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Abstract: In this paper we formulate a unified theory of multiple sine functions by using a

view point of absolute zeta functions and absolute automorphic forms.
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1. Introduction. We recall that there are

two kinds of multiple sine functions. The first one is

the primitive multiple sine function defined as

SrðsÞ ¼
Y1
n¼�1
n6¼0

Pr
s

n

� �nr�1

�
2�s if r ¼ 1;

exp
sr�1

r� 1

� �
if r > 1;

8<
:

where

PrðuÞ ¼ ð1� uÞ exp uþ
u2

2
þ � � � þ

ur

r

� �
:

For example,

S1ðsÞ ¼ 2�s
Y1
n¼1

1�
s2

n2

� �
¼ 2 sinð�sÞ

is Euler’s sine function [2], and

S2ðsÞ ¼ es
Y1
n¼1

1� s
n

1þ s
n

 !n

e2s

( )

is Hölder’s double sine function [3]. The triple sine

function

S3ðsÞ ¼ e
s2

2

Y1
n¼1

1�
s2

n2

� �n2

es
2

( )

and the general SrðsÞ was discovered in [4] (see

also [6], [7]). By construction SrðsÞ is a meromor-

phic function in s 2 C and when r � 2 it has the

following expression

SrðsÞ ¼ exp

Z s

0

�ur�1 cotð�uÞdu
� �

;

where

Z s

0

� C� f�1;�2; . . .g.

The second kind of multiple sine function is

the regularized multiple sine function constructed

in Shintani [12] (r ¼ 2) and [5] (general r):

Srðs; ð!1; . . . ; !rÞÞ ¼ �rðs; ð!1; . . . ; !rÞÞ�1

� �rð!1 þ � � � þ !r � s; ð!1; . . . ; !rÞÞð�1Þr ;

where �rðs; ð!1; . . . ; !rÞÞ is the regularized version

of the multiple gamma function introduced by

Barnes [1]. Here we explain the construction when

Reð!1Þ; . . . ;Reð!rÞ > 0 and we put ! ¼ ð!1; . . . ; !rÞ
for simplicity. First, the multiple Hurwitz zeta

function �rðw; s;!Þ is defined as

�rðw; s;!Þ ¼
X

n1;...;nr�0

ðsþ n1!1 þ � � � þ nr!rÞ�w

for ReðwÞ > r. It has an analytic continuation to

all w 2 C and it is holomorphic at w ¼ 0. Then we

obtain the regularized multiple gamma function

�rðs;!Þ ¼ exp
@

@w
�rðw; s;!Þ

����
w¼0

� �
:

It is a meromorphic function in s 2 C.

A defect of this construction is the difficulty

to treat the general case ! 2 ðC� f0gÞr. For

example

�2ðw; s; ð1;�1ÞÞ ¼
X

n1;n2�0

ðsþ n1 � n2Þ�w

is meaningless, so we do not have �2ðs; ð1;�1ÞÞ nor

S2ðs; ð1;�1ÞÞ in this way.

In this paper we construct multiple sine

functions from the absolute automorphic form

f!ðxÞ ¼
Yr
k¼1

ð1� x�!kÞ�1;

where ! ¼ ð!1; . . . ; !rÞ and x > 0. We recall that a

function fðxÞ on R>0 is an absolute automorphic

form when it satisfies the absolute automorphy
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f
1

x

� �
¼ Cx�DfðxÞ

for constants C and D. For example, f!ðxÞ is an

absolute automorphic form satisfying

f!
1

x

� �
¼ ð�1Þrx�j!jf!ðxÞ

where j!j ¼ !1 þ � � � þ !r. We notice in passing that

it is natural to regard as the absolute tensor product

fð!1;...;!rÞ ¼ f!1
	 � � �

F1

	 f!r :

From an absolute automorphic form fðxÞ we define

the absolute zeta function �fðsÞ and the absolute

"-function "fðsÞ by

�fðsÞ ¼ exp
@

@w
Zfðw; sÞ

����
w¼0

� �
and

"fðsÞ ¼
�f� ð�sÞ
�fðsÞ

respectively, where

Zfðw; sÞ ¼
1

�ðwÞ

Z 1
1

fðxÞx�s�1ðlog xÞw�1dx

and

f�ðxÞ ¼ f
1

x

� �
:

We refer to [9], [10] for a general theory of �fðsÞ and

"fðsÞ (see also [8], [11]).

