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Perverse sheaves on C? without vanishing cycles at the origin

along a general plane curve with singularities

By Dérille KOUEMO DJOUKOUE* and Philibert NANG*":***)

(Communicated by Masaki KASHIWARA, M.J.A., Sept. 12, 2022)

Abstract:

Generalizing MacPherson-Vilonen’s method [2] to arbitrary plane curve

singularities, we provide a classification of perverse sheaves on the neighborhood of the origin
in the complex plane, which are adapted to a germ of a complex analytic plane curve. We rely on
the presentation of the fundamental group of the complement of the curve as obtained by Neto
and Silva [5]. The main result is an equivalence of categories between the category of perverse
sheaves on C? stratified with respect to a singular plane curve and the category of n-tuples of
finite dimensional vector spaces and linear maps satisfying a finite number of suitable relations.
As an application, we classify perverse sheaves with no vanishing cycles at the origin for a special

case.
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Introduction. Let f:(C?0) — (C,0) be a
germ of a complex analytic map, and C' C (C?,0) be
the plane curve defined by the equation f = 0. The
category Perv(C?) of perverse sheaves on C* which
are constructible relative to the stratification {0} C
{C} Cc C? is an abelian category. It is a full
subcategory of D’(C?) the category of complexes
of sheaves of C-vector spaces on C* whose coho-
mology is bounded. In this paper, we classify
perverse sheaves on the neighborhood of the origin
in C? which are adapted to a germ of the
complex analytic plane curve C. To do so, we use
MacPherson-Vilonen’s methods on the elementary
construction of perverse sheaves [1] and on the
classification of perverse sheaves along the plane
curve 2™ = 4" [2]. These methods extend to ar-
bitrary plane curve singularities as well as to the
global case. The combination of the above methods
with the presentation of the fundamental group of
the complement of the curve C' as obtained by Neto
and Silva [5] yields a generalization of the result
obtained by MacPherson and Vilonen in the case of
monomials plane curves [2]. We prove Theorem 1
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stated in section 2. As an application, we classify
perverse sheaves with no vanishing cycles at the
origin for a special case. Similar descriptions have
been obtained by [4], [6].

Notation. Given X a complex manifold with
an analytic stratification S, denote by Ag=T§X
for S €& the closure of T¢X in T*X, and Ag =
A\(Upgs Ar). Set A ={JgcgAs and denote by
Pervy(X) the category whose objects are perverse
sheaves on X with characteristic variety contained
in A. We treat the case of middle perversity.

1. Extending across a smooth curve in
C%. Let C be a smooth curve in C?\{0} and let
A =Tg,C*UT;C\{0} UT},,C* be the union of
conormal bundles to the strata C*\C, C\{0}, {0}.
This section deals with an explicit combinatorial
description of the category Pervy(C?\{0}) in the
general case C given by the equation f = 0 where f
is a complex analytic map-germ. Recall from [2]
that if Cy, - - -, C}, denote the irreducible components
of the curve C, one can identify TaC2 with TCI.C2
using the standard hermitian metric on C?. There-
fore the tubular neighborhood theorem establishes a
diffeomorphism between a neighborhood U; of the
zero section of TaC2 and a neighborhood V; of C; in
C?. Consider the mappings of fundamental groups

m1(Ae,) < m(UANC) <m(V\Cj) — m(CP\C).

Taking the pull backs via these maps of a local
system L on CQ\C’ gives rise to a local system £; on
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ch that does not depend of the base point chosen.
There is an isomorphism 71 (A¢,) = 71 (C”) x m(C))
obtained by choosing a section of the trivial
C*-bundle A¢; on Cj. Let us choose such a section
and fix a base point. Let v; be the image of the
canonical generator of 7(C*) in m(Ag,).

For £ alocal system on C*\C, the complex £[2]
is a perverse sheaf in Pervy(C*\C) [2]. Consider the
functors 1 and ) : Perv(C?\C) — {Local systems
on Ag,} (called the “nearby cycles” and the “nearby
cycles with compact support”) and the natural
transformation var : ¢ — 1. (called the variation).
We recall [2] Lemma 1.1 and Proposition 1.2:

Lemma 1. For a local system L on CQ\C,
one has P(L[2]) = .(L[2]) = L; on Ac;, and the
variation map wvar: L; — L; is given by var(l) =
%) = L.

