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Abstract:

We study the resurgence structure of a formal normalization of a certain vector

field to the normal form using “mould calculus” developed by J. Ecalle. We also describe the
resurgence structure of transseries solutions of a nonlinear ordinary differential equation.
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1. Introduction. This is an announcement
of our forthcoming paper [10]. Let X be a vector
field of the form

0 L 0
1 X=2>—+)) Aizx,y)—
(1) 5t LAl g
with A;(z,y) € C{z,y} satisfying for any ¢, j
(2) A;j(0,y) = Ay, (A3 #0),
(3) 0,0,,4;(0,0) = 0.

We assume that A = (A,---,\,) satisfies the fol-
lowing non-resonance condition:

(4) k-A# Aj holds for any j and k € Z%,\ {¢;},

where k- A=k A +---+k,\, and e; is the j-th
unit vector. In this paper, we study the resurgence
structure of the formal normalization © of X to the
normal form

0 u 0
5 Xo=2>—+> \Nyj—,
( ) 0 81‘ Zl JyJ ay7

= ¥

which acts on f(z,y) € Cl[[z,y]] as a formal coor-
dinate transformation of the form

Oz, y) = flz,0(z,y), @(x,y) € Clz,y].

For the purpose, we adopt “mould calculus” devel-
oped by J. Ecalle (cf. [3]). To be precise, we use
arborescent moulds, or arbomoulds for short, which
are moulds associated with rooted forests. This
problem was discussed in [4] in general settings.
In [10], the singularity structure of an arbomould
IM*, which appears as coefficients of the arbomould
expansion (15) of O, in the Borel plane is clearly
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described by discrete filtered sets based on the
works [9], [11], [15], [18] and [19]. Further, the
resurgence structure of © is given in the form
(24) following the discussion in [17], where the
same problem was treated using ordinary moulds,
i.e., associated with words, (See
also [13].)

As an application, we also consider the resur-
gence structure of transseries solutions of the
following nonlinear ordinary differential equation:

dd
6 2
(6) o

where A = (Ay,---,A,). The Borel summability of
the transseries solutions was studied in [2]. In this
paper, we describe more precisely their singularity
structure in the Borel plane and give their alien
derivatives at the singular points by the bridge
equation (25), which connects alien calculus and
ordinary differential calculus.

2. The Connes-Kreimer Hopf algebra.
We first recall the definition of the Connes-Kreimer
Hopf algebra associated with (non-planar) rooted
trees. (See [5], [7], [8], [12] and [16] for details.)

Definition 2.1. A (non-planar) rooted tree
T=(V,E) is a connected and simply connected
set of edges and vertices in which one vertex is
distinguished, where V (resp. E) is the set of
vertices (resp. edges) of T. We call such a vertex the
root of T. We regard a rooted tree as a directed
graph by an arborescent orientation, i.e., each edge
is directed away from the root. A rooted forest is a
disjoint union of rooted trees. The empty graph @ is
regarded as a rooted forest. The set of isomorphism
classes of rooted trees (resp. rooted forests) as
directed graphs is denoted by 7 (resp. F).

when n =1.

= Az, @),
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Let D be a non-empty set. We then define
rooted trees decorated by D as follows:

Definition 2.2. A D-decorated rooted tree
is a pair T = (T,0), where T = (V, E) is a rooted
tree and o is a map o:V — D. A D-decorated
rooted forest is a disjoint union of D-decorated
rooted trees. Two D-decorated rooted forests Fy =
(Fi,01) and Fy = (Fy,09) are isomorphic if there
exists an isomorphism ¢: F = (V|,E)) — F», =
(Va, E5) of rooted forests satisfying oo = 010 ¢.
The set of isomorphism classes of D-decorated
rooted trees (resp. D-decorated rooted forests) is
denoted by Tp (resp. Fp).

Remark 2.3. By abuse of notation, we use
representatives to represent isomorphism classes of
trees and forests since the names of the vertices are
not important in the following discussion.