Now, for ! ¼ ð!1; . . . ; !rÞ 2 ðC�
ffiffiffiffiffiffiffi
�1
p

RÞr we

define the absolute multiple gamma function

�rðs;!Þ ¼ �f!ðsÞ

and the absolute multiple sine function

Srðs;!Þ ¼ "f!ðsÞ:

Then we have the following results.

Theorem 1. For ! 2 ðC�
ffiffiffiffiffiffiffi
�1
p

RÞr, �rðs;!Þ
and Srðs;!Þ are meromorphic functions in s 2 C.

Theorem 2. When Reð!kÞ > 0 ðk ¼ 1; . . . ; rÞ,
we have

�rðs;!Þ ¼ �rðs;!Þ

and

Srðs;!Þ ¼ Srðs;!Þ:

Theorem 3. Let

S2nðs;�Þ ¼ S2nðs; ð 1; . . . ; 1
zfflfflfflffl}|fflfflfflffl{n

;�1; . . . ;�1
zfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflffl{n

ÞÞ:
Then

S2nðs;�Þ ¼ exp

� ð�1Þn�1

ð2n� 1Þ!

Z s

0

Yn�1

k¼1

ðu2 � k2Þ

� �u cotð�uÞdu
�
:

Theorem 4. For n � 1, letYn�1

k¼0

ðX � k2Þ ¼
Xn
m¼1

cðn;mÞXm 2 Z½X
 :

cðn; nÞ ¼ 1 and cðn; 1Þ ¼ ð�1Þn�1ððn� 1Þ!Þ2. Then:

S2nðs;�Þð�1Þn�1ð2n�1Þ! ¼
Yn
m¼1

S2mðsÞcðn;mÞ:

Moreover,

S2nðsÞ ¼
Yn
m¼1

S2mðs;�Þaðn;mÞ

where aðn;mÞ 2 Z is defined as

Xn ¼
Xn
m¼1

aðn;mÞ
ð�1Þm�1

ð2m� 1Þ!
Ym�1

k¼0

ðX � k2Þ:

Example.

(1)

S2ðs;�Þ ¼ exp

Z s

0

�u cotð�uÞdu
� �

¼ S2ðsÞ:

(2)

S4ðs;�Þ�3! ¼ exp

Z s

0

ðu2 � 1Þ�u cotð�uÞdu
� �

¼ S4ðsÞS2ðsÞ�1:

(3)

S6ðs;�Þ5! ¼ exp

Z s

0

ðu2 � 1Þðu2 � 4Þ�u cotð�uÞdu
� �

¼ S6ðsÞS4ðsÞ�5S2ðsÞ4:
(4)

S8ðs;�Þ�7!

¼ exp

�Z s

0

ðu2 � 1Þðu2 � 4Þðu2 � 9Þ�u cotð�uÞdu
�

¼ S8ðsÞS6ðsÞ�14S4ðsÞ49S2ðsÞ�36:
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(5)

S10ðs;�Þ9!

¼ exp

�Z s

0

ðu2 � 1Þðu2 � 4Þðu2 � 9Þðu2 � 16Þ

� �u cotð�uÞdu
�

¼ S10ðsÞS8ðsÞ�30S6ðsÞ273S4ðsÞ�820S2ðsÞ576:

Conversly:

(1�)

S2ðsÞ ¼ S2ðs;�Þ:

(2�)

S4ðsÞ ¼ S4ðs;�Þ�6S2ðs;�Þ:

(3�)

S6ðsÞ ¼ S6ðs;�Þ120S4ðs;�Þ�30S2ðs;�Þ:

(4�)

S8ðsÞ ¼ S8ðs;�Þ�5040S6ðs;�Þ1680

� S4ðs;�Þ�126S2ðs;�Þ:
(5�)

S10ðsÞ ¼ S10ðs;�Þ362880S8ðs;�Þ�151200S6ðs;�Þ17640

� S4ðs;�Þ�510S2ðs;�Þ:
Theorem 5. Let n � 1. Put

S2nþ1ðs;�Þ ¼
S2nþ1ðs; ð 1; . . . ; 1

zfflfflfflffl}|fflfflfflffl{n

;�1; . . . ;�1
zfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflffl{nþ1

ÞÞ
S2nþ1ðs; ð 1; . . . ; 1|fflfflfflffl{zfflfflfflffl}

nþ1

;�1; . . . ;�1|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
n

ÞÞ
:

For n � m � 1 let cðn;mÞ and aðn;mÞ be as in

Theorem 4. Then:

S2nþ1ðs;�Þð�1Þn�1 ð2nÞ!
2

¼ exp

�
�2
Xn
m¼1

cðn;mÞ�0ð�2mÞ
�

� exp

Z s

0

Yn�1

k¼0

ðu2 � k2Þ � � cotð�uÞdu
 !

¼
Yn
m¼1

exp �2� 0ð�2mÞð ÞS2mþ1ðsÞf gcðn;mÞ

¼
Yn
m¼1

~S2mþ1ðsÞcðn;mÞ;

where

~S2mþ1ðsÞ ¼ expð�2�0ð�2mÞÞS2mþ1ðsÞ

¼ exp ð�1Þm�1 �ð2mþ 1Þð2mÞ!
22m�2m

� �
S2mþ1ðsÞ:

Moreover,

S2nþ1ðsÞ ¼ expð2�0ð�2nÞÞ
Yn
m¼1

S2mþ1ðs;�Þaðn;mÞm:

Example.

(1)

S3ðs;�Þ ¼
S3ðs; ð1;�1;�1ÞÞ
S3ðs; ð1; 1;�1ÞÞ

¼ expð�2�0ð�2ÞÞ exp

Z s

0

u2� cotð�uÞdu
� �

¼ expð�2�0ð�2ÞÞS3ðsÞ

¼ exp
�ð3Þ
2�2

� �
S3ðsÞ

¼ ~S3ðsÞ:

(2)

S5ðs;�Þ�12 ¼
S5ðs; ð1; 1;�1;�1;�1ÞÞ
S5ðs; ð1; 1; 1;�1;�1ÞÞ

� ��12

¼ expð�2�0ð�4Þ þ 2�0ð�2ÞÞ

� exp

Z s

0

u2ðu2 � 1Þ� cotð�uÞdu
� �

¼ exp � 3�ð5Þ
2�4

�
�ð3Þ
2�2

� �
S5ðsÞS3ðsÞ�1

¼ ~S5ðsÞ~S3ðsÞ�1:

(3)

S7ðs;�Þ360

¼
S7ðs; ð1; 1; 1;�1;�1;�1;�1ÞÞ
S7ðs; ð1; 1; 1; 1;�1;�1;�1ÞÞ

� �360

¼ expð�2�0ð�6Þ þ 10�0ð�4Þ � 8�0ð�2ÞÞ

� exp

Z s

0

u2ðu2 � 1Þðu2 � 4Þ� cotð�uÞdu
� �

¼ exp
45�ð7Þ

4�6
þ

15�ð5Þ
2�4

þ
2�ð3Þ
�2

� �
� S7ðsÞS5ðsÞ�5S3ðsÞ4

¼ ~S7ðsÞ~S5ðsÞ�5 ~S3ðsÞ4:

Conversly:

(1�)

~S3ðsÞ ¼ S3ðs;�Þ:
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(2�)

~S5ðsÞ ¼ S5ðs;�Þ�12S3ðs;�Þ:

(3�)

~S7ðsÞ ¼ S7ðs;�Þ360S5ðs;�Þ�60S3ðs;�Þ:

2. Proofs of Theorems 1 and 2. First we

show Theorem 2. Let Reð!kÞ > 0 for k ¼ 1; . . . ; r.
Then, for Reð!Þ > r

Zf!ðw; sÞ ¼
1

�ðwÞ

Z 1
1

f!ðxÞx�s�1ðlogxÞw�1dx

¼ �rðw; s;!Þ
since the condition Reð!kÞ > 0 for k ¼ 1; . . . ; r
implies

f!ðxÞ ¼
X
n�0

x�n�!

for x > 1, where

n � ! ¼ n1!1 þ � � � þ nr!r:

Hence, we have

�rðs;!Þ ¼ exp
@

@w
�rðw; s;!Þ

����
w¼0

� �
¼ �rðs;!Þ

and

Srðs;!Þ ¼ Srðs;!Þ:

Next, we prove Theorem 1. For k ¼ 1; . . . ; r, let

!0k ¼ sgnðReð!kÞÞ!k:

Notice that Reð!0kÞ > 0. Put !0 ¼ ð!01; . . . ; !0rÞ. Then

we easily see that

f!ðxÞ ¼ ð�1Þlf!0 ðxÞx�;

where l ¼ jfkjReð!kÞ < 0gj, � ¼
P

Reð!kÞ<0 !k. This

implies that

�f!ðsÞ ¼ �f!0 ðs��Þð�1Þl :

Hence

�rðs;!Þ ¼ �rðs��;!0Þð�1Þl :

Then the above proof of Theorem 2 gives

�rðs;!Þ ¼ �rðs��;!0Þð�1Þl

and

Srðs;!Þ ¼ Srðs��;!0Þð�1Þl :

Thus, �rðs;!Þ and Srðs;!Þ are meromorphic in

s 2 C.

3. Proof of Theorem 3. The absolute auto-

morphic form

f2nðxÞ ¼ ð1� x�1Þ�nð1� xÞ�n

¼ ð�1Þnx�nð1� x�1Þ�2n

gives

�2nðs;�Þ ¼ �f2n
ðsÞ

¼ �2nðsþ n; ð1; . . . ; 1ÞÞð�1Þn

¼ �2nðsþ n; ð1; . . . ; 1ÞÞð�1Þn

and

S2nðs;�Þ ¼ S2nðsþ n; ð1; . . . ; 1ÞÞð�1Þn :

Here, using

S2nð0;�Þ ¼ S2nðn; ð1; . . . ; 1ÞÞð�1Þn ¼ 1

and

S02n
S2n
ðs;�Þ ¼ ð�1Þn

S02n
S2n
ðsþ n; ð1; . . . ; 1ÞÞ

¼
ð�1Þn�1

ð2n� 1Þ!
Yn�1

k¼1

ðs2 � k2Þ�s cotð�sÞ

we have

S2nðs;�Þ

¼ exp
ð�1Þn�1

ð2n� 1Þ!

Z s

0

Yn�1

k¼1

ðu2 � k2Þ�u cotð�uÞdu
 !

:

We notice that we used the following differential

equation for Srðs; ð1; . . . ; 1ÞÞ:
S0rðs; ð1; . . . ; 1ÞÞ

¼ Srðs; ð1; . . . ; 1ÞÞ
s� 1

r� 1

� �
ð�1Þr�1� cotð�sÞ:

4. Proof of Theorem 4 and Examples.

To prove each identity

F1ðsÞ ¼ F2ðsÞ

belonging to Theorem 4 and Examples it is suffi-

cient to show

F1ð0Þ ¼ F2ð0Þ ¼ 1;

F 01
F1
ðsÞ ¼ F 02

F2
ðsÞ:

8<
:

For example, let

F1ðsÞ ¼ S2ðs;�Þ

and
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F2ðsÞ ¼ S2ðsÞ:
Then

F1ð0Þ ¼ 1 ¼ F2ð0Þ;
F 01
F1
ðsÞ ¼ �s cotð�sÞ ¼

F 02
F2
ðsÞ:

8<
:

Hence

S2ðs;�Þ ¼ S2ðsÞ:

Proof of Theorem 4 and their examples are exactly

similar by usingYn�1

k¼1

ðs2 � k2Þ ¼
Xn
m¼1

cðn;mÞs2m�2

and

s2n�2 ¼
Xn
m¼1

aðn;mÞ
ð�1Þm�1

ð2m� 1Þ!
Ym�1

k¼1

ðs2 � k2Þ:

5. Proof of Theorem 5 and Examples.

For simplicity, put

S2nþ1;kðsÞ ¼ S2nþ1ðs; ð 1; . . . ; 1
zfflfflfflffl}|fflfflfflffl{2nþ1�k

;�1; . . . ;�1
zfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflffl{k

ÞÞ

¼ S2nþ1ðsþ k; ð1; . . . ; 1ÞÞð�1Þk :

Then we have

S02nþ1;kðsÞ
S2nþ1;kðsÞ

¼ ð�1Þk
S02nþ1ðsþ k; ð1; . . . ; 1ÞÞ
S2nþ1ðsþ k; ð1; . . . ; 1ÞÞ

¼
ð�1Þk

ð2nÞ! ðsþ k� 1Þ � � � ðsþ k� 2nÞ

� � cotð�sÞ:

We obtain the equality

log
S2nþ1;nþ1ðsÞ
S2nþ1;nðsÞ

� �0
¼

2ð�1Þnþ1

ð2nÞ!
Yn�1

k¼0

ðs2 � k2Þ� cotð�sÞ

from

S02nþ1;nþ1ðsÞ
S2nþ1;nþ1ðsÞ

¼
ð�1Þnþ1

ð2nÞ!
ðsþ nÞs

Yn�1

k¼0

ðs2 � k2Þ� cotð�sÞ

and

S02nþ1;nðsÞ
S2nþ1;nðsÞ

¼
ð�1Þn

ð2nÞ! ðs� nÞs
Yn�1

k¼0

ðs2 � k2Þ� cotð�sÞ:

Hence

S2nþ1ðs;�Þ ¼
S2nþ1;nþ1ðsÞ
S2nþ1;nðsÞ

¼ C2nþ1 exp

�
2ð�1Þnþ1

ð2nÞ!

Z s

0

Yn�1

k¼0

ðu2 � k2Þ

� � cotð�uÞdu
�
;

where

C2nþ1 ¼ S2nþ1ð0;�Þ

¼ S2nþ1;nþ1ð0Þ
S2nþ1;nð0Þ

¼
S2nþ1ðnþ 1; ð1; . . . ; 1ÞÞð�1Þnþ1

S2nþ1ðn; ð1; . . . ; 1ÞÞð�1Þn

¼ S2nþ1ðn; ð1; . . . ; 1ÞÞ2ð�1Þnþ1

since

S2nþ1ðn; ð1; . . . ; 1ÞÞ ¼ �2nþ1ðn; ð1; . . . ; 1ÞÞ�1

� �2nþ1ðnþ 1; ð1; . . . ; 1ÞÞ�1

¼ S2nþ1ðnþ 1; ð1; . . . ; 1ÞÞ:
Now, for k � 1

�2nþ1ðk; ð1; . . . ; 1ÞÞ ¼ expð’02nþ1;kð0ÞÞ

with

’2nþ1;kðsÞ ¼
X1
l¼0

ðlþ 1Þ � � � ðlþ 2nÞ
ð2nÞ!

ðlþ kