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Abstract: We consider a natural basis for the space of weakly holomorphic modular

forms for �þ0 ð3Þ. We prove that for some of the basis elements, if z0 in the fundamental domain

for �þ0 ð3Þ is one of zeroes of the elements, then either z0 is transcendental or is in
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1. Introduction and statement of a main

result. Since Rankin and Swinnerton-Dyer [9],

the zeros of weakly holomorphic modular forms

has been well-studied. In particular, Duke and

Jenkins [4] constructed a natural basis fFk;mgm��l
for the space of weakly holomorphic modular forms

of weight k for SL2ðZÞ and investigated the location

of the zeros of the basis elements. The basis

elements Fk;m have Fourier expansions of the form

Fk;mðzÞ ¼ q�m þ
X
n�lþ1

ak;mðnÞqn;ð1Þ

where k ¼ 12lþ k0 with k0 2 f0; 4; 6; 8; 10; 14g and

m � �l. Along with the study of location of the

zeros of such forms, the transcendence and

algebraicity of the zeros has been investigated.

Jennings-Shaffer and Swisher [7] showed that for

each m � jlj � l, the zeros of Fk;m in the standard

fundamental domain for SL2ðZÞ are either tran-

scendental or contained in fi; e2i�=3g. In the higher

level cases, Gun and Saha [5] studied the tran-

scendence of zeros of weakly holomorphic modular

forms for �0ðpÞ under a certain assumption on the

location of zeros. Also they studied the nature of the

zeros of Eisenstein series for �þ0 ðpÞ with p ¼ 2 or 3.

The author and Im [1] extended this result to basis

elements of the space of weakly holomorphic

modular forms for �0ð2Þ. Here �þ0 ðpÞ is the group

generated by the Hecke congruence group �0ðpÞ

and the Fricke involution Wp :¼ 0 �1=
ffiffiffi
p
pffiffiffi

p
p

0

� �
.

In this paper we investigate the algebraicity and

transcendence of the zeros of natural basis elements

of the space of weakly holomorphic modular forms

for �þ0 ð3Þ. Also we remark that the zeros of these

basis elements don’t lie in the region described in

the assumption of the result [5, Theorem 4] of Gun

and Saha. So our consideration is not covered by

[5, Theorem 4].

We let Fþð3Þ be the standard fundamental

domain for �þ0 ð3Þ given in [8] by

Fþð3Þ :¼ fz 2 C : jzj � 1=
ffiffiffi
3
p

;�1=2 � ReðzÞ � 0g
[ fz 2 C : jzj > 1=

ffiffiffi
3
p

; 0 < ReðzÞ < 1=2g
and let

V :¼ 1ffiffiffi
3
p ei� : �=2 � � � 5�=6

� �
:

For a given even integer k 2 2Z, we can write

k ¼ 12‘k þ rk;

where ‘k 2 Z, rk 2 f0; 4; 6; 8; 10; 14g. For integer m

with m � �2lk � �k, there exists a unique weakly

holomorphic modular form with the Fourier expan-

sion of the form

fk;mðzÞ ¼ q�m þOðq2lkþ�kþ1Þ;

which they form a basis for the space of weakly

holomophic modular forms of weight k for �þ0 ð3Þ.
Here �k is 0 or 1 depending on rk (see [2,6]).

In particular we have fk;m ¼
ð�þ3 Þ

lk�3;rkFfk;mðjþ3 Þ, where Ffk;mðxÞ is the monic

polynomial in x of degree 2lk þ �k þm with integer

coefficients. Where
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�ðzÞ ¼ q1=24
Y1
n¼1

ð1� qnÞ;

�þ3 ðzÞ ¼ ð�ðzÞ�ð3zÞÞ
12;

EþrkðzÞ ¼ E
þ
3;rk
ðzÞ ¼

1

1þ 3rk=2
ðErkðzÞ þ 3rk=2Erkð3zÞÞ;

jþ3 ðzÞ ¼
�ðzÞ
�ð3zÞ

� �12

þ 12þ 36 �ð3zÞ
�ðzÞ

� �12

;

8>>>>>>>>>>><
>>>>>>>>>>>:

�3;rkðzÞ :¼

1; if rk ¼ 0,

Eþ4 ðzÞ; if rk ¼ 4,

Eþ6 ; if rk ¼ 6,

41

1728
ðEþ4 ðzÞ

2 � Eþ8 ðzÞÞ; if rk ¼ 8,

61

432
ðEþ4 ðzÞ

2Eþ6 ðzÞ � Eþ10ðzÞÞ; if rk ¼ 10,

�22427

272160
ðEþ6 ðzÞEþ8 ðzÞ � Eþ14ðzÞÞ; if rk ¼ 14,

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

EkðzÞ ¼ 1�
2k

Bk

X1
n¼1

�k�1ðnÞqn ¼ 1�
2k

Bk

X1
n¼1

nk�1qn

1� qn
;

for q ¼ e2�iz, �k�1ðnÞ ¼
P

1�djn
dk�1 and the kth

Bernoulli number Bk. In [6] Hanamoto and Kuga

showed that if m � 18jlkj þ 23, then all of the zeros

in Fþð3Þ of the forms fk;m lie on the circle with

radius 1=
ffiffiffi
3
p

. In this paper we investigate the

algebraicity and transcendence of zeros in Fþð3Þ
of fk;m. In particular, combining the main ideas

in [1,5,7] we prove the following result.

Theorem 1.1. Let k be an even integer and

write k ¼ 12‘k þ rk, for a unique integer ‘k 2 Z and

a unique integer rk 2 f0; 4; 6; 8; 10; 14g. If m �
18jlkj þ 23 and z0 is a zero in Fþð3Þ of fk;m, then

either z0 is in f iffiffi
3
p ; �1þ

ffiffi
2
p

i
3 ; �3þ

ffiffi
3
p

i
6 ; �1þ

ffiffiffiffi
11
p

i
6 g or z0 is

transcendental.

This paper is organized as follows: In Sec-

tions 2 we prove Theorem 1.1.

2. The proof of Theorem 1.1. We start

with a well-known lemma. Let j be the j-invariant

defined by

jðzÞ :¼ 1728
E4ðzÞ3

E4ðzÞ3 � E6ðzÞ2
:

Lemma 2.1. If z 2 H and jðzÞ is algebraic,

then either z is transcendental or z is imaginary

quadratic.

Proof. It follows from Schneider’s Theorem

in [10]. �

Let jk is the usual slash operator. The q-ex-

pansion principle, due to Deligne and Rapoport

([3, Theorem 3.9, p. 304]), implies that if an integral

weight modular form f has rational Fourier coef-

ficeients at the cusp infinity, then f has also rational

Fourier coefficients at all other cusps. By this fact

we have the following lemma.

Lemma 2.2. For a modular form f of weight

k on �þ0 ð3Þ rational Fourier coefficients, the function

F ðzÞ :¼
Y

�2SL2ðZÞ=�0ð3Þ
f jk�

which is a modular form of weight 4k for SL2ðZÞ has

also rational Fourier coefficients.

Now, we prove Theorem 1.1. Since �þ3 is a cusp

form of weight 12 on �þ0 ð3Þ, ð�þ3 Þ
nfk;m is a modular

form on �þ0 ð3Þ for some positive integer n. We have

from Lemma 2.2 that the modular form

Fm :¼
Y

�2SL2ðZÞ=�0ð3Þ
ðð�þ3 Þ

nfk;mÞj12nþk�ð2Þ

of weight 48nþ 4k on SL2ðZÞ has a rational Fourier

expansion at the cusp infinity. Then since z0 is a

zero of fk;m, we have Fmðz0Þ ¼ 0. From the property

of the forms Fk;m in (1) given by Duke and Jenkins

in [4], Fm can be expressed as the product,

FmðzÞ ¼ �ðzÞlEk0 ðzÞPmðjðzÞÞ;ð3Þ

where 48nþ 4k ¼ 12lþ k0 for a unique integer l 2 Z

and a unique integer k0 2 f0; 4; 6; 8; 10; 14g and

PmðxÞ is a polynomial with rational coefficients.

Since Fmðz0Þ ¼ 0 and �ðz0Þ 6¼ 0, we see that

Ek0 ðz0Þ ¼ 0 or Pmðjðz0ÞÞ ¼ 0. Then we have the

following Lemma 2.3.

Lemma 2.3. If Ek0 ðz0Þ ¼ 0 for z0 2 V , then

z0 ¼ �3þ
ffiffi
3
p

i
6 .

Proof. If Ek0 ðz0Þ ¼ 0 then z0 ¼ �i or z0 ¼
�ð� 1

2 þ
ffiffi
3
p

i
2 Þ for some � ¼ A B

C D

� �
2 SL2ðZÞ. If

z0 ¼ �i 2 V , then 1=ð2
ffiffiffi
3
p
Þ � Imðz0Þ ¼ 1=ðC2 þ

D2Þ � 1=
ffiffiffi
3
p

, which implies C2 þD2 ¼ 2. So 1=3 ¼
jz0j2 ¼ ðA2 þ B2Þ=2, but there no such integers A

and B. If z0 ¼ �ð� 1
2 þ

ffiffi
3
p

i
2 Þ 2 V , then 1=ð2

ffiffiffi
3
p
Þ �

Imðz0Þ ¼
ffiffi
3
p

=2
C2þD2�CD � 1=

ffiffiffi
3
p

, which implies C2 þ
D2 � CD 2 f2; 3g. Noticing that 1=3 ¼ jz0j2 ¼
A2þB2�BA
C2þD2�CD we have C2 þD2 � CD ¼ 3 and so z0 ¼
�3þ

ffiffi
3
p

i
6 . �

From Lemma 2.3 it is enough to consider the

case when Pmðjðz0ÞÞ ¼ 0. Since PmðxÞ is a poly-

nomial with rational coefficients, jðz0Þ is algebraic

and so by Lemma 2.1 z0 is transcendental or z0 is

imaginary quadratic. Suppose z0 is imaginary
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quadratic and z0 is a root of a polynomial ax2 þ
bxþ c with discriminant d ¼ b2 � 4ac < 0, where

a > 0 and gcdða; b; cÞ ¼ 1. We now consider the

point w 2 C defined by

w ¼

i
ffiffiffiffiffiffiffi
�d
p

2
; if d � 0 (mod 4),

�1þ i
ffiffiffiffiffiffiffi
�d
p

2
; if d � 1 (mod 4).

8>><
>>:

Following the arguments in [1,5,7], we obtain that

jðz0Þ and jðwÞ are conjugate and so we take an

automorphism � of Qð
ffiffiffi
d
p
Þðjðz0ÞÞ such that

�ðjðz0ÞÞ ¼ jðwÞ. Then since � fixes Pm, we have

that 0 ¼ �ðPmðjðz0ÞÞÞ ¼ Pmð�ðjðz0ÞÞÞ ¼ PmðjðwÞÞ.
As a coset decomposition of SL2ðZÞ in �0ð3Þ, we

may choose the 4 elements I; S; ST ; and ST 2, where

I ¼ 1 0
0 1

� �
, S ¼ 0 1

�1 0

� �
, and T ¼ 1 1

0 1

� �
2

SL2ðZÞ. Recalling (2) and (3), we have that 0 ¼
FmðwÞ ¼ ð�þ3 ðwÞ

nfk;mðwÞÞðð�þ3 Þ
nfk;mÞ j12nþk SðwÞ

ðð�þ3 Þ
nfk;mÞj12nþkSTðwÞðð�þ3 Þ

nfk;mÞj12nþkST2ðwÞ.
So we see

fk;mðwÞ ¼ 0 or fk;mðSwÞ ¼ 0 or

fk;mðSTwÞ ¼ 0 or fk;mðST 2wÞ ¼ 0

because �þ3 has no zeros on the upper half plane.

We now let for a positive integer n

d ¼
�4n; if d � 0 (mod 4),

�4nþ 1; if d � 1 (mod 4),

�

so we have

w ¼
i
ffiffiffi
n
p

; if d � 0 (mod 4),

�1þ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n� 1
p

2
; if d � 1 (mod 4).

8<
:

Since w 2 Fþð3Þ � V , we see from [6] that

fk;mðwÞ 6¼ 0. Now suppose that

fk;mðSwÞ ¼ 0 or fk;mðSTwÞ ¼ 0 or fk;mðST 2wÞ ¼ 0:

We note the following lemma that is important to

prove Proposition 2.5.

Lemma 2.4. Let z0 2 V be a root of a poly-

nomial ax2 þ bxþ c with discriminant d ¼ b2 �
4ac < 0, where a > 0 and gcdða; b; cÞ ¼ 1. Then

(1) if d ¼ �12 (so w ¼ i
ffiffiffi
3
p

), then z0 is iffiffi
3
p or �3þ

ffiffi
3
p

i
6 ,

(2) if d ¼ �8 (so w ¼ i
ffiffiffi
2
p

), then z0 ¼ �1þ
ffiffi
2
p

i
3 ,

(3) if d ¼ �4nþ 1 (so w ¼ �1þi
ffiffiffiffiffiffiffiffi
4n�1
p

2 ) for n 2 f1; 3g,
then z0 ¼ �3þ

ffiffi
3
p

i
6 with n ¼ 1 or z0 ¼ �1þ

ffiffiffiffi
11
p

i
6 with

n ¼ 3.

Proof. Since z0 2 V , the following properties

are satisfied:

z0 ¼
�bþ i

ffiffiffiffiffiffiffi
�d
p

2a
2 V

and

a � b � 0;
1

2
ffiffiffi
3
p � Im z0 ¼

ffiffiffiffiffiffiffi
�d
p

2a
� 1ffiffiffi

3
p ;

and
b2 � d

4a2
¼

1

3
:

If d ¼ �12 then 3 � a � 6 and b2 þ 12 ¼ 4a2=3.

So ða; bÞ 2 fð3; 0Þ; ð6; 6Þg which say z0 ¼ iffiffi
3
p or z0 ¼

�3þ
ffiffi
3
p

i
6 .

If d ¼ �8 then a ¼ 3 and b2 þ 8 ¼ 4a2=3. So a ¼
3 and b ¼ 2 which say z0 ¼ �1þ

ffiffi
2
p

i
3 .

If d ¼ �3 then a ¼ 2 or 3 and b2 þ 3 ¼ 4a2=3. So

a ¼ 3 and b ¼ 3 which say z0 ¼ �3þ
ffiffi
3
p

i
6 .

If d ¼ �11 then a 2 f3; 4; 5g and b2 þ 11 ¼
4a2=3. So a ¼ 3 and b ¼ 1 which say z0 ¼ �1þ

ffiffiffiffi
11
p

i
6 .

�

We complete the proof of Theorem 1.1 by

proving Proposition 2.5 explicitly. Note that if

fk;mðuÞ ¼ 0 then �u 2 V or �W3u 2 V for some

� 2 �0ð3Þ.
Proposition 2.5. If fk;mðSwÞ ¼ 0 then we

get the following (1)–(4), and if fk;mðSTwÞ ¼ 0 then

we get the following (5)–(8), and if fk;mðST2wÞ ¼ 0
then we get the following (9)–(12).

(1) If w ¼ i ffiffiffi
n
p

and �Sw 2 V for some � 2 �0ð3Þ,
then n ¼ 3 and z0 ¼ iffiffi

3
p or z0 ¼ �3þ

ffiffi
3
p

i
6 .

(2) If w ¼ i ffiffiffi
n
p

and �W3Sw 2 V for some � 2
�0ð3Þ, then n ¼ 3 and z0 ¼ iffiffi

3
p or z0 ¼ �3þ

ffiffi
3
p

i
6 .

(3) If w ¼ �1þi
ffiffiffiffiffiffiffiffi
4n�1
p

2 and �Sw 2 V for some � 2
�0ð3Þ, then n ¼ 3 and z0 ¼ �1þ

ffiffiffiffi
11
p

i
6 .

(4) If w ¼ �1þi
ffiffiffiffiffiffiffiffi
4n�1
p

2 and �W3Sw 2 V for some

� 2 �0ð3Þ, then n ¼ 1 and z0 ¼ �3þ
ffiffi
3
p

i
6 , or n ¼ 3 and

z0 ¼ �1þ
ffiffiffiffi
11
p

i
6 .

(5) If w ¼ ffiffiffi
n
p

i and �STw 2 V for some � 2
�0ð3Þ, then n ¼ 2 and z0 ¼ �1þ

ffiffi
2
p

i
3 .

(6) If w ¼ ffiffiffi
n
p

i and �W3STw 2 V for some � 2
�0ð3Þ, then n ¼ 2 and z0 ¼ �1þ

ffiffi
2
p

i
3 .

(7) If w ¼ �1þi
ffiffiffiffiffiffiffiffi
4n�1
p

2 and �STw 2 V for some

� 2 �0ð3Þ, then n ¼ 1 and z0 ¼ �3þ
ffiffi
3
p

i
6 , or n ¼ 3 and

z0 ¼ �1þ
ffiffiffiffi
11
p

i
6 .

(8) If w ¼ �1þi
ffiffiffiffiffiffiffiffi
4n�1
p

2 and �W3STw 2 V for some

� 2 �0ð3Þ, then n ¼ 1 and z0 ¼ �3þ
ffiffi
3
p

i
6 , or n ¼ 3 and

z0 ¼ �1þ
ffiffiffiffi
11
p

i
6 .

(9) If w ¼ ffiffiffi
n
p

i and �ST2w 2 V for some � 2
�0ð3Þ, then n ¼ 2 and z0 ¼ �1þ

ffiffi
2
p

i
3 .
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(10) If w ¼
ffiffiffi
n
p

i and �W3ST 2w 2 V for some

� 2 �0ð3Þ, then n ¼ 2 and z0 ¼ �1þ
ffiffi
2
p

i
3 .

(11) If w ¼ �1þi
ffiffiffiffiffiffiffiffi
4n�1
p

2 and �ST 2w 2 V for some

� 2 �0ð3Þ, then n ¼ 1 and z0 ¼ �3þ
ffiffi
3
p

i
6 .

(12) If w ¼ �1þi
ffiffiffiffiffiffiffiffi
4n�1
p

2 and �W3ST 2w 2 V for

some � 2 �0ð3Þ, then n ¼ 1 and z0 ¼ �3þ
ffiffi
3
p

i
6 .

Proof. Let � ¼ A B
C D

� �
2 �0ð3Þ. Then for u

in the upper half plane, �u 2 V satisfies the follow-

ing

(a) AD� BC ¼ 1 and 3jC, so AD 6¼ 0.

(b) �1=2 � Reð�uÞ � 0.

(c) 1=ð2
ffiffiffi
3
p
Þ � Imð�uÞ � 1=

ffiffiffi
3
p

.

(d) j�uj2 ¼ 1=3.

For convenience we give the following list:

�S ¼
�B A

�D C

� �
; �ST ¼

�B �Bþ A
�D �Dþ C

� �
;

�ST2 ¼
�B �2Bþ A
�D �2Dþ C

� �

W3S ¼
1=

ffiffiffi
3
p

0

0
ffiffiffi
3
p

 !
;

W3ST ¼
1=

ffiffiffi
3
p

1=
ffiffiffi
3
p

0
ffiffiffi
3
p

 !
;

W3ST 2 ¼
1=

ffiffiffi
3
p

2=
ffiffiffi
3
p

0
ffiffiffi
3
p

 !
:

For (1), if w ¼ ffiffiffi
n
p

i and �Sw ¼ �B
ffiffi
n
p

iþA
�D

ffiffi
n
p

iþC 2 V , then

the condition ðcÞ gives

ffiffiffi
3
p
�
C2ffiffiffi
n
p þD2

ffiffiffi
n
p
� 2

ffiffiffi
3
p

;

which says D2 ¼ 1 and 1 � n � 12. There is no

non-zero integer C satisfyingffiffiffiffiffiffi
3n
p

� C2 þ n � 2
ffiffiffiffiffiffi
3n
p

and 3jC:
Thus C ¼ 0. By ðaÞ we have that AD ¼ 1 and

�Sw ¼ �Bþ i= ffiffiffi
n
p 2 V which implies n ¼ 3. So by

Lemma 2.4 z0 ¼ iffiffi
3
p or z0 ¼ �3þ

ffiffi
3
p

i
6 .

For (2), if w ¼ ffiffiffi
n
p

i and �W3Sw ¼ A
ffiffi
n
p

i=3þB
C
ffiffi
n
p

i=3þD 2
V , then the condition ðcÞ gives

ffiffiffi
3
p
�
D2 þ nC2=9ffiffiffi

n
p

=3
� 2

ffiffiffi
3
p

;

which says C2 < 6
ffiffiffi
3
n

p
� 6

ffiffiffi
3
p

. So by ðaÞ we have

that C ¼ 0 or C2 ¼ 9. If C2 ¼ 9 then

3
ffiffiffi
n
p

<
D2 þ nC2=9ffiffiffi

n
p

=3
¼

3D2ffiffiffi
n
p þ 3

ffiffiffi
n
p
� 2

ffiffiffi
3
p

gives n ¼ 1 and so 3D2 þ 3 � 2
ffiffiffi
3
p

. This is a contra-

diction. Thus C ¼ 0 and AD ¼ 1. Moreover, 1=3 ¼
j�W3Swj2 ¼ j

ffiffiffi
n
p

i=3� Bj2 gives that n ¼ 3 and by

Lemma 2.4 z0 ¼ iffiffi
3
p or z0 ¼ �3þ

ffiffi
3
p

i
6 .

For (3), if w ¼ �1þi
ffiffiffiffiffiffiffiffi
4n�1
p

2 and �Sw ¼
ðB�B

ffiffiffiffiffiffiffiffi
4n�1
p

iÞ=2þA
ðD�D

ffiffiffiffiffiffiffiffi
4n�1
p

iÞ=2þC 2 V , then the condition ðcÞ is equiv-

alent to

ffiffiffi
3
p
�

2ðC þD=2Þ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n� 1
p þ

D2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n� 1
p

2
ð4Þ

¼ 2CDþ 2C2 þ 2nD2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n� 1
p � 2

ffiffiffi
3
p

;

which implies that
ffiffiffiffiffiffiffiffi
4n�1
p

2 < 2
ffiffiffi
3
p

, 1 � n � 12 and

D2 < 4
ffiffiffiffiffiffiffiffiffi

3
4n�1

p
� 4. So D2 ¼ 1. For each n 2

f1; 2; � � � ; 12g, the inequality (4) which saysffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12n� 3
p

� 2CDþ 2C2 þ 2n � 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12n� 3
p

and the

condition (a) give C ¼ 0. By condition ðdÞ we have

1=3 ¼ j�Sw j2 ¼ ð1=ð2nÞ �BÞ2 þ ð4n � 1Þ=ð4n2 Þ,
which gives 3ð1� 2nBÞ2 ¼ 4n2 � 12nþ 3 implying

that B ¼ 0 and n ¼ 3. By Lemma 2.4 we obtain

z0 ¼ �1þ
ffiffiffiffi
11
p

i
6 .

For (4), if w ¼ �1þi
ffiffiffiffiffiffiffiffi
4n�1
p

2 and �W3Sw ¼
ð�AþA

ffiffiffiffiffiffiffiffi
4n�1
p

iÞþ6B

ð�CþC
ffiffiffiffiffiffiffiffi
4n�1
p

iÞþ6D
2 V , then the condition ðcÞ is equiv-

alent to ffiffiffi
3
p
�
ð6D� CÞ2

6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n� 1
p þ

C2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n� 1
p

6
ð5Þ

¼
ð6D� CÞ2 þ C2ð4n� 1Þ

6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n� 1
p � 2

ffiffiffi
3
p

;

which implies that C2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n� 1
p

� 12
ffiffiffi
3
p

. So by ðaÞ we

have C2 ¼ 0 or C2 ¼ 9. If C2 ¼ 9 then n ¼ 1 and by

Lemma 2.4 we obtain z0 ¼ �3þ
ffiffi
3
p

i
6 . If C2 ¼ 0 then

the inequality (5) is equivalent to
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12n� 3
p

� 6 �
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12n� 3
p

, which says 1 � n � 3. By condition ðdÞ
we have 1=3 ¼ j�W3Swj2 ¼ ðð6B� 1Þ2 þ 4n� 1Þ=
36. So B ¼ 0 and n ¼ 3. By Lemma 2.4 we obtain

z0 ¼ �1þ
ffiffiffiffi
11
p

i
6 .

For (5), if w ¼ ffiffiffi
n
p

i and �STw ¼
�W3ðW3STwÞ 2 V , then 1 � n � 2. Indeed, if

n > 2, then W3STw ¼ 1=3þ ffiffiffi
n
p

i=3 lies in the

interior of Fþð3Þ and so �STw =2 V since �W3 2
�þ0 ð3Þ. If n ¼ 1 then z0 ¼ �bþ2i

2a 2 V . But there are

no integers a; b satisfying the conditions (c) and (d).

Thus n ¼ 2 and by Lemma 2.4 we obtain z0 ¼
�1þ

ffiffi
2
p

i
3 .
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For (6), if w ¼
ffiffiffi
n
p

i and �W3STw 2 V , then as

in the proof of (5), if n > 2, then W3STw lies in the

interior of Fþð3Þ and so �W3STw =2 V since � 2
�þ0 ð3Þ. Thus n ¼ 2 and by Lemma 2.4 we obtain

z0 ¼ �1þ
ffiffi
2
p

i
3 .

For (7), if w ¼ �1þi
ffiffiffiffiffiffiffiffi
4n�1
p

2 and �STw ¼
�W3ðW3STwÞ 2 V , then 1 � n � 3. Indeed, if

n > 3, then W3STw ¼ 1=6þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n� 1
p

i=6 lies in the

interior of Fþð3Þ and so �STw 62 V since �W3 2
�þ0 ð3Þ. If n ¼ 2 then z0 ¼ �bþ

ffiffi
7
p

i
2a 2 V . But there are

no integers a; b satisfying the conditions (c) and (d).

Thus by Lemma 2.4, if n ¼ 1 then z0 ¼ �3þ
ffiffi
3
p

i
6 and

if n ¼ 3 then z0 ¼ �1þ
ffiffiffiffi
11
p

i
6 .

For (8), if w ¼ �1þi
ffiffiffiffiffiffiffiffi
4n�1
p

2 and �W3STw 2 V ,

then as in the proof of (7), if n ¼ 1 then z0 ¼ �3þ
ffiffi
3
p

i
6

and if n ¼ 3 then z0 ¼ �1þ
ffiffiffiffi
11
p

i
6 .

For (9), if w ¼
ffiffiffi
n
p

i and �ST 2w ¼
�W3T ðT�1W3ST2wÞ 2 V , then 1 � n � 2. Indeed,

if n > 2, then T�1W3ST2w ¼ �1=3þ ffiffiffi
n
p

i=3 lies in

the interior of Fþð3Þ and so �STw 62 V since

�W3T 2 �þ0 ð3Þ. If n ¼ 1 then z0 ¼ �bþ2i
2a 2 V . But

there are no integers a; b satisfying the conditions

(c) and (d). Thus n ¼ 2 and by Lemma 2.4 we

obtain z0 ¼ �1þ
ffiffi
2
p

i
3 .

For (10), if w ¼ ffiffiffi
n
p

i and �W3ST 2w ¼
�T ðT�1W3ST 2wÞ 2 V , then as in the proof of (9)

we obtain n ¼ 2 and z0 ¼ �1þ
ffiffi
2
p

i
3 .

For (11), if w ¼ �1þi
ffiffiffiffiffiffiffiffi
4n�1
p

2 and �ST 2w ¼
�W3T ðT�1W3ST2wÞ 2 V , then n ¼ 1. Indeed, if

n > 1, then T�1W3ST 2w ¼ �1=2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n� 1
p

i=6 lies

on the left vertical boundary of Fþð3Þ and so

�STw =2 V since �W3T 2 �þ0 ð3Þ. Thus n ¼ 1 and

z0 ¼ �3þ
ffiffi
3
p

i
6 .

For (12), if w ¼ �1þi
ffiffiffiffiffiffiffiffi
4n�1
p

2 and �W3ST2w 2 V ,

then as in the proof of (11) we obtain n ¼ 1 and

z0 ¼ �3þ
ffiffi
3
p

i
6 . �

Remark 2.6. Let FþðpÞ be the standard

fundamental domain for �þ0 ðpÞ. For a prime p such

that the genus of �þ0 ðpÞ is zero, the space of weakly

holomorphic modular forms for �þ0 ðpÞ has a natural

basis [2]. If all the zeros in FþðpÞ of elements fk;m of

the basis lie on the lower boundary of the funda-

mental domain, then we can generalize our results

to the case �þ0 ðpÞ. For a further research, we would

like to find the location of the zeros of fk;m and

investigate the algebracity and transcendence of

them by a unified method.
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