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Abstract. In this note we construct explicitly a family of nilpotent polylogarithmic extensions unramified
outside three points of the fiel@(z) of rational functions of one variable ov&. We show how to use these
extensions to calculate explicitlyadic polylogarithms introduced in [5].

0. Classical complex polylogarithnis,,(z) = > 724 ;—k are related to certain nilpotent

quotients ofr (P1(C) \ {0, 1, oo} ; 61). More precisely, the monodromy representation of
the matrice function (see [2])
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factors through the polylogarithmic quotient(P1(C)\ {0, 1, oo} ; 01)/(I"**1, y@), where

(r*+1 y@yis a normal subgroup of; (P1(C) \ {0, 1, oo} ; 01) generated by commutators
of lengthn + 1 and by commutators which contain at least twa (We recall thatc-loop
around 0 and-loop around 1 are standard generatorsaP(C) \ {0, 1, oo} ; ﬁ).

Let K be a finite extension d®. In [5], we have defined-adic polylogarithmg,, (z),
which are coefficients of some big Galois representations of the grou@@&) for z € K
and which non-normalized versions appedtime same place” as the classical polylogarithms
Li,(z). Thel-adic polylogarithmg, (z) are calculated explicitly in [3].

Received February 2, 2006
Key words polylogarithms, field extensions, Galoisogips, free groups, monodromy transformations.



374 ZDZISLAW WOJTKOWIAK

In this note, we shall recover the explicit formula from [3] studying nilpotent polyloga-
rithmic quotients of Galois groups of Ihara elementary extensio® 9f—the field of ratio-
nal functions of one variable ov€r. The approach is very elementary, though it is related to
the one presented in [3]. It is different from the Gabber construction of the Heisenberg cover
of P1\ {0, 1, oo}. The Gabber construction was however one of the principal motivations of
this note.

1. Let C(z) be a field of rational functions of one variable ovey i.e., the field of
rational functions orPcl:. We start with the study of the Galois group of the two-stage lhara
elementary extension &(z) (see [1]).

Let/ be a given prime number. Let us sgt := ¢ . Leta andb be two points of
PL(C) \ {o0}. We define extension&‘{") andKé”””) of the fieldC(z) setting
K" = C@( -
and
K3 = K (b — V" — g — )YV 0 <),
Observe that these extensiongdit) are algebraic, unramified outsideb andoo.

Below we shall calculate the Galois groupfo. ) overC(z). This group is a quotient

of 711(PX(C) \ {a, b, oo} ; v) — a free group on two generatonsjoop arouncz and y-loop
aroundb.
The composition of loops is from right to lefiActions of groups are left actions, i.e.,

(o - B)(u) = a(B(u)).
Let us denote by

onm: T1(PHC) \ {a. b, 00} ; v) > GalKy"" /C(2))
the natural epimorphism.

LEMMA 1.1. The groupGal(Ky""™ /C(z)) has the following presentation

Gal(Ky"™ /C(x)) = (. B i € Z/1I" |/ =1, " =1, Bip; = BjBi . apic™" = pita).
wherea := @, (x) and g := @, (x yx ).
PrROOF. Let us define automorphismsandg; (i € Z/1") of the fieIdKé””") by setting
a(@ =" =g - V",
(0 =" —ghc =) = (0 -V — g e - YT
fork=0,1,...,1" —1and
Bi(z—a)"y = —a)¥",
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n n m (Sk n n m
Bi(((b— )" —&f(z — )V Yy = g1 (0 — )Y — gl (2 — )V HY!

fork=0,1,...,/" —1andi € Z/I". One easily checks thatandg; (i € Z/1") satisfy the
relations of the Lemma.

Let G be a subgroup of Geks"™ /C(z)) generated by andf; (i € Z/I"). Observe
that G has!” - (I")"" elements and thaf has a presentation as in the Lemma. The field
extensionKé”’m) of C(z) is finite of degreg” - (I")"", henceKé"’m) is a Galois extension of
C(z) and Galk{"™ /C(2)) = G.

Studying monodromy transformations of functians- a)¥"" and((b —a)¥/" — &k (z -
a)Y!"Y1!™ for 0 < k < 1" along elements andxyx~" for 0 < i < I" we show that
a=@pmx)andg; = gpmx'yx)for0<i <[, O

COROLLARY 1.2. Inthe groquaI(Ké””")/C(z)) we have

(@t o) =Bm_1-Br_2,....B1- Po,

hencex1 . B is an element of orddr+. O

COROLLARY 1.3. The groquaI(Ké”’m)/C(z)) is isomorphi to the semi-direct prod-
uct

Z/1"Z/ 1" %,Z)1"

whereg : Z/1" — Aut(Z/1"[Z/1"]) is given byp(D) (X!t aili) = Y gtaili + 1. O

2. Inthis section, we shall study nilpotent polylogarithmic quotients of a free group on
two generators.

For any groupF we denote by{I"" F},cn the lower central series df. We denote by
(I'F, I'%F) the double commutator df.

Let F(x, y) be a free group on two generator@ndy. Let us introduce the following
notation:

1 -1

© ,y)::_x.y._xf.y

x©@ y =y, x?
and
Dy = (x, ™, y)) form > 0.

LEMMA 2.1. For any natural numbersand j, we have

©oyoxm = [Ja®, n®  mod (F2F(x, y). I2F(x, y)
k=0
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and
i .
2@y a7 = [T ) ) ®  mod (IM?F(x, y), F2F(x. y)).
k=0
PROOF. Observethat-y-xt=x.y.-x1.y71.y =x®, y).y. Hence the first
congruence is shown for= 1. Assume that it is true far < m. Observe that - (x@, y) -

1= (x@D y). x@, y). Hence we get
m m
Ay e = (]‘[(x“‘), M@ = TTe®D, @ @ ®, y)('@))
k=0 k=0
m+1

= [T«®. ») mod (I2F(x, y). I2F(x, y) -
k=0
O

The proof of the second congruence is the same.

3. Now we shall construct nilpotent polylogarithmic quotientsfaf, y) and in con-
sequence finite nilpotent polylogarithmic coveringsP%f\ {a, b, oo} unramified outside, b

andoo.
In a finite polylogarithmic quotient of (x, y), we wantx!" = 1. On the other side by

Lemma 2.1 we have
lll .
Ay =T, 0@ mod (2F(x, y), FPF(x. y).
k=0

in a finite polylogarithmic quotient ofF(x,y) we must require that

Hence

n "
[Ticox®, &) =y,
We start with the discussion of arithmetic properties of numb’é)s If m is a natural

number we denote by, (m) thel-adic valuation ofn.
LEMMA 3.1. Letk be a natural number such tht< k < {". Then we have

)

PROOF. Letm = "M a; - I' be thel-adic development of a natural number Then

thel-adic valuation ofn! is given byv;(m!) = I%l(m - Ziﬂio a;).
Letk = l'.’;ol a;l' be thel-adic development df. Using the formula fot-adic valuation

of m! we get

1 1 n—1
V(") = m(l” —1) and v;(k!) = l_—1<k — Zai) )
i=0
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Let us set := v;(k). Then(l — a)l* + Z;’;[il(l —a; — D' is thel-adic development of
[" — k. Hencev;((I" — k)!) = %(l" —k—(m—-0l+ Z;:(} ai + (n — 1 —1)). The lemma
follows immediately from the equalily;((’,:)) = v (") — vk — vi (" = k). 0

Let N be a positive integer such that < /. We define a natural numbein, N) by

qgn,N) := min{v;((llj)) ‘ O<k< N} .

It follows from Lemma 3.1 that

) gq@ N)<mn
i) if Nisfixedand: — oo theng(n, N) — oo.

LEMMA 3.2. LetN be a positive integer such that < /. Then for anyi and anyk
suchthat > 0andO < k < N we have

T Z (7 mod 0
k k

PROOF. The lemma follows from the identitgl + 7)™ = (1+ T)" - (1 + T)"" and
from Lemma 3.1. O

Now we introduce some notations and definitions.

We denote byG(y®) a normal subgroup of (x, y) generated by commutators in
andy which contain two or more’s.

We define a polylogarithmic quotient &f(x, y) by

P(n: N) := F(x,y)/$(n, N) ,
where
¢(n, N) = (TVTLE(x, y), G@), &, @, "™ o<k < N —1)

is a normal subgroup af (x, y) generated by subgrougs¥*+1F (x, y) andG(y@) and by
elements:” and(x®, )" foro <k < N — 1.

Observe that the subgroup™F (x, y), I'?F(x, y)) is contained inG(y®). Hence it
follows from Lemmas 2.1 and 3.2 that

N-1
Pn; N) ~ <@Z/lq(”>N)(x(k), y));(Z/l”x,
k=0

i.e.,P(n; N) is a semi-direct product af copies ofz/14"N) py Z /1" and that the action of
a generatok of Z/1" on (x®, y) is given by

(P y)) = @®,y) + @ * D y)
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if k<N —1and
(N ) =V ).
PROPOSITION 3.3. LetN <" andm > ¢g(n, N). There is an epimorphism
¥ : Gal(ky"™ /C(z)) — P(n, N)

such thaty (o) = x mod¢(n, N) andy (i) =x'-y-x~" mode¢(m, N)forO<i < I".

PROOF. We must show that kep,,,, C ¢(n, N). Lete, : F(x,y) — Z/I" be given
by e, (x) = 1 andg,(y) = 0. Then

kere, = F(x"", x'yx™" i € {0,1,...,01" —1})

is a free group on’” andx’yx~ fori € {0,1,...,I" — 1}. Hence any elementof F(x, y)
can be written as a product

-1
i=0

whereg; € I'’kers,. If g € kerg,,, thena = 0 mod/” anda; = 0 mod/™ fori =

0,1,...,1" — 1. Notice that the commutator subgroup of a free group is the smallest normal
subgroup containing commutators of all pairs of free generators of the group. The last two
observations imply that kep,, ,, C ¢(n, N). m|

We shall study key. Let us observe that any element of @& /C(z)) can be
written uniquely in the forme - [T'_;* 8%, where O0< a < I" and 0< a; < I"".

LEMMA 3.4. The element - []\_5' 8% € Gal(Ky""™ /C(z)) belongs tdkery if and
onlyifa =0andY"/_* (N)a; =0 mod 19V fork < N.

ProoF It follows from Lemma 2.1 that we have

-1 -1, i -1
1//<ot” : l_[ ﬂfi) =x- l_[ <l_[(x(k), y)(’if)a") =x“. l_[(x(k), y)zgnz;l RL
i=0 i=0 “k=0 k=0
N-1 W
= [Ja®. »pZ=O%  modg(n, N).
k=0
This finishes the proof of the lemma. m]

Now we shall look for a subfield cKé”’m) fixed by kery. The base oké”’m) overC(z)
is given by

mn-1
=" [T —a)"" =gz =)™,
i=0
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where 0< k < I" and 0< ko, ..., kin—1 < I"". The elemenf[._' 8 acts onk 5™ in the
following way:

"-1

( 1_[ ﬂf”)( Z Fikordn_1(2) - (2 — )X/ "
i=0

O<k<in, 0<ko, ...k _q <I™

"-1

[T@—-a"" g =)V ’m>
i=0

Z]'iila'k‘ k/ "
= Z Em =" " fekonkn (@) - (@ — )N

O<k<i?, 0<ko, ...k _q <I™

-1
[T@-aY" — & =)
i=0

We assume thdf[\_;' 8% € kery and we look for elements atS""™ fixed by keny.
We recall thaf(}) = 01if i < j.

LemMA 3.5. The producf[/_gH((b — )" — g} (z — a)Y/!")ki/" is fixed bykery
if and only if (ko, k1, . . ., kin_1) € (Z/I™)!" is a linear combination of vectors

0 1 m-1
ey =m0 (0. (0)n("77) 0= <.
J J J

ProOF. Assume that(kg, k1, ..., kin_1) is a linear combination of vectorsy, eq,
...,eny—1. Then it follows from Lemma 3.4 thaZﬁ":‘olk,-a,» = 0 mod!/™ for any sequence
(a0, a1, . .., ap—1) such thaf [/t B € ker y. Therefore it follows from the formula ex-
pressing action of GaKy"" /C(z)) on elements ok "™ that['_;*((b — Q) — £ (z —
)™ )7 is fixed by kery.

n . ki .
Now we assume thgf[\_ (b — Q) — £ (z — a)7) 7 is fixed by kery. This means

thatY"!" 5! kia; = 0 modi™ for any vector(ao, a1, . . ., am—1) such thaf ['_5! B € ker .

Letx := Y' 'k X; be a linear form fromz/i™)"" to Z/1™ vanishing on any vec-
tor (a, a1, .. ., apn—1) such thatl ['_;* B e ker y. Let us consider linear forms; :=
=g N) S (D) X, from (Z/1)! toZ /1M for 0 < k < N.

It follows from Lemma 3.4 thaﬂ,](\’:‘ol ker d; C ker k. Hencex is alinear combination

of formsd for 0 < k < N. This finishes the proof of the lemma. O
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COROLLARY 3.6. The subfield ok fixed bykery is a field

n—1 4
P(n, N) := C(z)((z V" TT =¥ — gz =)D 0 <k < N) .
i=0
The Galois grougsal(P(n, N)/C(z)) is equal toP(n, N) = F(x, y)/¢(n, N). |

4. We shall study monodromy transformations of functions appearing in Corollary 3.6.
Let us set

"-1 .
( S) l_[ (b — a)l/l — g S(z — a)l/l")(l’()/lq(n,N)

i=0

forO<s <[

LEMMA 4.1. The monodromy transformation gﬁ,f"’) is given by

. @)
@y T g 1Y

PrROOF. First, we notice that

f( 9 £ W f< $)

19(n,N)
We calculate monodromy transformations of functi(ﬁﬁ?) by induction. Observe that

—s) Pt (2 G- 1
(x(p+l)’ y) = (x, (x(P)’ Y)) : fk( & — ‘i:lq(nka f( & x ‘i:lq(nka f( s

)~ G s v ~WEDEE) s
= Sy élq(nll)\/) T SZq(zuNf) Teh
. s+l s
The lemma follows from the identit} ™)) — (,* ) = (,_,1))- O

COROLLARY 4.2. Lete € G(y®@). Then
£ fk(_s) —> k(_s).
PrROOF. Observe that monodromy transformations gj_s) along (x”,y) and
(x@, y) commute. Hence the commutator@f?), y) and(x@, y) acts trivially on . O
COROLLARY 4.3. The monodromy transformation gs,fo) along(x®, y) is given by

0 0
(x®, N fk( ) s &1gm.n) 'fk( ). O

q(n,N)
1" 1o

We shall show how to use the functiofE ' (b — )" — &, (z — a)/!") & )/
calculate-adic polylogarithms introduced in [5].
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Let K be a number field. Let
V =P\ {a,b, 0},

wherea, b € K. Letv andzg be K -points or tangentiak -points of V. Let y be a path from
v to zo. Letm1(Vg; v) be a prot completion of the étale fundamental groupgf based at
V.

Lets € Gg. The elementy, (8) := y~1-8-y -8t € m1(Vg; v) (see [4] Definition
1.0.1) we write as an infinite convergent product

et - (2 ) ®) o (@ yas®) (o pyee®) @) @)
wheres, is a product of commutators inandy of lengthn belonging toG (y@).

PROPOSITION 4.4. Lets € Gk be such thafy, (6) = 1 mod Tk ri(Vg;v), ie,
gy (8) = (x*=D y)e® o mod 'y (Vg; v). Assume that > 2 and thats acts as the
identity onmy(Vg; v)/anl(VIg; v). Then the exponent (§) is given by the formula

SO 3G
2w %0 Y

PROOF. Observe thatx*—1, y) : fk(g)l = Egmn) - fk(g)l by Corollary 4.3. The ele-
ments of ¥+ 11 (Ve v) andey fix fk(g)l.

On the other sidg, (8) transformsf, > into 8 1(£ %)) - (£ 2 N1 82, z0)) -
(fk(g)l(zo))*L fk(g)l. This implies the proposition. ]

COROLLARY 4.5. Leta = 0,b = 1andv = 01. Let y be a path fromO1 to a
point zo. Letd € G (um) be such thag, (5) = *D, y»)*® . g mod My (P \
{0,1, 00} : 01). Then

n-1 "-1

—1)* =11, (z0)(8 ; n (i (n.N) ; n (i (n.N)
ECL GO 8( [T @ - &)l )/ [T - ghet/y G
i=0 i=0

ProoOF. It follows from the definition ofl-adic polylogarithms given in [5] § 11 that
(—D* L (8) = Ik (z0)(8). Hence the formula follows immediately from Proposition 43.
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