
Non-left-orderability of cyclic branched covers

of pretzel knots P ð3;�3;�2k� 1Þ

By Lin LI
�Þ and Zipei NIE

��Þ

(Communicated by Kenji FUKAYA, M.J.A., Nov. 14, 2022)

Abstract: We prove the non-left-orderability of the fundamental group of the n-th fold

cyclic branched cover of the pretzel knot P ð3;�3;�2k� 1Þ for all integers k and n � 1. These 3-

manifolds are L-spaces discovered by Issa and Turner.
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1. Introduction. A nontrivial group G is

called left-orderable, if and only if it admits a total

ordering � which is invariant under left multi-

plication, that is, g � h if and only if fg � fh. An

L-space is a rational homology 3-sphere with

minimal Heegaard Floer homology, that is,

rank dHF ¼ jH1ðY Þj. The following equivalence re-

lationship was conjectured by Boyer, Gordon and

Watson.

Conjecture 1.1 [2]. An irreducible rational

homology 3-sphere is an L-space if and only if its

fundamental group is not left-orderable.

Issa and Turner [5] studied a family of pretzel

knots named P ð3;�3;�2k� 1Þ. They defined a

family of two-fold quasi-alternating knots

Lðk1; k2; . . . ; knÞ, as shown in Fig. 1, and construct-

ed the homeomorphism

�nðP ð3;�3;�2k� 1ÞÞ ¼� �2ðLð�k;�k; . . . ;�kÞÞ:

Because two-fold quasi-alternating links are

Khovanov homology thin [8], the double branched

covers of them are L-spaces [7]. In this way, they

proved that all n-th fold cyclic branched covers

�nðP ð3;�3;�2k� 1ÞÞ are L-spaces.

We prove the following result which is consis-

tent with Conjecture 1.1.

Theorem 1.2. For any integers

k1; k2; . . . ; kn, the double branched cover of

Lðk1; k2; . . . ; knÞ has a non-left-orderable fundamen-

tal group.

As a corollary, the fundamental group of the

n-th fold cyclic branched cover of the pretzel knot

P ð3;�3;�2k� 1Þ is not left-orderable.

In Section 2, we derive a presentation of the

fundamental group of double branched cover of

Lðk1; k2; . . . ; knÞ.
In Section 3, we prove our main result.

2. The Brunner’s presentation. A tool to

compute the fundamental group of the double

branched cover of an unsplittable link is the

Brunner’s presentation [3]. One could also use the

Wirtinger’s presentation to derive an equivalent

form, but the computation would be longer. Histor-

ically, Ito [6] used the coarse Brunner’s presenta-

tion, a generalized version of Brunner’s presenta-

tion, to prove the non-left-orderability of double

branched covers of unsplittable alternating links.

Abchir and Sabak [1] proved the non-left-order-

ability of double branched covers of certain kinds of

quasi-alternating links in a similar way.

Consider the checkerboard coloring of the knot

diagram D in Fig. 1. Let G and ~G be the decom-

position graph as shown in Fig. 2 and the connec-

tivity graph as shown in Fig. 3.

In the Brunner’s presentation of the funda-

mental group �1ð�2ðLðk1; k2; . . . ; knÞÞÞ. Let

ei; fi; gi; bi (1 � i � n) be the edge generators, and

ai; ci (1 � i � n) be the region generators. Then the

local edge relations are ei ¼ akii , bi ¼ c�1
i , fi ¼

ða�1
i ciÞ�2 and gi ¼ c�1

i�1ai (1 � i � n). And the global

cycle relations are f�1
i eigi ¼ 1 and f�1

i bigiþ1 ¼ 1
(1 � i � n). Here the subscripts are considered

modulo n.

By simplification, we get the following presen-

tation of �1ð�2ðLðk1; k2; . . . ; knÞÞÞ:

hai; bijaiþ1 ¼ b�1
i aibiai; a

ki
i ¼ biaibib�1

i�1i;

where i ¼ 1; . . . ; n and we view subscripts modulo n.
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3. The non-left-orderability. We are go-

ing to prove our non-left-orderability result. Let �
be any total preorder on the fundamental group

�1ð�2ðLðk1; k2; . . . ; knÞÞÞ which is invariant under

left multiplication. Then we have the following

lemmas.

Lemma 3.1. If

8m:ðb�1
i amiþ1 � 1Þ;

then

8m29m1:ða�m1

iþ1 b
�1
i am2

i � 1Þ:

Proof. By taking m ¼ 0 in the assumption, we

have b�1
i � 1.

For the sake of contradiction, suppose that

:8m29m1:ða�m1

iþ1 b
�1
i am2

i � 1Þ

which is equivalent to

9m28m1::ða�m1

iþ1 b
�1
i am2

i � 1Þ:

By the strong connectedness of �, for any integers

m1;m2, we have

:ða�m1

iþ1 b
�1
i am2

i � 1Þ ¼) ða�m1

iþ1 b
�1
i am2

i � 1Þ:

Hence

8m1:ða�m1

iþ1 b
�1
i am2

i � 1Þ

for some integer m2.

