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Abstract: Generalizing MacPherson-Vilonen’s method [2] to arbitrary plane curve

singularities, we provide a classification of perverse sheaves on the neighborhood of the origin

in the complex plane, which are adapted to a germ of a complex analytic plane curve. We rely on

the presentation of the fundamental group of the complement of the curve as obtained by Neto

and Silva [5]. The main result is an equivalence of categories between the category of perverse

sheaves on C2 stratified with respect to a singular plane curve and the category of n-tuples of

finite dimensional vector spaces and linear maps satisfying a finite number of suitable relations.

As an application, we classify perverse sheaves with no vanishing cycles at the origin for a special

case.
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Introduction. Let f : ðC2; 0Þ �! ðC; 0Þ be a

germ of a complex analytic map, and C � ðC2; 0Þ be

the plane curve defined by the equation f ¼ 0. The

category PervðC2Þ of perverse sheaves on C2 which

are constructible relative to the stratification f0g �
fCg � C2 is an abelian category. It is a full

subcategory of DbðC2Þ the category of complexes

of sheaves of C-vector spaces on C2 whose coho-

mology is bounded. In this paper, we classify

perverse sheaves on the neighborhood of the origin

in C2, which are adapted to a germ of the

complex analytic plane curve C. To do so, we use

MacPherson-Vilonen’s methods on the elementary

construction of perverse sheaves [1] and on the

classification of perverse sheaves along the plane

curve xm ¼ yn [2]. These methods extend to ar-

bitrary plane curve singularities as well as to the

global case. The combination of the above methods

with the presentation of the fundamental group of

the complement of the curve C as obtained by Neto

and Silva [5] yields a generalization of the result

obtained by MacPherson and Vilonen in the case of

monomials plane curves [2]. We prove Theorem 1

stated in section 2. As an application, we classify

perverse sheaves with no vanishing cycles at the

origin for a special case. Similar descriptions have

been obtained by [4], [6].

Notation. Given X a complex manifold with

an analytic stratification S, denote by �S ¼ T �SX
for S 2 S the closure of T �SX in T �X, and e�S ¼
�Snð

S
R6¼S �RÞ. Set � ¼

S
S2S �S and denote by

Perv�ðXÞ the category whose objects are perverse

sheaves on X with characteristic variety contained

in �. We treat the case of middle perversity.

1. Extending across a smooth curve in

C2. Let C be a smooth curve in C2nf0g and let

� ¼ T �
C2C

2 [ T �CC2nf0g [ T �f0gC
2 be the union of

conormal bundles to the strata C2nC, Cnf0g, f0g.
This section deals with an explicit combinatorial

description of the category Perv�ðC2nf0gÞ in the

general case C given by the equation f ¼ 0 where f

is a complex analytic map-germ. Recall from [2]

that if C1; � � � ; Cn denote the irreducible components

of the curve C, one can identify T �CiC
2 with TCiC

2

using the standard hermitian metric on C2. There-

fore the tubular neighborhood theorem establishes a

diffeomorphism between a neighborhood Uj of the

zero section of T �CiC
2 and a neighborhood Vj of Cj in

C2. Consider the mappings of fundamental groups

�1ðe�CjÞ �
’
�1ðUjnCjÞ �

’
�1ðVjnCjÞ �! �1ðC2nCÞ�

Taking the pull backs via these maps of a local

system L on C2nC gives rise to a local system eLj on
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e�Cj that does not depend of the base point chosen.

There is an isomorphism �1ðe�CjÞ ¼� �1ðC�Þ � �1ðCjÞ
obtained by choosing a section of the trivial

C�-bundle e�Cj on Cj. Let us choose such a section

and fix a base point. Let �j be the image of the

canonical generator of �1ðC�Þ in �1ðe�CjÞ.
For L a local system on C2nC, the complex L½2�

is a perverse sheaf in Perv�ðC2nCÞ [2]. Consider the

functors  and  c : PervðC2nCÞ �! fLocal systems

on e�Cjg (called the ‘‘nearby cycles’’ and the ‘‘nearby

cycles with compact support’’) and the natural

transformation var :  �!  c (called the variation).

