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Abstract: It has been proved by Koehler and Rosenthal [Studia Math. 36 (1970), 213–

216] that an linear isometry U 2 LðXÞ preserves some semi-inner-product. Recently, similar

investigations have been carried out by Niemiec and Wójcik for continuous representations of

amenable semigroups into LðXÞ (cf. [Studia Math. 252 (2020), 27–48]).

In this paper we generalize the result of Koehler and Rosenthal. Namely, we prove that if an

operator T 2 LðXÞ of norm one attains its norm then there is a semi-inner-product ½�j�� : X �
X ! F that the operator T preserves this semi-inner-product on the norm attaining set. More

precisely, we show that the equality ½T ð�ÞjTx� ¼ ½�jx� holds for all x 2MT :¼ fy 2 SX : kTyk ¼ 1g.
Key words: Semi-inner product; norm attainment; bounded operator.

1. Introduction. Let ðX; k�kÞ be a normed

space over F 2 fR;Cg. Lumer [5] and Giles [3]

proved that in a normed space X there always exists

a mapping ½�j�� : X �X ! F satisfying the follow-

ing properties:

(sip1) 8x;y;z2X8�2F : ½�xþ yjz� ¼ �½xjz� þ ½yjz�;
(sip2) 8x;y2X 8�2F : ½xj�y� ¼ �½xjy�;
(sip3) 8x;y2X : j½xjy�j 6 kxk � kyk;
(sip4) 8x2X : ½xjx� ¼ kxk2.

Such a mapping is called a semi–inner–product in

X (generating the norm k�k). There may exist

infinitely many different semi-inner-products in

ðX; k�kÞ. Indeed, non-smooth spaces furnish the

necessary examples. However, the above four con-

ditions say that semi-inner-products are perfect

generalizations of inner products.

Let LðXÞ be the space of all linear and bounded

operators on a normed space X. Koehler and

Rosenthal [4] gave the following characterization

of linear isometries in LðXÞ.
Theorem 1.1 [4]. Let X be a normed space

(real or complex) and let U 2 LðXÞ be an iso-

metry. Then there is a semi-inner-product ½�j��
U

such that

8x;y2X ½UyjUx�
U
¼ ½yjx�

U
:ð1Þ

Recently, Niemiec and Wójcik [6, Theorem

4.13.] provided some extension of Theorem 1.1.

Their result dealt with continuous representations

of amenable semigroups into the algebra LðXÞ
(see [6] for the definition of amenable semigroups

and amenability).

The main aim of this paper is to provide

another extension of the result of Koehler and

Rosenthal. Namely, we will consider an operator

T which attains its norm instead of an isometry U.

Then we will prove that a similar version of (1)

holds on the norm attainment set of T .

This will not be only shallow change. We show

the proof for general operator which is more difficult

than in the case of isometries.

Moreover, it is worth mentioning that norm

attainment sets has been widely investigated.

Pioneering results, as well as more information on

normed attaining sets, can be found, e.g. in [7].

Let us fix our main notations and terminolo-

gies. The set f0; 1; 2; 3; . . .g will be denoted by N0.

X� denotes the dual space of X. SX stands for the

unit sphere in X. For x 2 X let JðxÞ denote the set

of its supporting functionals:

JðxÞ :¼ ff 2 X� : kfk ¼ 1; fðxÞ ¼ kxkg:

The Hahn-Banach Theorem implies that JðxÞ 6¼ ;
for all x 2 X n f0g.

For a given T 2 LðXÞ, we denote

MT :¼ fx 2 SX : kTxk ¼ kTkg;

i.e. the set of points on the unit sphere at which

T attains its norm. Generally, MT may be empty;

however, if X is a reflexive Banach space, then

compactness of T implies MT 6¼ ;.
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Moreover, we have also the following constant

�ðT Þ :¼ inffkTxk : x 2 SXgð2Þ
¼ supfc � 0 : 8x2X ckxk � kTxkg;

and another subset of the unit sphere

mT :¼ fx 2 SX : kTxk ¼ �ðT Þg:

It is easy to see that the inequality �ðT Þ > 0 implies

the injectivity of T .

2. Extension of the Koehler-Rosenthal

theorem. In this section we will prove a sharp-

ened version of the Koehler-Rosenthal result. We

start with an auxiliary result.

Theorem 2.1. Suppose that z 2 mT , �ðT Þ >
0 and g 2 JðzÞ. Then there is a functional hz 2 JðTzÞ
such that �ðT Þg ¼ hz 	 T .

Proof. It is easy to check that spanfzg \
ker g ¼ f0g. Since �ðT Þ > 0, T is injective. So, we

get spanfTzg \ T ðker gÞ ¼ f0g.
Now, we can define a linear functional h:

spanfTzg þ T ðker gÞ ! F by hð�Tzþ TkÞ :¼
��ðT Þ, where � 2 F and k 2 ker g. Then we have

jhð�Tzþ TkÞj ¼ j�j�ðT Þ ¼ j�j�ðT Þkzk
¼ j�j�ðT ÞgðzÞ ¼ �ðT Þjgð�zÞj
¼ �ðT Þjgð�zþ kÞj

� �ðT Þk�zþ kk �
ð2Þ
k�Tzþ Tkk:

Thus khk � 1. On the other hand jhð TzkTzkÞj ¼
1
kTzk �ðT Þ ¼ 1, therefore khk ¼ 1. Now the Hahn-

Banach Theorem implies that there exists a linear

functional hz:X ! F such that khzk ¼ 1 and

hzjspanfTzgþT ðker gÞ ¼ h. From this we obtain hzðTzÞ ¼
hðTzÞ ¼ �ðT Þ ¼ kTzk thus hz 2 JðTzÞ. It is easily

seen that T ðker gÞ 
 kerhz. It follows from this

inclusion that ker g 
 kerðhz 	 T Þ. But hz 	 T 6¼ 0.

This is proved by writing ðhz 	 T ÞðzÞ ¼ hzðTzÞ ¼
�ðT Þ > 0.

Observe that codim ker g ¼ 1 ¼ codim kerðhz 	
T Þ. Therefore we obtain ker g ¼ kerðhz 	 T Þ. This

implies �g ¼ hz 	 T with some � 2 F. From this

equality we deduce � ¼ �gðzÞ ¼ hzðTzÞ ¼ �ðT Þ. �
We are in position to prove an extension of the

Koehler-Rosenthal theorem.

Theorem 2.2. Suppose that T 2 LðXÞ is an

operator such that kTk ¼ 1 and MT 6¼ ;. Then

there is a semi-inner-product ½�j��
T
:X �X ! F such

that

8x2MT
8y2X ½TyjTx�

T
¼ ½yjx�

T
:ð3Þ

Moreover, if T is not an isometry and mT 6¼ ; and

�ðT Þ > 0, then there exists a semi-inner-product

½�j��
T
:X �X ! F such that

8x2MT
8u2mT

8y2X½TyjTx�T ¼ ½yjx�T andð4Þ
½TyjTu�

T
¼ �ðT Þ2½yju�

T
:

Proof. Since the proofs are similar we present

only the second part of theorem. The first one is

easier. So, assume that MT 6¼ mT and �ðT Þ > 0.

The proof is long, therefore we find it convenient

to write the six steps of the proof.
Step I. First, we define a subset

A :¼ fx 2MT : Tx =2MTg 
MT:

Next, fix x 2 A and let us consider a subset

Dx :¼ fy 2MT : 9n2N0
Tny ¼ xg 
MT:

We see at once that A 
 Dx and T ðDxÞ 
 Dx [
T ðAÞ. It is easy to check that

if z 2MT and Tnz 2MT;

then Tkz 2MT for all k � n:
Therefore, one should be able to verify with little

effort that

if x1; x2 2 A and x1 6¼ x2; then Dx1
\Dx2

¼ ;:ð5Þ

The property (5) will be important later. Now we

define the next two subsets

K :¼ fy 2MT : 8n2N0
Tny 2MTg andbK :¼ fy 2MT : 9n2N0
Tny =2MTg:

A moment’s reflection shows that

MT ¼ K [ bK ¼ K [ [
x2A

Dx:

For fixed x 2 A and y 2 Dx [ T ðAÞ, we define a

constant

pðy; xÞ :¼ minfn 2 N0 : Tny ¼ Txg:

In particular, pðx; xÞ ¼ 1 and pðTx; xÞ ¼ 0 and

T pðy;xÞy ¼ Tx. Moreover, if Ty 2 Dx [ T ðAÞ, then

we obtain

pðTy; xÞ ¼ minfn 2 N0 : TnðTyÞ ¼ Txgð6Þ
¼ minfn 2 N0 : Tnþ1y ¼ Txg
¼ minfk 2 N0 : Tky ¼ Txg
¼ �1þminfk 2 N0 : Tky ¼ Txg
¼ �1þ pðy; xÞ:

For each element x 2 A, using the axiom of

choice, we take an arbitrary fTx 2 JðTxÞ such that
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if x; x0 2 A; JðTxÞ ¼ JðTx0Þ; then fTx ¼ fTx0 :ð7Þ

The above remark will play a significant role in this

proof. Since kTxk ¼ 1, we see that fTxðTxÞ ¼ 1. If

y 2 Dx and Ty 2 Dx [ T ðAÞ, then

fTxðT pðTy;xÞþ1yÞ ¼ fTxðT pðy;xÞyÞ ¼ fTxðTxÞ ¼ 1:ð8Þ

It is obvious that kfTx 	 T pðTy;xÞþ1k � 1. So, apply-

ing (8) we obtain

kfTx 	 T pðTy;xÞþ1k ¼ 1:ð9Þ

Step II. Before defining a semi-inner-product

½�j��
T
, it is convenient to introduce a mapping ½�j��

S
:

X � SX ! F. First we define it on

X �
[
x2A

Dx [ T ðAÞ
 !

:

So let y 2
S
x2A

Dx [ T ðAÞ. It is convenient and, more

importantly, helpful to recall that Dx \ T ðAÞ ¼ ;.
If y 2

S
x2A

Dx, then we conclude from (5) that

there is a unique x 2 A such that y 2 Dx. On the

other hand, if y 2 T ðAÞ, there is a unique (by the

injectivity of T ) vector x 2 A such that y ¼ Tx.

These remarks allow us to introduce the

following definition

½wjy�
S

:¼ ðfTx 	 T pðy;xÞÞðwÞ for w 2 X:ð10Þ

Before returning into the proof, a few words are

appropriate. More precisely: if �ðT Þ > 0 were not

assumed, we would prove only (3). But then T need

not be injective. Therefore it is necessary to check

that ½�j��
S

is well defined on T ðAÞ. To do this we

assume that x; x0 2 A and y ¼ Tx ¼ Tx0. Then

½wjTx�
S
¼ð10Þ ðfTx 	 T pðTx;xÞÞðwÞ ¼ ðfTx 	 T 0ÞðwÞ

¼ð7Þ ðfTx0 	 T pðTx0;x0ÞÞðwÞ ¼ð10Þ ½wjTx0�
S
:

Thus ½�j��
S

is well defined on T ðAÞ in each case. To

end this step, we fix a vector y 2 Dx such that Ty 2
Dx [ T ðAÞ and we write

½wjy�
S
¼ð10Þ

fTxðT pðy;xÞwÞ ¼ð6Þ fTxðT pðTy;xÞþ1wÞð11Þ

¼ fTxðT pðTy;xÞðTwÞÞ ¼ð10Þ ½TwjTy�
S
:

Step III. From now on, the set mT plays a main

role. Since T is not an isometry, MT 6¼ mT . It is

easy to see that 1
�ðT Þ T ðmT Þ 
 SX. Now we define a

mapping ½�j��
S

on the set X � ðmT [ 1
�ðT Þ T ðmT ÞÞ.

Note that

mT ¼ ðmT \ T ðMT ÞÞ [ ðmT n T ðMT ÞÞ andð12Þ
; ¼ ðmT \ T ðMT ÞÞ \ ðmT n T ðMT ÞÞ:

First we consider the subset mT \ T ðMT Þ. Fix x 2
MT such that Tx 2 mT , i.e. Tx 2 mT \ T ðMT Þ.
Then x 2 A and the functional fTx 2 JðTxÞ is

defined as above.

So, for each element x 2 A, using the axiom of

choice and Theorem 2.1, we take an arbitrary hTx 2
JðT 2xÞ such that

if x; x0 2 A and Tx ¼ Tx0; then hTx ¼ hTx0 ;ð13Þ

and

�ðT ÞfTx ¼ hTx 	 T:ð14Þ

Now fix w 2 X. Since Tx 2 mT , T ðTxÞ
kT ðTxÞk 2 SX. Let us

consider the next definition:

wj
T ðTxÞ
kT ðTxÞk

� �
S

:¼ hTxðwÞ for w 2 X:ð15Þ

It follows from (13) that the equality (15) is well

defined. Furthermore: since Tx 2 mT , Tx =2MT .

However, we know that x 2MT . Thus we conclude

that x 2 Dx. Therefore, we obtain

Twj
T ðTxÞ
kT ðTxÞk

� �
S

¼ð15Þ
hTxðTwÞ ¼

ð14Þ
�ðT ÞfTxðwÞð16Þ

¼ �ðT ÞfTxðT 0wÞ
¼ �ðT ÞfTxðT pðTx;xÞwÞ

¼ð10Þ
�ðT Þ½wjTx�:

Now we investigate the subset mT n T ðMT Þ. So,

for each x 2 mT n T ðMT Þ, using, again, the axiom

of choice, we take an arbitrary gx 2 JðxÞ. Now

Theorem 2.1 and the axiom of choice imply that

there is a functional hx 2 JðTxÞ such that

�ðT Þgx ¼ hx 	 T ðin particular; khx 	 Tk ¼ �ðT ÞÞ

and if x; x0 2 A and Tx ¼ Tx0, then hx ¼ hx0 .
Now fix w 2 X. Clearly, Tx

kTxk 2 SX. Then we

introduce another definition:

½wjx�
S

:¼
1

�ðT Þ hx
ðTwÞ andð17Þ

wj
Tx

kTxk

� �
S

:¼ hxðwÞ:

In the same manner as before we can see that the

second part of (17) is well defined. So, we get
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Twj
Tx

kTxk

� �
S

¼ð17Þ
hxðTwÞ ¼

ð17Þ
�ðT Þ½wjx�

S
:ð18Þ

Since khx 	 Tk ¼ �ðT Þ, (17) implies ½�jx�
S
2 X� and

j½�jx�
S
j � k�k and ½xjx�

S
¼ 1

�ðT Þ hxðTxÞ ¼ gxðxÞ ¼ 1.

Step IV. The above parts will be summarized.

Define a subset M 
 SX by the formula

M :¼ bK [mT [ T ð bKÞ [ 1

�ðT Þ
T ðmT Þ:

Combining the end of Step III, (9), (10) and (15),

we immediately get

½�jx�
S
2 X� and j½�jx�

S
j � k � k for x 2M;ð19Þ

and moreover

½xjx�
S
¼ 1 for all x 2M:ð20Þ

So, we may consider the mapping ½�j��
S
:X �M! F

as well defined.

Step V. Now fix a semi-inner-product ½�j��o:
X �X ! F. A trivial verification shows that ð½Tnbj
Tna�o : n 2 f0; 1; 2; . . .gÞ is a bounded sequence for

each fixed a; b 2 X. Fix a Banach limit L: l1 ! F.

Now, we are able to extend the mapping

½�j��
S
:X �M! F to the set X � SX by the formula

½wja�
S

ð21Þ

:¼

½wja�
S

if a 2M;

Lð½wja�o; ½TwjTa�o; ½T 2wjT 2a�o; . . .Þ
if a 2 K;
½wja�o if a 2 SX n ðM [KÞ:

8>>><>>>:
If a 2 K, then the shift property of the Banach limit

shows that

½wja�
S
¼ Lð½TnwjTna�o : n 2 f0; 1; 2; . . .gÞð22Þ
¼ Lð½Tnþ1wjTnþ1a�o : n 2 f0; 1; 2; . . .gÞ
¼ ½TwjTa�

S
:

Step VI. Finally, we extend the mapping ½�j��
S

to ½�j��T :X �X ! F by the formulas

½bja�T :¼ kak � bj
a

kak

� �
S

and

we put ½bja�T :¼ 0 if a ¼ 0:

It is easy to see that ½�j��
T

satisfies (sip2). It follows

from (19) and (21) that ½�j��
T

satisfies (sip1) and

(sip3).

Furthermore, the conditions (20) and (21)

say that ½�j��
T

satisfies (sip4), thus it is a semi-

inner-product.

Combining (11), (16), (18) and (22), we imme-

diately get (4). �

To end this section we present some applica-

tion of Theorem 2.2. The next two theorems con-

cern the Birkhoff orthogonality and the semi-

orthogonality.

Theorem 2.3 ([2, Theorem 57, p. 140]). Let

ðX; k � kÞ be a normed space, E its linear subspace

and xo 2 X n E. Then the following statements are

equivalent:

(a) x?BE, i.e. 8e2E kxok � kxo þ ek;
(b) There exists a semi-inner-product ½�j�� which

generates the norm k � k and for which xo?sE,

i.e. 8e2E ½ejxo� ¼ 0.

The above theorem can be strengthen as

follows:

Theorem 2.4. Let ðX; k � kÞ be a normed

space. Let C;E 
 X be nontrivial closed linear

subspaces such that X ¼ C þ E. Then the following

statements are equivalent:

(a) C?BE, i.e. 8c2C 8e2E kck � kcþ ek;
(b) There exists a semi-inner-product ½�j�� which

generates the norm k � k and for which C?sE,

i.e. 8c2C 8e2E ½ejc� ¼ 0;

Proof. Assuming (a) we obtain C \ E ¼ f0g.
For each vector cþ e 2 C þ E ¼ X (unique decom-

position) we define P ðcþ eÞ :¼ c. It is obvious that

P is linear. Applying (a) yields

kP ðcþ eÞk ¼ kck � kcþ ek:

Thus we get kPk � 1. But kP ð ckckÞk ¼ k c
kck k ¼ 1.

Hence kPk ¼ 1.

Theorem 2.2 now shows that there exists a

semi-inner-product ½�j��
P

such that ½P ð�ÞjPx�
P
¼

½�jx�
P

for all x 2MP . We check at once that MP �
SX \ C. It means that, for any c 2 C n f0g and

e 2 E, we have 0 ¼ ½0jP ð ckckÞ�P ¼ ½PejP ð
c
kckÞ�P ¼

½ej c
kck�P ¼

1
kck ½ejc�. Hence 0 ¼ ½ejc�. So the implica-

tion (a) ) (b) is proved. The reverse is true, since

?s 
 ?B (see e.g. [2]). �

3. Norm derivatives on norm attaint-

ment set. From now on, we assume that the

considered normed spaces are real. This section is

in spirit to Theorem 2.2. Namely, instead of

semi-inner-product, we consider norm derivatives,

which are defined by the formulas �0þðx; yÞ :¼
lim
t!0þ

kxþtyk2�kxk2

2t and �0�ðx; yÞ :¼ lim
t!0�

kxþtyk2�kxk2

2t (cf.

[2,1] for the background and properties of these

functionals). In particular, we have
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(nd1) 8x;y 8�2R : �0þðx; �xþ yÞ
¼ ��0þðx; xÞ þ �0þðx; yÞ;

(nd2) 8x;y 8��R : �0ðx; �yÞ ¼ ��0ðx; yÞ ¼ �0ð�x; yÞ;
(nd3) 8x;y 8�<R : �0ðx; �yÞ ¼ ��0�ðx; yÞ ¼ �0ð�x; yÞ;
(nd4) 8x;y : j�0ðx; yÞj 6 kxk � kyk; �0ðx; xÞ ¼ kxk

2;

(nd5) 8x;y : �0�ðx; yÞ � �0þðx; yÞ.
Let us recall a useful connection between norm

derivatives and the semi-inner-products (cf. [2, The-

orem 15, p. 36]). Let SIPX denote the set of all

semi-inner-products in the normed space ðX; k�kÞ
which generate the norm k�k. Then

�0þðx; yÞ ¼ kxk � supf’ðyÞ : ’ 2 JðxÞg
¼ supf½yjx� : ½�j�� 2 SIPXg:

Note that, if x 2 SX then �0�ðx; yÞ 6 ’ðyÞ 6 �0þðx; yÞ,
for every ’ 2 JðxÞ. It is convenient and, more

importantly, helpful to prove the following lemma.

Lemma 3.1. Suppose that X is a real

normed space. Let x; y 2 X. Then

�0þðx; yÞ ¼ kxk �maxf’ðyÞ : ’ 2 JðxÞg
¼ maxf½yjx� : ½�j�� 2 SIPXg;

�0�ðx; yÞ ¼ kxk �minf’ðyÞ : ’ 2 JðxÞg
¼ minf½yjx� : ½�j�� 2 SIPXg:

Proof. It is easy to check that the function

JðxÞ 3 ’ 7! ’ðyÞ 2 R is weak*-continuous. More-

over, the set JðxÞ is weak*-compact. Therefore the

function JðxÞ 3 ’ 7! ’ðyÞ 2 R attains its maximum

and minimum. So, the first equality is proved. Since

�0þðx;�yÞ ¼ ��0�ðx; yÞ, we get the second one. �

Theorem 3.2. Let T 2 LðX; Y Þ be a linear

operator between two real normed spaces. Suppose

that kTk ¼ 1. Then the following inequalities are

true:

8x2MT
8y2X

�0�ðx; yÞ 6 �0�ðTx; TyÞ 6 �0þðTx; TyÞ 6 �0þðx; yÞ:

Proof. By (nd5) the middle inequality holds

true in general, so it remains to prove the outer

ones. Fix x 2MT and y 2 X. Choose arbitrarily

f 2 JðTxÞ. By the definition of the set JðTxÞ, we

have that 1 ¼ ðf 	 T ÞðxÞ 6 kf 	 Tk 6 kfk � kTk ¼ 1.

Therefore kf 	 Tk ¼ 1. Thus f 	 T 2 JðxÞ. So we

conclude from Lemma 3.1 that we have

�0�ðx; yÞ 6 ðf 	 T ÞðyÞ 6 �0þðx; yÞ:

This proves that the inequalities

�0�ðx; yÞ 6 fðTyÞ 6 �0þðx; yÞ

are true for all f 2 JðTxÞ. Passing to the infimum

and to the supremum over JðTxÞ, and using Lemma

3.1, we get �0�ðx; yÞ 6 �0�ðTx; TyÞ and �0þðTx; TyÞ 6
�0þðx; yÞ, respectively. The proof is complete. �

Theorem 3.3. Let T 2 LðX; Y Þ be a linear

operator with kTk ¼ 1 and mT 6¼ ;. Then the

following inequalities are true:

8x2mT
8y2X �0�ðTx; TyÞ 6 �ðT Þ2�0�ðx; yÞ and

�ðT Þ2�0þðx; yÞ 6 �0þðTx; TyÞ:
Proof. If �ðT Þ ¼ 0, then Tx ¼ 0 for all x in mT

and �0ðTx; T ð�ÞÞ ¼ 0. Assume now that �ðT Þ > 0,

and think of T as a mapping from X to T ðXÞ. From

this point of view, T 2 LðX;T ðXÞÞ is invertible

and it follows that �ðT ÞT�1 2 LðT ðXÞ;XÞ and

k�ðT ÞT�1k ¼ 1. It is not hard to show

1

�ðT Þ T ðmT Þ 
M�ðT ÞT�1 :

Applying Theorem 3.2 we get that

�0�ðu; wÞ 6 �0�ð�ðT ÞT�1u; �ðT ÞT�1wÞ
6 �0þð�ðT ÞT�1u; �ðT ÞT�1wÞ 6 �0þðu; wÞ

for all u 2M�ðT ÞT�1 and w 2 T ðXÞ; and we may

consider Theorem 3.3 as shown. �
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