By taking m1 ¼ 0, we have

b�1
i am2

i � 1:

Since

aiþ1 ¼ b�1
i aibiai;

we have

ðaiþ1a
�1
i Þ

m2b�1
i ¼ b�1

i am2
i :

Hence we have am2
i � 1 and ðaiþ1a

�1
i Þ

m2 � 1, which

implies am2

iþ1 � 1. By assumption, we have

8m:ða�miþ1a
m2
i � 1Þ:

So we have

8ðm has same sign as m2Þ:ða�miþ1a
m2
i amiþ1 � 1Þ:

If m2 � 0, then

ðaiþ1a
�1
i Þ

m2

¼ am2

iþ1ða
�m2þ1
iþ1 a�1

i am2�1
iþ1 Þ � � � ða�1

iþ1a
�1
i aiþ1Þa�1

i :

If m2 < 0, then
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Fig. 2. Decomposition graph G for n ¼ 4.
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Fig. 1. The link Lðk1; k2; . . . ; knÞ in [5].
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ðaiþ1a
�1
i Þ

m2

¼ am2

iþ1ða
�m2

iþ1 aia
m2

iþ1Þ � � � ða2
iþ1aia

�2
iþ1Þðaiþ1aia

�1
iþ1Þ:

Therefore, we have

a�m2

iþ1 ðaiþ1a
�1
i Þ

m2 � 1:

So we have

a�m2

iþ1 b
�1
i am2

i

¼ a�m2

iþ1 ðaiþ1a
�1
i Þ

m2b�1
i

� 1;

which implies the conclusion. �

Lemma 3.2. If

8m:ðb�1
i amiþ1 � 1Þ;

then

8m:ðb�1
i�1a

m
i � 1Þ:

Proof. Because

aiþ1 ¼ b�1
i aibiai

and

akii ¼ biaibib�1
i�1;

we have

b�1
i�1a

m
i

¼ b�1
i a�1

i b�1
i amþkii

¼ b�1
i a�1

iþ1b
�1
i amþkiþ1

i :

By Lemma 3.1, we have

9m1:ða�m1

iþ1 b
�1
i amþkiþ1

i � 1Þ:

By assumption, we have b�1
i am1�1

iþ1 � 1. Therefore,

we conclude that

b�1
i�1a

m
i

¼ ðb�1
i am1�1

iþ1 Þða
�m1

iþ1 b
�1
i amþkiþ1

i Þ
� 1:

�

Let us apply the fixed point method on a1. This

is a common technique in the proofs of many non-

left-orderability results. If the fundamental group

�1ð�2ðLðk1; k2; . . . ; knÞÞÞ has a left order �, then [4]

there exists a homomorphism � from this group to

HomeoþðRÞ with no global fixed points, and g � h if

and only if �ðgÞð0Þ � �ðhÞð0Þ. Then for the element

a1, there are two situations:

(1) If �ða1Þ has a fixed point s, then there is a

left total preorder �a1
, defined as g � h if and

only if �ðgÞðsÞ � �ðhÞðsÞ, with a1 �a1
1 and

a�1
1 �a1

1.

(2) Otherwise, any conjugate of a1 has the same

sign as a1.

We assume the first situation, then �a1
is a

total preorder which is invariant under left multi-

plication. Without loss of generality, we assume

that bn �a1
1, then

8m:ðb�1
n am1 �a1

1Þ:

By inductive applications of Lemma 3.2, we have

8m:ðb�1
i amiþ1 �a1

1Þ

for any i ¼ 1; . . . ; n. By Lemma 3.1, we have the

relation

8m29m1:ða�m1

iþ1 b
�1
i am2

i �a1
1Þ

for any i ¼ 1; . . . ; n.

Because

aiþ1 ¼ b�1
i aibiai

and

akii ¼ biaibib�1
i�1;

we have

b�1
i akii

¼ aibib�1
i�1

¼ biaiþ1a
�1
i b�1

i�1

¼ ðbiaiþ1Þðbi�1aiÞ�1:

Hence we have

8m29m1:ððbi�1aiÞ�1am2
i �a1

ðbiaiþ1Þ�1am1

iþ1Þ:

By induction, we have

8m29m1:ððb1a2Þ�1am2

2 �a1
ðbna1Þ�1am1

1 Þ;

and especially we get

9m1:ððb1a2Þ�1 �a1
ðbna1Þ�1am1

1 Þ:

Then we have

9m1:ð1 �a1
b�1

1 am1þk1

1 Þ;

which implies b1 �a1
1. Because

8m:ðb�1
i amiþ1 �a1

1Þ

implies b�1
1 �a1

1, every fixed point of a1 is also a

fixed point of b1.

By

aiþ1 ¼ b�1
i aibiai;
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every fixed point of a1 is also a fixed point of a2. By

symmetry and induction, any fixed point of a1 is a

global fixed point.

Now we assume any conjugate of a1 is positive.

By

aiþ1 ¼ b�1
i aibiai;

if any conjugate of ai is positive, then any conjugate

of aiþ1 is positive. By induction, any conjugate of ai
is positive. Since

aiþ1a
�1
i ¼ b�1

i aibi � 1;

and the fact that the product of all aiþ1a
�1
i is

identity, we have ai ¼ aiþ1 for all i ¼ 1; . . . ; n.

Furthermore, we have ai ¼ 1. Then the fundamen-

tal group is finite, so it is not left-orderable.

Therefore, we proved the non-left-orderability.
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