Proposition 1. The category Pervy(C*\{0})
s equivalent to category Gy whose objects are local
systems L on C*\C provided with a m (C})-module
F; for each j=1,--- k such that the diagram

var ~
Lj——=L;

\T commutes as a diagram of i (C})-

Fj
modules.

1.1. The fundamental group of C*\C. We
recall a presentation of the fundamental group of
the complement of the link of a singular point of a
general plane curve obtained by Neto and Silva [5].
This relies on a tree and the vertices correspond
to certain tori in the complement of the link. The
presentation has two generators for each vertex (a
standard meridian and a standard longitude of the
corresponding torus) and many relators of six
different types.

Let C be a germ of a plane curve at a point o
and denote by C,, 1 < p <k, its irreducible compo-
nents. Consider a local coordinates system (z,y) in
an open polydisk Y centered at o such that the
tangent cone of C is transverse to {x = 0}. Let y =
> apx° be a Puiseux expansion of the component

é‘p, where € € Q" and a,, € C. One associates to
the curve C a tree Yo whose set of vertices is
denoted by Z¢. Given 1 < p,e < k and € € Q*, one
identifies (p,e) with (e,e) if a,, =ac, for veE Q
and 0 < v <e. A pair (p,e) is called a vertex of T¢
with an exponent € if e =0 or € is a characteristic
exponent of Puiseux of C, or if there exists e # p
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such that a,s =acs for 6 <e and a,e # ace. We

denote by ¢ = (p,0) the root of T¢. A pair w = (p, §)

is a descendent of v = (p,€) (w > v) if 6 > € with ¢

minimal. A pair (p,¢) is called a shaft if a,.=0.

One associates to each vertex v = (p, €) € Z¢ which

is non-terminal the branch C,={y= > a,, 2"}
124

where w = (p,6) is any descendent of v. If v is
terminal one associates to it the branch C, = C,.
Given 0 <n<1let K,=C,Nn({z:|z] =n} xC)
be the knot of C,. It is proved that one can find
n > 0 and closed neighborhoods N, of K, w € =¢
such that N, C int(N, \ K,) if w<wu and N, N
N,=0 if wgu and u £ w (see [5,Lemma 0.1]).
The system of neighborhoods (N,,) satisfying the
above conditions is called a toric system for C. One
call standard meridian and standard longitude of
(Ny) a pair of positively oriented simple curves «,
and (3, on dN, such that «, and (3, are homeo-
morphic to S, a,~0, B,~ K, in H(N,),
cuy, Ky). Here £(.,.) denotes the linking number
in a suitable oriented homology 3-sphere. If w is
non-terminal, denote by wy, - - -, ws, the descendents
of w that are not shafts. There exist positive
integers p,, and &, that are coprime such that K,, ~
MOy + &uBw in Hi (N, \ Kyy). The values of u,, and
&, correspond to the intersection multiplicity and
the ramification index of Cy, and C,, respectively.
Let 7y, sy be integers such that r,u, = s,&w + 1.

Let B be the set of all special paths described
in [5] called the base set. We recall Theorem 1.2
of [5]:

Proposition 2. For each germ of plane
curve C, the local fundamental group of C,
m(Y\C, B) is generated by o, By, w vertex in E¢
with the relations By = 1, [y, Bu] =1 for all w and

(1) bt B, = alv % if u > w and u is not a shaft,
(2) atwpie = alvBe, if u>w and u is a shaft,
(3) (o, - o, O‘Zfﬂaw)&v = (af )™, w nonter-
minal without shaft,
(4) au, crr Oy, ay B = O‘Z;O 2337
with shaft wy.
We then obtain the description of the fundamental
group of C*\C as follows:

Proposition 3. For each germ of plane
curve C, the fundamental group of the complement
of the curve C in C?, m(C?\C, B), is given by the
generators qu,, B, w vertex in =¢ with the relations:
Bs =1, [, Bu] =1 for all w and (1)—(4).

Proof. This result is a consequence of Propo-
sition 2 and the fact that the polydisc Y is a

w nonterminal
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deformation retract of C?, and therefore
71(C*\C, B) is isomorphic to m (Y\C, B). O

1.2. Combinatorial description of the cat-
egory Perv(C?\{0}). If ¢y, --,C, are the
irreducible components of the general plane curve
C, one knows that 7 (A¢,) = 7 (C*) x m(Cj) =
Z xZ for all je{1,---,k}. For each vertex v=
(j,€) in E¢g, the pair of generators (ay,(;) of
m(C*\C, B) can be identified with v; (the image
of) the canonical generator of 71(C") (in m(Ac;)).
We trivialize the fibration A¢, — C; by choosing
another generator ; on B for 7 (A;). Proposition 1
says that a perverse sheaf F on C*\{0} corresponds
to a local system L on C2\C’ equipped with a
7 (Cj)-module F; for every j=1,--- k. For each
vertex v = (j,€), let (a;, d;) be the action induced by
the generators (aj, ;) on £, 7; be the action induced
by 7; on F;, and b; be the action induced by v; on
L. Denote by R the group generated by the relations
of Proposition 3. A more explicit form of the
Proposition 1 is:

Proposition 4. The category Pervy(C*\{0})
is equivalent to the category of (k4 1)-tuples of
vector spaces (L,F1,---,F)) such that L has an
action by the group ((ai,dy), -, (ag,di) b1, -+,
bp)/R and each .IZ-', has an action by T; with the

C-linear maps ﬁéfj such that for 1 < j <k

49j
(1) pjg; = aj = 1, (2) pjg; = d; — 1,
(3) q;7; — quj = 0, (4) TiPj — p]'bj =0.
Proof. One knows from the Proposition 1 that
Pervy (C*\{0}) is equivalent to the category of local
systems £ on C*\C with triangles of m; (C;)-modules

~ var ~
Lj—=L;

x qu where var(l) = v;(I) — l for any [ € Z,

I
Let p: 1~Xc — C' be the projection. For every
element g in m(p~'(x,y)),(x,y) € C, there is a
natural transformation I,:1. — 1 called the
Gabber-Malgrange map [1, Proposition 5.2] or [3].
If p1y denotes the monodromy of g on Fj, then [,
Theorem 5.3] gives puy, — 1 = p;o I, 0¢q;. For every j
there is only one Gabber-Malgrange map [, s, for
the pair of generators (aj,B;) and I, ) = Id.
Hence the above relation leads to: pa;, —1=p;ogq;
(resp. pg, — 1 =pjoq;). As above, one denotes the
action induced by (o, 8;) on L by (aj;, d;), the action
induced by «; on F; by 7;, and the action induced by
v; on L by b;. Therefore the relations (1)-(4) are
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deduced from the above equality. O

A detailed description of this result is given as
follows: By [5, p. 145], given 0 <<« 1, 0 < £ K 1,
consider  (t) = n? exp(2imnt) — & exp(2in(t(m +
1) = 5)), &nexp (2im(t(n + 1) = 5&5)) +
Enexp(2im(tm — 55)),t € [0,1].

Denote by F,, the vector space associated with
the corresponding local system evaluated at the
point corresponding to y(w). Let 0, : Fopy — Fuim
be the transformation obtained by the local system
along v. We then obtain

Proposition 5. The category Pervy(C*\{0})
is equivalent to the category of (k+ 1)-tuples of

vector spaces (L, F1,- -+, Fy) with the maps L &.Fw
and Oy : F o — Furm such that: "
(1) qupw = ay — 1 invertible,
(2) qupw = dw — 1 invertible, (3) 6,, invertible,
(4) quimbuw = aSetvd,q, = a'vdsrqy,, if u > w and u
is not a shaft,
(5) quimbuw = alvdsrq, = alvdsrqy, if u>w and u

1$ a shaft,
— Sw rw\sw, w 4w \Tw
(6) Qw+m9w = (a/u)l T awb“‘ a/wm dmu) v Qu = (aﬁ;‘ dfﬁ) v Qu,
w nonterminal without shaft,
J— Sw AT w — Sw ATw
(7) CIermew = Oy gy, By d'uf'l Gu = Gy duug Qu; w

nonterminal with shaft wy,
(8) ewpw = puaguv,uru‘du = pwaﬁ;wdil'u} qu > w and u is
not a shaft,
(9) prw = puaﬂ’“’dﬁ‘” — pwa“’“’df,w

Podse, if u>w and u is
a shaft,

. 1w \éw : N\Tw
(10) 01z;p1u - pw( awl e amb“_ ai;" da ) Y= pm(afb‘“ d% ) ! 3
w nonterminal without shaft,
_ Sw ATw — Sw ATw
(11) Owbw = Puwlu, * Ay, Ay’ d,[f = pwau',odu}(]; w non-

terminal with shaft wy.

Proof. We are going to construct two functors
establishing an equivalence of categories between
the data of Proposition 4 and those of Proposi-
tion 5. In order to construct the data of an object of
Proposition 4 from that of Proposition 5, consider

oy
k

Tw = Hﬁwﬂ-m and b,, being words on the a,, and d,,
Jj=1

such that:
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nl nl
(@) = (o),

if 4 > w and wu is not a shaft;
(aﬂ'u'd&L')%l — (a#wdgw)%]

u u w w b)

if w > w and u is a shaft;

bw = o Ewnl L 76 rynl
(a’wl co Oy, aujl duﬁb) b= (awu duﬁb) ko

w nonterminal without shaft;

Y i

T S0 d’“’)% = (a® dn;)%

(7 awb“, Q,, ty, - a"wo wy )

w nonterminal with shaft wy-

Using (4)—(11) of Proposition 5 we obtained

(3), (4) of Proposition 4, and moreover the

action by (ai,---,ag, di,---,d;) on L satisfies

the relations of Proposition 3. Conversely, we
define a functor from which one constructs the
data of an object of Proposition 5 from that of

Proposition 4 as follows: choose 6, = id when

w:h+jmf0r1§h§k7j<%—1 and 0, =

by, when w:h—i—lLk’” for 1 < h < k. We define
mappings ¢, and p, thanks to the formulas

(4)—(11) of the Proposition 5 for values w not

included in 1< h <k. The above defined

functors are inverse to one another. O

2. Extending across the origin. The main
theorem is stated as follows:

Theorem 1. The category Perva(C?) of
perverse sheaves on C? constructible with respect
to the stratification {0} C {C} C C* where C is a
general plane curve, is equivalent to the category of
(k+ 2)-tuples of finite dimensional vector spaces

Pw

Sw
(L, Fq,---, Fp, F) related by linear maps LS F,, S
G T
F and 0y : Fyy — Fwrm such as:
(1) Gupw = aw — 1 invertible,
(2) Gupw = di — 1 invertidle, (3) 0,, invertible,
(4) quimbu = aSetvd,q, = a'dseqy,, if u > w and u
s not a shaft,
(5) quimbuw = a,‘lj“’dg'“qu = atvdsrqy, if u>w and u
s a shaft,
(6) QuH»mgw = (awl e aw(,“ ai;'d],:;)
w nonterminal without shaft,
(1) Quambuw = aw, -+ aw, ardirqy = aude gy, — w
nonterminal with shaft wy,
(8) Ouwpw = puasted, = pyatedse, if u > w and u is
not a shaft,
(9) Ouwpw = puatds = pyatedse, if u > w and u is
a shaft,
awpw = pw(awl e au:bw ai’,"dg")g“’ = qu(aﬁ,"dﬁ}“)
w nonterminal without shaft,

g = (alrdy) " qu,

Tw
)
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Tw

(11) OuwDw = Pwlnyy * Ay, ai‘f d;“ = pwai’,‘r’)dwo, w non-
t(irminal with shafz]fC W,
(12) ZTz‘pi =0, (13) Z%’Si =0,
DR () ()
(14) ST = — Zpiaiw“wduqu + 6lzw,jel - (SZ;L Zf u >
i=1+1
w and u is not a shaft,
I+w
1 )
(15) sjm = — Zpiaﬁf“’dfj”% + 5513)7]-91 - 5;;” if u>
i=1+1
w and u is a shaft,
4w ()
5 w U
(16) sjr = — lei(awl C g, @l d) " gy + ) 01—
=1+

6(nl)

i+ w nonterminal without shaft where 5 s

the kronecker symbol modulo nl.
To prove this theorem, we need to consider a
perverse sheaf P* in Pervy(C?\{0}) together with
its combinatorial data of Proposition 5, and com-
pute the variation mapping var : ¥(P*) — 1.(P*)
associated to P°®. Then we will make another
application of Theorem 5.3 of [1]. Note that the
extension being done across the origin in C? it
suffices to evaluate ¢(P®) and .(P*) for one
direction in Ayg.

Recall that C'is a germ of a general plane curve
at the origin o, with irreducible components Cjy,
1<d<w. As in section 1.1, each nonterminal
vertex v = (d, €) is associated with the branch Cy =
{y=>.aqx e € Q" a4, € C}. For 0 <n< 1 let
Ki=Cqyn({z:]z] =n} x C) be the knot of Cj.
Denote by N, a closed neighborhood of K, and
consider N = (Ng);cz, the toric system for the
curve C. Let P°* be a perverse object in
Pervy(C*\{0}). One knows from [I, Remark 1)
and 3)] that the stalk of ¥(P®) at § in Ay is
isomorphic to H™'(N, P*), where N is a complex
link to the direction &, and ¢.(P*), ~ H_'(N, P*).

Lemma 2. For every perverse sheaf P* in
Pervy(C*\{0}) one has:

(1) ¥(P*) = H_I(N,P') = Coker(L (p1s++,pr)
Fie e F),

(2) 7/1(:(]:”) = H(Tl(N, P') = Ker(}"l@ e
i (a1, qx) L).
Proof. Let K = UKdCN. Denote by i:

de=c
K— N and j: N\K — N. By considering the
associated hypercohomology long exact sequence
for the distinguished triangle jj*P* — P*® —
1+1* P* — | one gets the long exact sequence



No. §]

S H(K,P*) - H (N, jij P*)
— HY(N,P") —H YK,P*) —
Then using the combinatorial data of Proposm;on 5:
,Fr) and maps E—>fu,

one obtains H™ (K, P*) = O ‘and
L. Giving rise to the canonical iso-

vector spaces (L, Fq,---

associated to P°,
H (K, P*) =~

morphism H™'(N, jij* P*) = @]—'l, and the degree

raising map &= (pi,-- 7pk) £—>7169 - Fi.
So (1) is proved. Similarly, by applying hyper-
cohomology with compact support to the above
triangle, one gets the following long exact sequence
for compactly supported hypercohomology

- — HY(N,i,i'P*) — H_(N, P*)

(N, Rj,jP*) -5 HO(N,i,i' P*) —

one gets H_'(N,i.i'P*)=0 and

>~ L. This leads to the canonical

o @}"l and the
=1

map 6= (q1,--,qx) : F1® - ® Fr — L. Then (2)

is proved. O

Now, to compute the variation map, let usk write any

N H;l
As above,
HY(N,i.i' P*)

isomorphism H_ (N, Ri,j'P*)

element (by,---,b;) in F1 ®--- B Fy as Zbiei.
i=1
Lemma 3. The wartation  map  wvar:
PY(P*) — .(P*) is defined as follows:
4w
(1) var(be) = =3 pia&eted, qubues + 0(br) ety —
IH+w =
bie; = — Z piauu dw qwbwez + 9(bl)el+w — bey, Zf
=141
u > w and u is not a shaft,
4w
(2) var(be) = — Z piatedse g bye; + 0(by) ey —
Hw =1+
bie; = — Z piate dS qubue; + 0(b)erw — bier, if
i=itl

u>w andu zs a shaft,

(3) wvar(be) = Zpl Aoy, oy, G5l )E“’qwbwei +
i=1+1
4w
0(b)errw — bier = =Y pilaled$) " qubye; +
=1+
O(br)errw — bier, w nonterminal without shaft.

Proof. If C is a curve with components
(Ca)o<q<; admitting the Puiseux expansion y=
exp(2im(L 1))37'1 for d > 1 and y=0 for d =0. Let
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1
Z = UZd where Z; is defined as follows: Take

0< 7;[21< 1, 0 < £ < €< 1. Following [5], consider
Zg = {(k7' N\ Rak 7 Aa—1ka-1)(t),t € [0,1]}  where
we have defined, for je€{0,---,nl}, &;(t)=
(7, §expi K (=1+2t7),  #;(t) = (n,Eexpizy (=1 +
2t5)), k4 (t) = (n,€expi (=14 25(1 1)),

Rt = (Vlaﬁexplm( 1+2j(1-1))),

Aj(t> = (n, (€1 = 1) + &) expii g (—1 + 29)),

L) = (0, (&t + (1= 1)) expi 2 (=3 + 27)).

Let i:Z < N and j: N\Z — N. By a calculation
one gets H™'(N,i,i'P*) = F, @ --- & F}, canonical-
ly. The variation map is determined as follows:
consider a monodromy map p: N — N such that

w|ON =id, and a function uw:N — R,z+—
m |z < 1

u(z) = Then z) =

) Lam(— s b< b2t #e)

e?m(?)z Using the canonical map F, —
k

Y(P*) — e(P*) — @fl we obtain the formu-
=1

las. O

Proof of Theorem 1. Using Proposition 1,
Lemma 2, Lemma 3 and applying [1, Theorem 5.3],
yields the result. (I

3. Perverse sheaves with no vanishing
cycles at the origin. This section is an applica-
tion of our results to a specific example. Let C be a
curve in C? with a branch of genus 29 given by a
Puiseux expansion of type y = z2 4+ 1. We study
the category Pervy(C?). Consider C(L,E,F) the
free algebra with three generators, and K =
C(L,EF) (LELHL +L,ELEHE  +E EFE+
E+EFEF + F2+ F).

Proposition 6. The category Pervy(C?) is
equivalent to the one of K-modules such that
LA+1,E+]T and F+1 are invertible transforma-
tions. The equivalence is obtained by associating to
the K-module a local system on C*\C by choosing
ar=L+1,a0=E+1, a3 =F + I and then taking
the intersection homology extension to all of C2.

Proof. From Theorem 1, to be in the case of no
vanishing cycles at the origin we put F =0. In
other words the following system of equations has to
be satisfied

prasqi = —1, praiqp = —1, prazqe = —1,
g ) Psaats = =1, 61 — poq1 — prarazqy =0,
0y — p1go — P1a201G2 — P3qg2 — P3azazqe = 0,

03 — pags — prazasqgs = 0.
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Since p1, po and p3 are surjections and that ¢, ¢
and g3 are injections, the first two equations are
equivalent to

{ @11 = —q1P1042q1P1, G2P2 = —q2P2a1q2D2,
QP2 = —q2p20a3q2P2, q3P3 = —(g3P3a2G3P3.

PutL=a—1,€& =ay — 1and F = a3 — 1 therefore
these equations take the following form:

LELHLP+L=0, ELE+E+E=0,
EFE+E+E=0, FEF+F +F=0.

So for any object in Pervy(C?) the previous
equations are satisfied. Conversely, if they are
satisfied, it follows from what was said above that
we obtain an object in PervA(CQ) if we define 64, 6
and 65 by S. O

Let W, be a family of representations of K on

2 (00 _ (v —(v+1)
Cglvenby.£—<1 7>,S—<O 0 ,

0
o

for v # (3,5 (s is a third root of unity). For v = (3
or v= Cg, W, has the trivial one dimensional-
representation and the quotient representation is
given by L=E=F =2 or (3. Let W, be the
family of irreducible representations of K where we
quotiented out of trivial representations at v = (3
and y=¢} in the family W, and add them
separately to the family.

Proposition 7. The irreducible objects in
Pervy (C?) correspond to the irreducible represen-
tations of V’IV/W.

Proof. We prove that any irreducible repre-
sentation of K occurs in VT/A,,. Let W be an arbitrary
irreducible representation of K. Note that £2€ =
LE, &L =EL? E2F = EF?, F2E = FE*. Consider
1) Either £ or £ has a non-zero eigenvalue. Suppose
there exits a w € W such that Ew = yw, v # 0. We
have two cases:

i) If Lw = pw, then the relations for W imply that
the following equations must be satisfied

3 ) with v € C: W, being irreducible

S={ ypu+p’+p=0, yuy++y+7=0.

If 4 =0 then v =0 or 7= —1 which is impossible.
Thus v#0 and we can see that y=p and
7?4+~ +1=0. This yields a one-dimensional rep-
resentation in T/FIV/A,.

ii) Assume Lw = v is not a multiple of w. Let V be
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the subspace of W generated by v and w. V is
invariant by K. We have fv=E&Lw = %55510 =
—%(52—1—8)111: —(vy+1Dw and Lv=LLw=
}YEQ&U = %EEQw =~Lw =yv thus W =V occurs
in VIN/V.

2) Either F or £ has a non-zero eigenvalue. Assume
there exists w € W such that Fw = yw, v # 0. We
have two cases:

i) Assume that Ew = pw. Then the relations for W
imply that the system S must be satisfied.

If 4 =0 then v =0 or v = —1 which is impossible.
So v # 0 and we see that v = g and 42 +v+ 1 = 0.
This leads to a one-dimensional representation in
W,

ii) Assume Ew = v is not a multiple of w. Let V be
the subspace of W spanned by v and w. V is
invariant by K. We have Fv = Féw =L FEFw =
—%,,(.7:2—#.7-')11):—(7—&—1)10 and ESv=~EE&w =
}752.7:111 = %/5.7:2111 =~fw =yv thus W =V occurs
in Ww'

Now if neither £ nor £ has non-zero eigenval-
ues; and neither F nor £ has non-zero eigenvalues.
We can have £L =& =F =0 and obtain a trivial
representation but if not at least one of them must
have a non-trivial Jordan block. Then we can
obtain a representation in I/’IV/A,,. O
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