We recall [2] Lemma 1.1 and Proposition 1.2:

Lemma 1. For a local system L on C2nC,

one has  ðL½2�Þ ¼�  cðL½2�Þ ¼� eLj on e�Cj , and the

variation map var : eLj ! eLj is given by varðlÞ ¼
�jðlÞ � l.

Proposition 1. The category Perv�ðC2nf0gÞ
is equivalent to category G� whose objects are local

systems L on C2nC provided with a �1ðCjÞ-module

F j for each j ¼ 1; � � � ; k such that the diagram

Lj
var Lj

Fj

commutes as a diagram of �1ðCjÞ-

modules.

1.1. The fundamental group of C2nC. We

recall a presentation of the fundamental group of

the complement of the link of a singular point of a

general plane curve obtained by Neto and Silva [5].

This relies on a tree and the vertices correspond

to certain tori in the complement of the link. The

presentation has two generators for each vertex (a

standard meridian and a standard longitude of the

corresponding torus) and many relators of six

different types.
Let C be a germ of a plane curve at a point o

and denote by Cp, 1 	 p 	 k, its irreducible compo-

nents. Consider a local coordinates system ðx; yÞ in

an open polydisk Y centered at o such that the

tangent cone of C is transverse to fx ¼ 0g. Let y ¼P
�
ap;�x

� be a Puiseux expansion of the component

Cp, where � 2 Qþ and ap;� 2 C. One associates to
the curve C a tree �C whose set of vertices is
denoted by �C . Given 1 	 p; e 	 k and � 2 Qþ, one
identifies ðp; �Þ with ðe; �Þ if ap;v ¼ ae;v for v 2 Q
and 0 	 v 	 �. A pair ðp; �Þ is called a vertex of �C

with an exponent � if � ¼ 0 or � is a characteristic
exponent of Puiseux of Cp or if there exists e 6¼ p

such that ap;� ¼ ae;� for � < � and ap;� 6¼ ae;�. We
denote by � ¼ ðp; 0Þ the root of �C . A pair w ¼ ðp; �Þ
is a descendent of v ¼ ðp; �Þ (w > v) if � > � with �
minimal. A pair ðp; �Þ is called a shaft if ap;� ¼ 0.
One associates to each vertex v ¼ ðp; �Þ 2 �C which
is non-terminal the branch Cv ¼ fy ¼

P
�<�

ap;�x
�g

where w ¼ ðp; �Þ is any descendent of v. If v is
terminal one associates to it the branch Cv ¼ Cp.
Given 0 < �
 1 let Kv ¼ Cv \ ðfx : jxj ¼ �g �CÞ
be the knot of Cv. It is proved that one can find
� > 0 and closed neighborhoods Nw of Kw, w 2 �C

such that Nu � intðNw nKwÞ if w < u and Nw \
Nu ¼ ; if w � u and u � w (see [5, Lemma 0.1]).
The system of neighborhoods ðNwÞ satisfying the
above conditions is called a toric system for C. One
call standard meridian and standard longitude of

ðNwÞ a pair of positively oriented simple curves 	w
and 
w on @Nw such that 	w and 
w are homeo-
morphic to S1, 	w � 0, 
w � Kw in H1ðNwÞ,
‘ð	w;KwÞ. Here ‘ð:; :Þ denotes the linking number
in a suitable oriented homology 3-sphere. If w is

non-terminal, denote by w1; � � � ; wbw the descendents
of w that are not shafts. There exist positive
integers �w and �w that are coprime such that Kwi �
�w	w þ �w
w in H1ðNw nKwÞ. The values of �w and
�w correspond to the intersection multiplicity and

the ramification index of Cw and Cwi respectively.
Let rw; sw be integers such that rw�w ¼ sw�w þ 1.

