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Abstract:

In this paper, we construct a crepant resolution for the quotient singularity

A"/A, in characteristic 2, where Ay is the alternating group of degree 4 with permutation action
on A*. By computing the Euler number of the crepant resolution, we obtain a new counter-
example to an analogous statement of McKay correspondence in positive characteristic.
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1. Introduction. Let K be an algebraically
closed field and X be an algebraic normal variety
over K. For a resolution f:Y — X, f is called
crepant if Ky = ff*Kx. Our interest in crepant
resolutions comes from McKay correspondence. As
a generalized version of McKay correspondence
over C, Batyrev’s theorem tells that quotient
singularities with crepant resolutions have a fine
property:

Theorem 1.1 ([1], Theorem 1.10). Let G be
a finite subgroup of SL(n, C) acting on C". Assume
that there exists a crepant resolution f: Y — C"/G.
Then the Euler number of Y is equal to the number
of conjugacy classes of G.

In dimension 2, minimal resolutions of quotient
singularities C2/G are crepant, and Batyrev’s
theorem becomes a corollary of classical McKay
correspondence. In dimension 3, crepant resolution
for any possible C?/G exists, according to con-
structions by Markushevich [6,7], Roan [8-10] and
Ito [4,5]. For higher dimensions, there are examples
of quotient singularities with no crepant resolu-
tions.

We consider the analogous statement of
Batyrev’s theorem in positive characteristic, where
the field is K, an algebraically closed field of
characteristic p > 0, instead of C. To determine
FEuler number in positive characteristic, we use the
following definition.

Definition 1.2. Fix a prime [ # p. Denote
the [-adic cohomology with compact support by
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H!(—, Q). Let X be a smooth algebraic variety over
K. Then we define Euler number of X to be

X(X) = Z(_l)l dile HZ’(Xv QZ)
2

Note that this definition is independent of
choice of [, and it coincides with the definition of
topological Euler number in characteristic 0.

In positive characteristic, for a finite subgroup
G C SL(n, K), there are two cases: non-modular
case, when p does not divide the order of G; and
modular case, when p divides the order of G.
Roughly speaking, non-modular cases are easier to
be considered, since the associated quotient singu-
larities can be lifted to C. In particular, Batyrev’s
theorem holds for non-modular quotient singular-
ities in positive characteristic.

For modular cases, few examples of crepant
resolutions are known. Chen, Du and Gao [3] gave
a crepant resolution as a counterexample to
Batyrev’s theorem in characteristic 2. In their
example, the group G = Cy3 C SL(2,K) has a re-
flection. Yasuda [12] showed that Batyrev’s theo-
rem holds for the cases when the group G is p-cyclic
with no reflections, and gave two examples with
crepant resolutions: A% /Cy (p=2) and A% /Cs
(p =3). For groups with more complicated struc-
ture, even if we assume that the group has no
reflections, there is still a counterexample given by
Yamamoto [11]: in characteristic 3, the quotient
singularity A?}){/Sg has a crepant resolution with
Euler number 6, while the symmetric group S3 has
3 conjugacy classes.

In the known examples above, the Sylow
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p-subgroups are p-cyclic. In this paper, we construct
a crepant resolution of quotient singularity in
characteristic 2, where the group G has no reflec-
tions, and has a non-cyclic Sylow 2-subgroup of
order 22:

Theorem 1.3 (Main result). Let K be an
algebraically closed field of characteristic 2, and Ay
be the alternating group with permutation action on
A%v. Denote the quotient singularity é%v/A4 by X.
Then X has a crepant resolution X with Fuler
number x(X) = 10.

Since the alternating group A4 has 4 conjugacy
classes, our result is also a new counterexample to
analogous statement of Batyrev’s theorem in posi-
tive characteristic.

2. Preliminaries. To give a proof of the
main result, we firstly list propositions to study the
given quotient singularity A%/A; and crepant
morphisms, especially in characteristic 2.

Proposition 2.1. Let K be an algebraically
closed field of characteristic 2. Under the permuta-
tion action of Ay,

A} /Ay =2 V(E* + (A’D + ABC + C*)E + A*D?
+ A3CP + A’B*D + B*C* + C%).

Proof. 1t is known that in general, under the
permutation action of A4, the invariant ring
K[ml,xg,acg,x4}A4 = K|[s1, 82, 83, 84, A\4], where s; are
the elementary symmetric polynomials and A, is
an Ay-invariant polynomial of degree 6 which is not
symmetric. Over fields of characteristic different
from 2, A4 is always taken as the Vandermonde
polynomial. However, in characteristic 2, one
should take Ay = (’)A4(x‘;’x§x3) instead, where Og
denotes the orbit sum under the group action
(see 2], 4.4).

In characteristic 2, computation shows that
A+ (s2s4 + 515983 + 83)A; is a symmetric poly-
nomial of degree 12 with elementary representa-
tion  sisi + s3s3 + sisisy + s3s2+s3. Let R=
K[A, B,C,D, E] be a graded polynomial ring such
that A,B,C,D,E are of degree 1, 2, 3, 4, 6
respectively. Consider the ring homomorphism ¢ :
R — K[xl,xg,xg,m]A"‘ determined by ¢(A4) = sq,
¢(B) = s2,¢9(C) = s3,0(D) = s4,p(E) = Ay.  Then
¢ is a surjective homomorphism between two
graded rings, and f:=E?+ (A2D+ ABC +
C?)E + A*D* 4+ A3C3 + A’B3D + B3C? + C* € Ker¢.

We want to show that R/(f) = R/Ker¢ =
Kz, 29, 23, 334]’4“. For a graded ring S, we consider
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its Hilbert series H(S,A) = Y ;o0 A’ dimg Sg. Since
R is generated by elements of degree 1, 2, 3, 4, 6 and
f is of degree 12, we have

H(R/(f);A)
1— A2
(T=X1=2)(1=X)(1—=A)(1=)5)"
On the other hand, since A4 has a permutation
action on A’ the Hilbert series of invariant ring
does not change by characteristic of the field, and it

is possible to compute the Hilbert series by Molien’s
theorem over C (see [2], 3.7 and 4.5). Therefore,

H(K[$17 Z2, T3, x4]A17 )\)

O
C2\(1-=A (1= A1+ )

8
AN A?»))
1+ X6
T LN =) (1= A1 - M)
1_/\12

(1= X)(1 = A2)(1 = N3)(1 — A1) (1 — A6)~

Since R/(f) and K[y, s, x5, 24" share the same
Hilbert series, the induced surjective homomor-
phism ¢ : R/(f) — K[xl,xg,xg,a:4]A"1, which is sur-
jective on each degree between two K-linear spaces
with the same dimension, should also be iso-
morphic on each degree. Therefore R/(f) =
K[xl,x27x3,:t4]‘44. O

By Proposition 2.1, the quotient singularity
A4/A4 is isomorphic to a hypersurface with a
computable defining equation. Using this equation,
we will show that crepant resolution of the singu-
larity can be obtained by composition of a series of
blow-ups.

Lemma 2.2. Let X be a hypersurface in A".
Consider the blow-up of X along C C X. If C is
smooth and irreducible, with codimension 3 in A",
and X has multiplicity 2 along C, then the blow-up
morphism f : X — X is crepant.

Proof. Denote the blow-up of A" along C again
by f:U — A". Then by abusing notations of
exceptional divisors, we have

KU = f*K n -+ 2E,
f*X =X +2E.

Taking them together, and applying the adjunction
formula, we obtain
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Ko = (Ky+X)|y= (Ko + [ X+
= ["(Kar +X)\; = f*Kx.
Therefore, f is crepant. O

Lemma 2.2 is a sufficient condition for a blow-
up morphism to be crepant. We will see that all the
blow-ups in the paper meet this condition.

Proposition 2.3. LetC = (h=0) be a conic
n A%», where K is an algebraically closed field of
characteristic 2, and h(x,y) = ax® + bry + cy® +
dr +ey+ f. Here a,b,c are not all 0. Then C is
determined as follows:

(a) C is a double line, ifb=d=e=0.
(b) C is two intersecting different lines, if one of
the following holds:

o b#£0,f+1(de+ 4=

. a,d;é(),b:e+d\/§:0;

° c,e;éO,b:d—Fe\/%:O.

(¢) C is a non-degenerate conic, otherwise.

Proof. If b# 0, then we can take a € K such

that aa® + ba + ¢ = 0. Therefore

h(z,y) =bXY + F,

where X =z+ay+<2, Y=y+4%(x+ay) +
H(d+4 (e + do)), 2 F2:f+%(e+do<)(d+‘—g(e+
da)) = f+ 1 (de + % + “F). Hence C is non-degen-
erate if and only if F' # 0; when F' = 0, C' becomes
two intersecting lines.

If b = 0, we may assume that a # 0 without loss
of generality. Then

hx,y) = aX? +dX + By + f,

where X =z 4 /%y, E=e+d,/C. Here if E=0,
then C degenerates as two lines; in particular, the
two lines become a double line if d is furthermore 0.
If £ #0, then

h(x,y) = aX? + EY,

where X7 = X + \/g, and Y = y—i—%X. Thus C' is
non-degenerate under this assumption. (I

Remark 2.4. The proposition above can
also be applied to determine the classification of
conics in  P?  with defining  equation
hMX,Y,Z)=aX?+bXY + Y +dXZ+eYZ+ f72,
except when a=b=c=0. When Ah(X,Y,Z)=
dXZ +eYZ + fZ?, it is obvious that the conic is
degenerate as two projective lines, and the two lines
become one only if d =e = 0.

By Proposition 2.3 and Remark 2.4, we can
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check that a projective conic in characteristic 2 is
isomorphic to P! (a double line or a non-degenerate
conic) or P* VP! (two different lines), and that
will be helpful when we compute Euler number of
the resolution by considering the exceptional divi-
sors.

3. Proof of the main result. By Proposi-
tion 2.1, in characteristic 2, quotient singularity
A‘}(/A4 by permutation is isomorphic to the 4-
dimensional hypersurface M = V(f) C A%, where

f=FE>+(A’D+ ABC + C*)E + A'D* + A3C?
+ A’B*D + B*C? + C.

It is possible to obtain Sing(M) by direct compu-
tation using the defining equation, but here we
choose to use another way to compute it, in order to
apply the idea that comes from the construction of
crepant resolution of C*/H\gs by Markushevich [7],
where Higs is a simple subgroup of SL(3,C) of
order 168.

By considering the permutation action of A4 on
A‘}(, there are 3 planes fixed by elements of order 2,
and 4 planes fixed by elements of order 3. By the
quotient map, these 2 families of fixed planes give
the singular locus of quotient variety as union of
their images. To obtain the defining equation of
singular locus, it suffices to consider the image
of representative plane from each family. For the
family of planes fixed by an element of order 2,
we can take {x1 = xy,x3 = x4} as a representative.
Then by checking its parametrised form
(21,29, x3,24) = (t1,t1, 2, t2) and using the formula
for (A, B,C, D, E) in the construction of hypersur-
face, we obtain parametrisation of one singular
plane in the quotient variety:

P ={A=0,B=t1+1#,C=0,D=t;,E =0}
=V(A,C,E).

By similar procedure for the plane {z; = 2o = 3}
fixed by an element of order 3, the other singular
plane is written as:

Py={A=t +ty, B=t] +tits,C =t +tits,
D =tity, E =t} + tits + t{t; + tit3}
=V(B? + AC,ABC + A’D + C?,
E+ A’D + C?).

Note that to show the second equality, one should
prove double inclusion between two sets. It is easy
to see that P, is contained in the variety given by
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3 defining equations. Conversely, given a point in
V(B? 4+ AC,ABC + A’D + C* E + A2D + C?), one
can take t; =2 (A #0) or VD (A=0), and t, =
A +ty, to certify that the point is exactly in P,
parametrised by (t1,2).

Here we obtain Sing(M) = P, U P,. According
to Markushevich’s construction in characteristic
0, one may hope that the singularity would be
resolved via a series of blow-ups as following: we
first compute the blow-up of M along P, and then
repeatedly compute the blow-up along the singular
part of exceptional divisor of previous blow-up,
until the whole singular locus becomes exactly the
strict transform of P. Then P, has singularities
from the action of non-modular elements of order 3,
hence the final blow-up along the whole singular
locus can give the resolution. The following claim
tells that this procedure does give a crepant
resolution of the quotient singularity.