Definition 2.4. Let T be a D-decorated
rooted tree. A cut ¢ is a subset of E. Then, ¢ defines
a forest F°(T) € Fp by eliminating ¢ from E. The
remaining part R°(T) € Tp is the tree in F¢(T) that
contains the root of T and the pruned part
P¢(T) € Fp is the disjoint union of the other trees
in F‘(T). A cut cis admissible if it appears at most
once on any directed path from the root to leaves in
T. The total cut is a virtual cut, which represents a
cut above the root. In such a case, we set R°(T) = @
and P°(T) = T. The set of admissible cuts and the
total cut of T is denoted by Adm(T).

By the definition, F € Fp is given by the
disjoint union of T3,---,T; € Tp and it is simply
denoted by Ti---T,. The grafting operator B :
Fp —Tp (deD) is defined as follows: for F =
Tl . -T( (Tlv . ~7T( S 7']:))7 B;(F) = (T/,O'/) is de-
fined by adding to F a vertex p/ (the root of T") with
the decoration o’(p') =d and edges e; =p — p;
(j=1,---,£) from p to p;, where p, is the root of T}.
The trimming operator B~ : 7p — Fp is defined as
follows: for T € Tp, B~(T) is defined by removing
the root p of T and the edges whose tail is p and
restricting the decoration to the forest.

In what follows, we set

D= {d: (do,dl) € ZTZLO X Z’ZLO | |d0| = 1}.

Let F = (F,0 = (09,01)) be a D-decorated rooted
forest. The degree deg(F) € Z= of F' is defined by
the cardinality of the set of vertices V of F. It is also
denoted by |F|. Next, we define the weight wt(F) €

Z" of F. Let oy, 0ex : V — ZZ, be maps defined by

[Vol. 99(A),

(7) ow(v) =Y oo(v)),

v—
Oex(V) := 01(v) — o (v),

where the sum in (7) is taken over all the vertices ¢/
that is connected to v by an edge v — v/. We set

Uin(ﬁ) = Zo'in(v)a aex(ﬁ) - Zaex(v)a

veV veV
(8) r(F) =" oo(p),

where the sum in (8) is taken over all the roots of F.
We then define the weight wt(F) of F by
Wt(F) = oo (F) — 7(F).
It is also denoted by || F||.
We introduce a subclass of D-decorated rooted
forests as follows:

Fh=1{F € Fp | 0ex(v) € 2% (Vv € V)}.

A D-decorated rooted forest~ F is said to be proper
if I € Ff,. We see that o (F) € ZL if F € F,. We
put

Fope:={F € Fp | deg(F) = k, wt(F) = ¢},

H:= CF, Hw:= € CF.

FeFp FeFp s

Similarly, we define H* (resp. H;,) using F (resp.
Fiue =FbNFpyy) instead of Fp (resp. Fp )
"Remark 2.5. A proper D-decorated rooted
forest F is visualized by a rooted forest with
external lines. The j-th component of oy, (v) (resp.
0ex(V)) represents the number of internal (resp.
external) lines of color j going out of the vertex v.
Now, let CKp = (H,u,n,4A,e,5) be the
Connes-Kreimer Hopf algebra of D-decorated root-
ed forests. The product u is defined by the disjoint
union of forests. The unit 7 is defined by n(1) = @.

The coproduct A is given for T € Tp by

AT)= Y PYT)®R(T)
c€Adm(T)

and extended to F € Fp algebraically. The counit
¢ is defined for F € Fp by e(F) =1 if F =@ and
£(F) = 0 otherwise. The antipode S is recursively
determined by the bialgebraic structure. By the
definition of the degree and the weight, we see they
are compatible with the Hopf algebraic structure,
ie.,
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(9) w Hie ® Hig o — Hiw oo
(10) A Hiy — EB Hi o @ Hyr,
K+ K =k
[/+é//:é‘
(11) S Hie — Hiy

Let CK{ be the restriction of CKp to the subspace
H*. Then, we see that CKJ, is a sub Hopf algebra of
CKp (cf. [5]).

3. Arbomoulds and coarbomoulds. Let
(A, pa,m4) be a unital commutative C-algebra. An
A-valued arbomould 91° is a map IMM* : Fp — A. By
linearly extending 9t° to H, 9* defines a C-linear
map M € L(H, A), where L(H, A) denotes the set of
C-linear maps from H to A. We write the value of
M* (resp. M) at F € Fp (resp. h € H) by M (resp.
M(h)). The product P* = M* x N* of arbomoulds
M* and 91° is defined by the convolution product of
oM and N, ie., P = M« N(F) for F € Fp, where
the convolution product MM« N of M and N is
defined by MM+« N := pg0 (MR N) o A.