Let B be the set of all special paths described

in [5] called the base set. We recall Theorem 1.2

of [5]:

Proposition 2. For each germ of plane

curve C, the local fundamental group of C,

�1ðY nC;BÞ is generated by 	w; 
w, w vertex in �C

with the relations 
� ¼ 1; ½	w; 
w� ¼ 1 for all w and

(1) 	�w�wu 
u ¼ 	�ww 
�ww , if u > w and u is not a shaft,

(2) 	�wu 

�w
u ¼ 	�ww 
�ww , if u > w and u is a shaft,

(3) ð	w1
� � �	wbw 	sww 
rww Þ

�w ¼ ð	�ww 
�ww Þ
rw , w nonter-

minal without shaft,

(4) 	w1
� � �	wbw 	sww 
rww ¼ 	sww0


rww0
, w nonterminal

with shaft w0.

We then obtain the description of the fundamental

group of C2nC as follows:

Proposition 3. For each germ of plane

curve C, the fundamental group of the complement

of the curve C in C2, �1ðC2nC;BÞ, is given by the

generators 	w; 
w, w vertex in �C with the relations:


� ¼ 1; ½	w; 
w� ¼ 1 for all w and (1)–(4).

Proof. This result is a consequence of Propo-

sition 2 and the fact that the polydisc Y is a
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deformation retract of C2, and therefore

�1ðC2nC;BÞ is isomorphic to �1ðY nC;BÞ: �

1.2. Combinatorial description of the cat-

egory Perv(C2nf0g). If C1; � � � ; Ck are the

irreducible components of the general plane curve

C, one knows that �1ðe�CjÞ ¼� �1ðC�Þ � �1ðCjÞ ¼�
Z� Z for all j 2 f1; � � � ; kg. For each vertex v ¼
ðj; �Þ in �C , the pair of generators ð	j; 
jÞ of

�1ðC2nC;BÞ can be identified with �j (the image

of) the canonical generator of �1ðC�Þ (in �1ðe�CjÞ).
We trivialize the fibration e�Cj ! Cj by choosing

another generator �j on B for �1ðe�CjÞ. Proposition 1

says that a perverse sheaf F on C2nf0g corresponds

to a local system L on C2nC equipped with a

�1ðCjÞ-module F j for every j ¼ 1; � � � ; k. For each

vertex v ¼ ðj; �Þ, let ðaj; djÞ be the action induced by

the generators ð	j; 
jÞ on L, j be the action induced

by �j on F j, and bj be the action induced by �j on

L. Denote by R the group generated by the relations

of Proposition 3. A more explicit form of the

Proposition 1 is:

Proposition 4. The category Perv�ðC2nf0gÞ
is equivalent to the category of ðkþ 1Þ-tuples of

vector spaces ðL;F 1; � � � ;F kÞ such that L has an

action by the group hða1; d1Þ; � � � ; ðak; dkÞ; b1; � � � ;
bki=R and each F j has an action by j with the

C-linear maps L�
pj

qj
F j such that for 1 	 j 	 k

(1) pjqj ¼ aj � 1, (2) pjqj ¼ dj � 1,

(3) qjj � bjqj ¼ 0, (4) jpj � pjbj ¼ 0.

Proof. One knows from the Proposition 1 that

Perv�ðC2nf0gÞ is equivalent to the category of local

systems L on C2nC with triangles of �1ðCjÞ-modules

Lj
var

pj

Lj

qj

Fj

where varðlÞ ¼ �jðlÞ � l for any l 2 eLj.
Let p : e�C �! C be the projection. For every

element g in �1ðp�1ðx; yÞÞ; ðx; yÞ 2 C, there is a

natural transformation Ig :  c �!  called the

Gabber-Malgrange map [1, Proposition 5.2] or [3].

If �g denotes the monodromy of g on F j, then [1,

Theorem 5.3] gives �g � 1 ¼ pj � Ig � qj. For every j

there is only one Gabber-Malgrange map Ið	j;
jÞ for

the pair of generators ð	j; 
jÞ and Ið	j;
jÞ ¼ Id.
Hence the above relation leads to: �	j � 1 ¼ pj � qj
(resp. �
j � 1 ¼ pj � qj). As above, one denotes the

action induced by ð	j; 
jÞ on L by ðaj; djÞ, the action

induced by �j on F j by j, and the action induced by

�j on L by bj. Therefore the relations (1)–(4) are

deduced from the above equality. �

A detailed description of this result is given as

follows: By [5, p. 145], given 0 < � 
 1, 0 < �
 1,

consider �ðtÞ ¼ �2 expð2i�ntÞ � �2 expð2i�ðtðmþ
1 Þ � 1

n l ÞÞ ; � � exp ð2 i� ð t ð n þ 1 Þ � 1
2n l ÞÞ þ

�� expð2i�ðtm� 1
2nlÞÞ; t 2 ½0; 1�.

Denote by Fw the vector space associated with

the corresponding local system evaluated at the

point corresponding to �ðwÞ. Let �w : Fw �! Fwþm
be the transformation obtained by the local system

along �. We then obtain

Proposition 5. The category Perv�ðC2nf0gÞ
is equivalent to the category of ðkþ 1Þ-tuples of

vector spaces ðL;F 1; � � � ;F kÞ with the maps L�
pw

qw
Fw

and �w : Fw �! Fwþm such that:

(1) qwpw ¼ aw � 1 invertible,

(2) qwpw ¼ dw � 1 invertible, (3) �w invertible,

(4) qwþm�w ¼ a�w�wu duqu ¼ a�ww d�ww qw, if u > w and u

is not a shaft,

(5) qwþm�w ¼ a�wu d�wu qu ¼ a�ww d�ww qw, if u > w and u

is a shaft,

(6) qwþm�w ¼ ðaw1
� � � awbw asww drww Þ

�wqw ¼ ða�ww d�ww Þ
rwqw,

w nonterminal without shaft,

(7) qwþm�w ¼ aw1
� � � awbw asww drww qw ¼ asww0

drww0
qw, w

nonterminal with shaft w0,

(8) �wpw ¼ pua�w�wu du ¼ pwa�ww d�ww , if u > w and u is

not a shaft,

(9) �wpw ¼ pua�wu d�wu ¼ pwa�ww d�ww , if u > w and u is

a shaft,

(10) �wpw ¼ pwðaw1
� � � awbw asww drww Þ

�w ¼ pwða�ww d�ww Þ
rw ,

w nonterminal without shaft,

(11) �wpw ¼ pwaw1
� � � awbw asww drww ¼ pwasww0

drww0
, w non-

terminal with shaft w0.

Proof. We are going to construct two functors

establishing an equivalence of categories between

the data of Proposition 4 and those of Proposi-

tion 5. In order to construct the data of an object of

Proposition 4 from that of Proposition 5, consider

w :¼
Ynlk�1

j¼1

�wþjm and bw being words on the aw and dw

such that:

No. 8] Perverse sheaves on C2 without vanishing cycles at the origin along a general plane curve with singularities 59



bw :¼

ða�w�wu duÞ
nl
k ¼ ða�ww d�ww Þ

nl
k ;

if u > w and u is not a shaft;

ða�wu d�wu Þ
nl
k ¼ ða�ww d�ww Þ

nl
k ;

if u > w and u is a shaft;

ðaw1
� � � awbw a

sw
w d

rw
w Þ

�wnl
k ¼ ða�ww d�ww Þ

rwnl
k ;

w nonterminal without shaft;

ðaw1
� � � awbw a

sw
w d

rw
w Þ

nl
k ¼ ðasww0

drww0
Þ
nl
k ;

w nonterminal with shaft w0�

8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>:
Using (4)–(11) of Proposition 5 we obtained

(3), (4) of Proposition 4, and moreover the

action by ha1; � � � ; ak; d1; � � � ; dki on L satisfies

the relations of Proposition 3. Conversely, we

define a functor from which one constructs the

data of an object of Proposition 5 from that of

Proposition 4 as follows: choose �w ¼ id when

w ¼ hþ jm for 1 	 h 	 k, j < nl
k � 1 and �w ¼

bh when w ¼ hþ lnm
k for 1 	 h 	 k. We define

mappings qw and pw thanks to the formulas

(4)–(11) of the Proposition 5 for values w not

included in 1 	 h 	 k. The above defined

functors are inverse to one another. �

2. Extending across the origin. The main

theorem is stated as follows:

Theorem 1. The category Perv�ðC2Þ of

perverse sheaves on C2 constructible with respect

to the stratification f0g � fCg � C2 where C is a

general plane curve, is equivalent to the category of

ðkþ 2Þ-tuples of finite dimensional vector spaces

ðL;F 1; � � � ;F k;F Þ related by linear maps L�
qw

pw
Fw�

rw

sw

F and �w : Fw �! Fwþm such as:

(1) qwpw ¼ aw � 1 invertible,

(2) qwpw ¼ dw � 1 invertible, (3) �w invertible,

(4) qwþm�w ¼ a�w�wu duqu ¼ a�ww d�ww qw, if u > w and u

is not a shaft,

(5) qwþm�w ¼ a�wu d�wu qu ¼ a�ww d�ww qw, if u > w and u

is a shaft,

(6) qwþm�w ¼ ðaw1
� � � awbw asww drww Þ

�wqw ¼ ða�ww d�ww Þ
rwqw,

w nonterminal without shaft,

(7) qwþm�w ¼ aw1
� � � awbw asww drww qw ¼ asww0

drww0
qw, w

nonterminal with shaft w0,

(8) �wpw ¼ pua�w�wu du ¼ pwa�ww d�ww , if u > w and u is

not a shaft,

(9) �wpw ¼ pua�wu d�wu ¼ pwa�ww d�ww , if u > w and u is

a shaft,

(10) �wpw ¼ pwðaw1
� � � awbw asww drww Þ

�w ¼ pwða�ww d�ww Þ
rw ,

w nonterminal without shaft,

(11) �wpw ¼ pwaw1
� � � awbw asww drww ¼ pwasww0

drww0
, w non-

terminal with shaft w0,

(12)
Xk
i¼1

ripi ¼ 0, (13)
Xk
i¼1

qisi ¼ 0,

(14) sjrl ¼ �
X
i¼1þl

lþw
pia

�w�w
u duqu þ �ðnlÞlþw;j�l � �

ðnlÞ
lj if u >

w and u is not a shaft,

(15) sjrl ¼ �
Xlþw
i¼1þl

pia
�w
u d

�w
u qu þ �

ðnlÞ
lþw;j�l � �

ðnlÞ
lj if u >

w and u is a shaft,

(16) sjrl ¼ �
Xlþw
i¼1þl

piðaw1
� � � awbw asww drww Þ

�wqw þ �ðnlÞlþw;j�l �

�
ðnlÞ
lj , w nonterminal without shaft where �ðnlÞ is

the kronecker symbol modulo nl.

To prove this theorem, we need to consider a

perverse sheaf P � in Perv�ðC2nf0gÞ together with

its combinatorial data of Proposition 5, and com-

pute the variation mapping var :  ðP �Þ �!  cðP �Þ
associated to P �. Then we will make another

application of Theorem 5.3 of [1]. Note that the

extension being done across the origin in C2 it

suffices to evaluate  ðP �Þ and  cðP �Þ for one

direction in e�f0g.
Recall that C is a germ of a general plane curve

at the origin o, with irreducible components Cd,

1 	 d 	 w. As in section 1.1, each nonterminal

vertex v ¼ ðd; �Þ is associated with the branch Cd ¼
fy ¼

P
� ad;�x

�; � 2 Qþ; ad;� 2 Cg. For 0 < �
 1 let

Kd ¼ Cd \ ðfx : jxj ¼ �g �CÞ be the knot of Cd.

Denote by Nd a closed neighborhood of Kd, and

consider N ¼ ðNdÞd2�C
the toric system for the

curve C. Let P � be a perverse object in

Perv�ðC2nf0gÞ. One knows from [1, Remark 1)

and 3)] that the stalk of  ðP �Þ at � in e�f0g is

isomorphic to H�1ðN;P �Þ, where N is a complex

link to the direction �, and  cðP �Þ� ’ H�1
c ðN;P �Þ.

Lemma 2. For every perverse sheaf P � in

Perv�ðC2nf0gÞ one has:

(1)  ðP �Þ ¼ H�1ðN;P �Þ ¼ CokerðL �������!ðp1;���;pkÞ

F 1  � � �  F kÞ,
(2)  c ðP � Þ ¼ H�1

c ðN; P � Þ ¼ KerðF 1  � � � 
F k �������!

ðq1;���;qkÞ LÞ.
Proof. Let K ¼

[
d2�C

Kd � N. Denote by i :

K ,! N and j : NnK ,! N. By considering the
associated hypercohomology long exact sequence
for the distinguished triangle j!j

�P � ! P � !
i�i
�P � �!

½1�
, one gets the long exact sequence
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� � � ! H�2ðK;P �Þ�!� H�1ðN; j!j
�P �Þ

�! H�1ðN;P �Þ �! H�1ðK;P �Þ �! � � � :
Then using the combinatorial data of Proposition 5:

vector spaces ðL;F 1; � � � ;F kÞ and maps L�
pw

qw
Fw

associated to P �, one obtains H�1ðK;P �Þ ¼ 0 and
H�2ðK;P �Þ ¼� L. Giving rise to the canonical iso-

morphism H�1ðN; j!j
�P �Þ ¼�

Mk
l¼1

F l, and the degree

raising map � ¼ ðp1; � � � ; pkÞ : L �! F 1  � � �  F k.
So (1) is proved. Similarly, by applying hyper-
cohomology with compact support to the above
triangle, one gets the following long exact sequence
for compactly supported hypercohomology

� � � ! H�1
c ðN; i�i!P �Þ �! H�1

c ðN;P �Þ

�! H�1
c ðN;Rj�j�P �Þ�!

�
H0
cðN; i�i!P �Þ ! � � � :

As above, one gets H�1
c ðN; i�i!P �Þ ¼ 0 and

H0
cðN; i�i!P �Þ ¼� L. This leads to the canonical

isomorphism H�1
c ðN;Ri�j!P �Þ ¼�

Mk
l¼1

F l and the

map � ¼ ðq1; � � � ; qkÞ : F 1  � � �  F k ! L. Then (2)
is proved. �

Now, to compute the variation map, let us write any

element ðb1; � � � ; bkÞ in F 1  � � �  F k as
Xk
i¼1

biei.

Lemma 3. The variation map var :

 ðP �Þ �!  cðP �Þ is defined as follows:

(1) varðblelÞ ¼ �
X
i¼1

lþw
pia

�w�w
u du qubuei þ �ðblÞelþw �

blel ¼ �
X
i¼1þl

lþw
pia

�w
w d

�w
w qwbwei þ �ðblÞelþw � blel, if

u > w and u is not a shaft,

(2) varðblelÞ ¼ �
X
i¼1þl

lþw
pia

�w
u d

�w
u qubuei þ �ðblÞelþw �

blel ¼ �
X
i¼iþ1

lþw
pia

�w
w d

�w
w qwbwei þ �ðblÞelþw � blel, if

u > w and u is a shaft,

(3) varðblelÞ ¼ �
Xlþw
i¼1þl

piðaw1
� � � awbw asww drww Þ

�wqwbwei þ

�ðblÞelþw � bl el ¼ �
Xlþw
i¼1þl

piða�ww d�ww Þ
rwqw bw ei þ

�ðblÞelþw � blel, w nonterminal without shaft.

