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