Definition 3.1. (1) An arbomould 9° is
said to be separative if 9t is a character, i.e., I
satisfies Mo p = g0 (M@ M). (2) An arbomould
IM® is said to be antiseparative if 9 is an
infinitesimal character, i.e., 9 satisfies Moy =
MReqg+eq @M, where ey :=ny0¢.

Let (B, up,np) be a unital commutative .A-al-
gebra. A coarbomould B, is a map B, :Fp —
Endy(B). We write the image of ¢ € B by the
morphism 6 € End 4(B) by 6 - ¢.

In what follows, we take A = C[[z]] and B =
Cllz,y]] and

B, : Fp — Cly,0,] C End4(B)

is fixed by the one constructed by the following
rules (cf. [5] and [6]).
i) Bg =1.
ii) For the forest o4 € Fp (d = (dy,d;) € D) con-
sisting of a single vertex v with the decoration
o(v) = d, we put

B., = ydlaj“.
iii) When T = Bj(F) with d = (dy,dy) € D and
F € Fp, we put
B; = (By-y")d)".

iv) When~F:Tf‘ T}k’ for T,---,T; € Fp with
Ty # T, (i # j) and ky, -+, by € Zisg, we put
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(B AL .
- j r(F)
Br= (H ; ki ay :
J=1 J
By the construction of B,, we see that B,
satisfies the following properties.

(12) Bj is written in the form ﬂpy"“x(‘%)ﬁg(ﬁ) with

a constant 35 € Q.

B;=0if F € Fp\ Fp.

For any F € Fp and ¢, € CJ[z,]],

Bi(pv) = Y Ba(o)Bu(¥),
F/’F//

wperg the sum is taken over ~all t~he~ pairs

(F',F") € Fp x Fp satisfying F' = F'F".
4. The arbomould expansion of ©. In
this section, we give an arbomould(-coarbomould)

expansion of O of the following form (see [17] for the
convergence of the expansion):

0=y Mm'B,:= > M'B;.

” +
FeFy

(15)

In what follows, we consider arbomoulds defined
only on F since their values at Fp \ Ff, are not
used by (13). Let Aj(z,y) be written as follows:

Aj(xay) = )‘jyj + Z aj,a(x)ya7

a€Zy,

where a;q(z) € £C{z}. We define an arbomould a* :
Fi = Cllz]] by

16) of =] v i F=sca),
0 otherwise,

where e; is the j-th unit vector. We set
(17) Z=> a'B..
Then, X = Xy + Z and the equation OX = X0 is
equivalent to [Xy, ©] = ©Z. Therefore, using
N o N
(18) [XQ,WIFBF] = |:<1‘2 57 + V,\) QﬁF:| BF‘7
x

(19) OZ =) (M xa*)B,,

the problem is reduced to constructing an arbo-
mould 9M* satisfying M? = 1 and

0
@) (Vi) —mr

ox
where V,91°* is an arbomould defined by V Aimﬁ =
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(M- HFH)SJTF for F € Ff,. Then, 9M°® is recursively
and uniquely determined by solving

0 - - .
(21) (x2 p + A ||T|)SD?T =ajq (:c)SDIB r

for T € TB with the root p having the decoration
o(p) = (e;,d1), and by setting

(22) mE = o ..onT

for F=T,--T, ({>2) with T, € T (j=1,---,4).
Then, we have the following

Theorem 4.1 ([10]). There exists uniquely a
separative arbomould IM® : Ffy — C[[z]] such that
© = > 9B, defines a tangent-to-identity formal
diffeomorphism satisfying ©X = X(0O.

5. Resurgent formal series. In this sec-
tion, we review the results in [9] and [11] related to
the resurgence of formal series. We first recall the
definition of the formal Borel transform. The formal
Borel transform B : 2CJ[[z]] — C[[¢]] is a C-linear
morphism defined by

~ 0 X 00 fkfl
B px) = ;S@kfk = @(§) = ;@k (k—1)!

1
It is linearly extended to 9B : Cl[z]] — Cé & CJ[¢]]
by

B : o+ ¢(x) € CL@ 2Cllz]] = wod + $(6),

where the symbol ¢ denotes the image of 1 by B. We
put Cl[z]], ;=B '(Cs® C{¢}). The convolution
product @1 * @ of @1, Yo € C{&} is defined by

13
1k By = / 51 — €)pa(€)deE'

We see that ¢; x 9o € C{£} and satisfies P * Qo =
B(P192) if @1, P2 € xCJ[z]];. The multiplication - * -
is naturally extended to Cé @ C{£} so that 6 is the
unit in the algebra.

For a detailed description of singular points of
holomorphic germs, we use discrete filtered sets
introduced in [1].

Definition 5.1. A discrete filtered set is a
family = (Qr),cg_, of subsets in C such that

i) Qp is a finite set,
i) Q, CQ if L < Lo,
iii) there exists R > 0 such that Qpr = 0.

Notation 5.2. (1) For a discrete filtered set
Q, we put

R(Q) :=sup{L € Rx¢ | 2, = O},

[Vol. 99(A),

So={(L,w) eRxC|L>0andwe Qr}.

(2) Let E be a discrete closed subset of C that does
not contain 0. Then, it can be regarded as a discrete
filtered set by identifying it with a discrete filtered
set Q defined by Qp:={we€ E||w| < L} for each
L € R>g. We use the same notation F to denote it.

Let Q and € be discrete filtered sets. When
Qp C ) holds for any L € Ry, it is denoted by
Q C . Next, we define Q*€Q (resp. QU by
(Q+ Q) ={w+uw |weQ,,w €Qp,, L1+ Ly =
L}uQuQ) (resp. (QUQ), :=Q,UQ)). In par-
ticular, Q * --- %  is denoted by Q" (n > 1). Since

n times

it consists an inductive system, a discrete filtered

set (2" is defined by

Q.= lim €.

n

Definition 5.3. (1) A Lipschitz continuous
path v : [0,a] — C (a > 0) satisfying y(0) = 0 is said
to be Q-allowed if it satisfies (L, (t),7(t)) ¢ Sq for
any t € [0,a], where L,(t) is the length of the path
Y00,y and Sq is the closure of Sg in R x C. The
set of Q-allowed paths is denoted by IIg. (2) A
Lipschitz continuous path « : [0,a] — C is said to be
Q-adherent if it satiﬁes 7|[O,t] € Il for any ¢t € [0, a)
and (Ly(a),v(a)) € Sa. The set of Q-adherent paths
is denoted by II&L. (3) A holomorphic germ ¢ at
¢ =0 is said to be Q-continuable if it is analytically
continuable along any Q-allowed path. The set of
Q-continuable germs is denoted by Zq. (4) An
Q-continuable germ ¢ is said to be simple if, for any
path v € H?{i, the analytic continuation cont,¢ of ¢
along v has a simple singularity at the end point w
of v, i.e., it has the following form on the universal
covering space of {£ |0 < |§ —w| < r} for sufficient-
ly small r > 0:

1

% + %Xw(g —w)log(§ — w) + reg, (§ —w),

where C, € C and x,, reg, € C{{}. We associate

such a singularity with C,6+ x,(§) € Cé ® C{¢},

and hence, a formal series in C[[z]], by B ". The set

of simple Q-continuable germs is denoted by #5™.
We put

Hq :=Cl1 @E?Q, @Q = %_1(@9),
B = Cle B"™, B =B HZ™)
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An element of Zq (resp. Z5™") is called Q-resur-
gent formal series (resp. simple -resurgent formal
series). By extending the results in [14] and [15], we
have the following
Theorem 5.4 ([10]). Let Q and Q' be dis-
crete_filtered sets. (1) For any ¢ € %’Smp and
e R, we have pxp € A (2) For any ¢ €
%3"“’ and ) € %’?Zi,mp, we have i) € %’3:}5
6. The resurgence structure of 9M*. In
what follows, we study the resurgence structure of
the arbomould 991°* constructed in Section 4.
We inductively define a family of discrete
filtered sets Q7 (F € Fy) by the following rules.
i) Qp=0.
ii) When Te TB, we put

0 _ { Qp-7 if ||7| =0,
7= ~ -

{=A- T}V Qg5 i [T # 0,

where  is a discrete filtered set defined by

6 _ [ (L < 2R()),
L‘{{O}um (L >2R(Q))

for a discrete filtered set €2.

iii) When F =T,---T; (£>2) with Tj € TH (j =

Lo, 0), we put Qp = Qz % % Qg .

Then, we have the following

Theorem 6.1 ([10]). For any F € Ff, we
have ME € %Si?p.

Remark 6.2. The assumption (3) is used to
make the singularities of 9 in the Borel plane
simple.

Let A, be the alien derivation at w € C\ {0}
(see [14] and [17] for the definition). Then, by
Theorem 6.1, we see A MM € C[[z]], for any
FecFi. We define an arbomould ¢ : Ffy —
Clla]], by

(23) ¢ = (A" x (D),

where (91*Y)* is the multiplicative inverse of the
separative arbomould 9* defined by 9 o S. Then,
we have

Theorem 6.3 ([10]). The arbomould ¢!, (w €
C\ {0}) satisfies the following:

i) < is antiseparative, and hence, cf =0 for any
FeFh\ThH.
ii) ¢ € C for any T € TY,.
iii) <L =0ifw#-X-||T|.
By (12) and Theorem 6.3, we see
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C,:= Z ¢ B.

defines a first order differential operator of the form

>3 e, e = Y e,

J=1 a€Zs, Teye

where
U .= {T € TB | T(T> = €j>UeX(T) = a}.

For later convenience, we extend Qi“ to o € Z" by
setting €% =0 for a¢ Z%,. We obtain from (23)
the following relation as operators in Endc(Z|[[y]]):

(24) [Aw @] = Cu)@7

where Z# is the space of resurgent formal series
given by the union of Zq over all the discrete
filtered sets. It describes explicitly the resurgence
structure of ©: the singularity structure of © at any
point £ = w € C\ {0} in the Borel plane is written
by © itself though it is constructed at £ = 0. We can
also derive similar descriptions for the alien oper-
ator A7 and the symbolic Stokes automorphism Sy
in a direction @ (see [14], [17] for the definitions of
these operators). See [10] for the details.

7. The resurgence structure of transser-
ies solutions. Let ¢ = (¢1, -+, ¢,) be a formal
series defined by

pi(y) =0-y;= Y pjalx)y” € Cllz,y]],

a€Zy,

where

pialz) = > B,

Tel

We see @(x,Ce *) formally gives a transseries
solution of (6), where

CeM* = (Cle—/\l/ﬂﬂ7 e C'ne_’\”/”’)

with (Ci,---,C,) € C". In particular, ¢(z,0) €
C"[[x]] is a formal power series solution of (6).

We define discrete filtered sets A, (a € ZZ) by
Ao == U;{(ej — @) - A}, where the sum is taken over
j satisfying e; —a #0. We also define discrete
filtered sets Q, (a € Z%)) by (Ag)*™ when a =0
and by -

Ag, %% A, | # (A)™

1<t<|a| a1+to=a
€25, \{0}
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when a # 0. Then, we have the following

Lemma 7.1 ([10]). For any T e Ty, we
have Q C~S~2%<T~), More precisely, we have Q7 C €
when o (T) = 0.

The Qo-resurgence of ¢;(x) was proved in [9].
Further, using the estimates in [9] for resurgent
formal series associated with rooted trees, we have
the following

Theorem 7.2 ([10]). For each j and o, ¢,
is simple Qa—resurgent. More precisely, @; is simple
Qo-resurgent.

Remark 7.3. We can also obtain the Borel
summability of ¢; . except for the direction derived
from €. See [10] for the details.

By the relation (24), we have the following
bridge equation:

(25) Aw(pj(xv y) =Co- @j(xv y)

To be precise, we have the following
Theorem 7.4 ([10]). For each j,a and
w# 0, Aypja is given by

n
Aypja = (Z Vk@ﬁ’”+ek> Pjv

k=1
if there exists p € Up_(—ex +2%,) and v e ZY,
satisfying w=—-A-p and o= p+v. Otherwise,

Aw@j,a = 0
For example, A, pjo survives only at w=\;
(k=1,---,n) and we see

k0
Axngio =€\ Pje,
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