Claim. Letm :U — M be the blow-up of M
along Py with exceptional divisor Ey, mo : V — U be
the blow-up of U along Ey N Sing(U) with exceptional
divisor Eo, w3 : W — V be the blow-up of V along
E>, N Sing(V) with exceptional divisor FEjz, and
7y R— W be the blow-up of W along Sing(W)
with exceptional divisor E,. Then m:=m omo
m3omy: R— M is a crepant resolution of M.

Proof. To show that 7 is a crepant resolution,
it suffices to check that each blow-up is along a
smooth locus of codimension 3 in the whole space,
and that the hypersurface has multiplicity 2 along
the center of blow-up (such that each blow-up is a
crepant morphism by Lemma 2.2), and that R is
smooth. What is more, for each blow-up, we can use
Proposition 2.3 to check the structure of excep-
tional divisor.

Step 1: m : U — M. Take projective coordi-
nates (up : uy :ug) = (A :C: E). Then

U=V(u+ (Duj + Bu0u1 —I— ul)E + AD*ud

+ AC*u + B’ Duj + + C?uj,
(ug : :u2):(A:C:E)).
Here Ey = V(u3 + B*Du2 + B*u?).

By the base change given by the Frobenius
Spec(K[v/B,v/D]) — Spec(K[B, D]), we have u} +
B*Du} + B*u? = (uy + VB3Dug + VB3u;)®, such
that F; can be viewed as a trivial P-bundle over
A? after the base change. Since the Frobenius is a
universal homeomorphism, this base change does
not change Euler numbers. By abuse of notation, we
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write E; = A? x P! under the necessary base
change. In the defining equation of U, uy =u; =0
implies us = 0, which gives a contradiction, so U is
covered by its affine pieces determined by wy # 0
and wu; # 0 respectively. We denote them by Uy =
Un{ug#0} and Uy =UN{u; #0}. For these 2
affine pieces, we have

Up = V(uj + (D + Buj + ui)Aus + A*D* + A'u?
+ B*D + B*uj + A%u),
Sing(Up) N Ey = V(A, B, uy).
U, = V(ug + (Dug + Bug + 1)Cus + C2D2u3
+ C*d + B*Duj + B + C?),
Sll’lg(Ul) n E1 = V(C, B7 Ug).
And we also obtain E; \ Sing(U) = A% x P\ A x
P! by gluing its affine pieces together.
Step 2: m : V — U. From step 1, it suffices to
consider blow-ups of Uj along V(A,B7 ug) and Uj
along V(C, B, uy), and then glue them together to

obtain V. Denote the 2 blow-ups by U, and Us.
Then

Up = V(12 + (D + Buy + ud)vovs + D*02 + A*uiv
+ BDU1 + Bulv1 + ulvo,
(v :v1 :ve) =(A: B:ug)),

,le = V( (Du(J + Bug + 1)vyvs + DZUOUU

+ C*ugv + BDuZv} 4+ Bv? + o7,

(’1)0.1}1. Q)Z(CBU,Q))
Here Ey =V (v3+ (Dud + ul)vyvs + (Dul + u%)Qvg)
gives two intersecting projective lines if Du? + u} #
0 or a double line {vi =0} if Dud +u? = 0. Sim-
ilarly to what is done in step 1, we may write

By~ (A'xP'\AY) x (P'VPHUA! x P!,

For ﬁl, computation shows that Sing(/le) NE, C

V n{ug # 0} C Uy, thus we only need to consider
U Denote by V; and Vi the affine pieces of Uo
determined by vy # 0 and v; # 0 respectively, and

then Uy = Vy U V7. Again like what is done in step 1,
we obtain
Vo =2 V(v + (D + Aujvy + ud)vg + D* + Au}

+ ADV} + Audv? +u}),

Sing(Vp) N Ey = V(A,vg, D+ u?).

Vi 2 V(3 + (D + Buy + ui)vgvs + D*v
+ BD + Bu1 + ulv())

Sing(Vi) N By = V(B,va, D+ ).

+ Bgulvo
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It follows that the part A! x P! in F, is exactly
singular part, thus
Ey \ Sing(V) = (A' x P*\ A') x (P! v P!).
Step 3: w3 : W — V. With similar notations as
above, taking (wp:wi:ws) as projective coordi-
nates for (A : vy : D+u1) in Vj and (B:vy:D+u?)
in ‘71, we have

‘70 ( + (w2 + wyviwo)wy + w2 + v1w0w2
+u1w07(w0 w):(A:vgzD—i—ul))
Vi = V(w} + (ws + ulwo)vow1 + vjws + U vgw;

+w0w2,(w0 Twy ’LUQ) = (B TVt D+u1))

Cousider the conics with coordinates (wq : wq : ws)
in F3. Computation shows that they are degenerate
as 2 different projective lines exactly when vy # 0
and u;v3 = vi. Therefore,

B3~ (A'xP'\ AY) x P'UA! x (P'vP!).

For Vl, again by computation we obtain
Sing(11) N VE3 CW N {v #0} C Vi, so it suffices to
consider Vg Using similar notations as step 1 and
step 2, we consider the affine cover 170 =Wy UW,; as
follows:

+ (1 4+ wyvywp)wr + 1+ vlwg + u?wg)
Sin

( ) N {wo #+ 0} - Slng(Wo)

Therefore Sing(W) = Sing(W)) is exactly the strict
transform of P, under these 3 blow-ups above, and
we only need to consider W), for the next step. As for
E; \ Sing(W), since singularities in E5 only appear
at each crossing point of projective lines, we obtain

Ey \ Sing(W)

=~ (A'xP'\A") x P!

UA' x (P! v P\ {1point}).

Step 4: m: R— W. Let w| =w; +v},u), =
wy + v}, u) =wuy +v?, and use the projective coor-
dinates (rg : 71 :7m9) = (w] : wh : u}). Then

W, = V(r3 + 73 + rory 4+ uirs + vrrgry + virs,
(ro:m1 ) = (W) wy @ uy)).
For the exceptional divisor, Ey = V(rg +ro(ri +
viry) + (11 +v1m)?) = A% x (P V P!) (note that A
is a hidden affine coordinate in the defining equation

of Wo) For the smoothness of Wy, by considering
its affine pieces Wy = Ry U Ry, we obtain
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Ro = V(412 + 7 +wirs 4+ viry + v3rd),
Ry = V(rd + 1% +rory + ) + virg + v%).

And it is easy to check that both Ry, and Ry are
smooth.

Above all, we know that R is smooth and 7 is
composed of crepant blow-up morphisms, hence 7 :
R — M is a crepant resolution of M. O

For the calculation of Euler number,

X(R) = x(E4) + x(£3 \ Sing(W))
+ x(E2 \ Sing(V)) + x(£1 \ Sing(U))
+ x(M \ Sing(M))
=34+(2+2)+34+0+0=10.

Then we finish the proof.

Remark 3.1. In characteristic other than 2,
A‘}{ /A4 has a crepant resolution of Euler number 4,
which equals the number of conjugacy classes of A,.
Therefore, an analogue of Batyrev’s theorem in
characteristic 0 holds for A% /A, in any odd char-
acteristic. For characteristic other than 2,3, they
are non-modular cases. For characteristic 3, note
that A4 is unique up to conjugation as a subgroup of
SL(4, K), and then see [11], Theorem 1.2.

Remark 3.2. From the perspective of mo-
tivic integral, we have [R] = L* + 6L* + 3L*, which
is totally different from characteristic 0 case, where
[C*'/A,] =L* +3L% and the coefficients are ex-
plained as numbers of conjugacy classes of age 0
or 1in Aj.

Remark 3.3. Let H be the normal Sylow 2-
subgroup of Ay containing all elements of order 2.
Then A, = H x (3, and the quotient singularity
A'/A, = (A'/H)/Cs. In characteristic 0, crepant
resolution of C!/A4 can be obtained by first taking
Y, a Cs-equivariant crepant resolution of C'/H,
and then taking a crepant resolution of Y/Cjs.
Therefore, C* /H is regarded as an easier singularity
than C*/A,. However, in characteristic 2, we can-
not use similar approach to obtain crepant resolu-
tion of A*/H: that is, A*/H is not easier than
A4/A4 in a sense. This is again a special phenom-
enon of quotient singularities in positive character-
istic.
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