Proof. If C is a curve with components

ðCdÞ0	d	l admitting the Puiseux expansion y ¼
expð2i�ðd�1

nl ÞÞx
m
n for d � 1 and y ¼ 0 for d ¼ 0. Let

Z ¼
[l
d¼1

Zd where Zd is defined as follows: Take

0 < � 
 1, 0 < ~�
 �
 1. Following [5], consider

Zd :¼ fð��1
d ��1

d ~�d~��1
d�1�d�1�d�1ÞðtÞ; t 2 ½0; 1�g where

we have defined, for j 2 f0; � � � ; nlg, �jðtÞ ¼
ð�; � exp i �nl ð�1þ 2tjÞÞ, ~�jðtÞ ¼ ð�; ~� exp i �nl ð�1þ
2tjÞÞ, ��1

j�1ðtÞ ¼ ð�; � exp i �nl ð�1þ 2jð1� tÞÞÞ,
~��1
j ðtÞ ¼ ð�; ~� exp i �nl ð�1þ 2jð1� tÞÞÞ,
�jðtÞ ¼ ð�; ð�ð1� tÞ þ t~�Þ exp i �nl ð�1þ 2jÞÞ,
��1
j�1ðtÞ ¼ ð�; ð�tþ ð1� tÞ~�Þ exp i �nl ð�3þ 2jÞÞ.

Let i : Z ,! N and j : NnZ ,! N . By a calculation

one gets H�1ðN; i�i!P �Þ ¼� F 1  � � �  F k canonical-

ly. The variation map is determined as follows:

consider a monodromy map � : N �! N such that

�j@N ¼ id, and a function u : N �! R; z 7!

uðzÞ ¼ m jzj 	 1
2

2mð1� jzjÞ 1
2 	 jzj 	 1

�
. Then �ðzÞ ¼

e2i�uðzÞz. Using the canonical map F r �!

 ðP �Þ �!  cðP �Þ �!
M
l¼1

k

F l we obtain the formu-

las. �

Proof of Theorem 1. Using Proposition 1,

Lemma 2, Lemma 3 and applying [1, Theorem 5.3],

yields the result. �

3. Perverse sheaves with no vanishing

cycles at the origin. This section is an applica-

tion of our results to a specific example. Let C be a

curve in C2 with a branch of genus 2 given by a

Puiseux expansion of type y ¼ x3
2 þ x9

4 . We study

the category Perv�ðC2Þ. Consider ChL; E;Fi the

free algebra with three generators, and K ¼
ChL; E; F i=ðLELþ L2 þ L; ELE þ E 2 þ E; EF E þ
E2 þ E;FEF þ F 2 þ FÞ.

Proposition 6. The category Perv�ðC2Þ is

equivalent to the one of K-modules such that

Lþ I; E þ I and F þ I are invertible transforma-

tions. The equivalence is obtained by associating to

the K-module a local system on C2nC by choosing

a1 ¼ Lþ I; a2 ¼ E þ I, a3 ¼ F þ I and then taking

the intersection homology extension to all of C2.

Proof. From Theorem 1, to be in the case of no

vanishing cycles at the origin we put F ¼ 0. In

other words the following system of equations has to

be satisfied

S ¼

p1a2q1 ¼ �1; p2a1q2 ¼ �1; p2a3q2 ¼ �1;

p3a2q3 ¼ �1; �1 � p2q1 � p2a1a2q1 ¼ 0;

�2 � p1q2 � p1a2a1q2 � p3q2 � p3a2a3q2 ¼ 0;

�3 � p2q3 � p2a3a2q3 ¼ 0:

8>>><>>>:
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Since p1, p2 and p3 are surjections and that q1, q2

and q3 are injections, the first two equations are

equivalent to

q1p1 ¼ �q1p1a2q1p1; q2p2 ¼ �q2p2a1q2p2;

q2p2 ¼ �q2p2a3q2p2; q3p3 ¼ �q3p3a2q3p3:

�
Put L ¼ a1 � 1, E ¼ a2 � 1 and F ¼ a3 � 1 therefore

these equations take the following form:

LELþ L2 þ L ¼ 0; ELE þ E2 þ E ¼ 0;

EFE þ E2 þ E ¼ 0; FEF þ F 2 þ F ¼ 0:

(
So for any object in Perv�ðC2Þ the previous

equations are satisfied. Conversely, if they are

satisfied, it follows from what was said above that

we obtain an object in Perv�ðC2Þ if we define �1, �2

and �3 by S. �

Let W� be a family of representations of K on

C2 given by: L ¼ 0 0
1 �

� �
, E ¼ � �ð� þ 1Þ

0 0

� �
,

F ¼ 0 0
�1 �

� �
with � 2 C: W� being irreducible

for � 6¼ �3; �
2
3 (�3 is a third root of unity). For � ¼ �3

or � ¼ �2
3 , W� has the trivial one dimensional-

representation and the quotient representation is

given by L ¼ E ¼ F ¼ �2
3 or �3. Let eW� be the

family of irreducible representations of K where we

quotiented out of trivial representations at � ¼ �3

and � ¼ �2
3 in the family W� and add them

separately to the family.

Proposition 7. The irreducible objects in

Perv�ðC2Þ correspond to the irreducible represen-

tations of eW�.

Proof. We prove that any irreducible repre-

sentation of K occurs in eW�. Let W be an arbitrary

irreducible representation of K. Note that L2E ¼
LE2, E2L ¼ EL2; E2F ¼ EF 2, F 2E ¼ FE2. Consider

1) Either L or E has a non-zero eigenvalue. Suppose

there exits a w 2 W such that Ew ¼ �w, � 6¼ 0. We

have two cases:

i) If Lw ¼ �w, then the relations for W imply that

the following equations must be satisfied

S ¼ ���þ �2 þ � ¼ 0; ��� þ �2 þ � ¼ 0:
�

If � ¼ 0 then � ¼ 0 or � ¼ �1 which is impossible.

Thus � 6¼ 0 and we can see that � ¼ � and

�2 þ � þ 1 ¼ 0. This yields a one-dimensional rep-

resentation in eW�.

ii) Assume Lw ¼ v is not a multiple of w. Let V be

the subspace of W generated by v and w. V is

invariant by K. We have Ev ¼ ELw ¼ 1
� ELEw ¼

� 1
� ðE

2 þ EÞw ¼ �ð� þ 1Þw and Lv ¼ LLw ¼
1
� L

2Ew ¼ 1
� LE

2w ¼ �Lw ¼ �v thus W ¼ V occurs

in eW�.

2) Either F or E has a non-zero eigenvalue. Assume

there exists w 2 W such that Fw ¼ �w, � 6¼ 0. We

have two cases:

i) Assume that Ew ¼ �w. Then the relations for W

imply that the system S must be satisfied.

If � ¼ 0 then � ¼ 0 or � ¼ �1 which is impossible.

So � 6¼ 0 and we see that � ¼ � and �2 þ � þ 1 ¼ 0.

This leads to a one-dimensional representation ineW�.

ii) Assume Ew ¼ v is not a multiple of w. Let V be

the subspace of W spanned by v and w. V is

invariant by K. We have Fv ¼ FEw ¼ 1
� FEFw ¼

� 1
� ðF

2 þ FÞw ¼ �ð� þ 1Þw and Ev ¼ EEw ¼
1
� E

2Fw ¼ 1
� EF

2w ¼ �Ew ¼ �v thus W ¼ V occurs

in eW�.

Now if neither L nor E has non-zero eigenval-

ues; and neither F nor E has non-zero eigenvalues.

We can have L ¼ E ¼ F ¼ 0 and obtain a trivial

representation but if not at least one of them must

have a non-trivial Jordan block. Then we can

obtain a representation in eW�. �
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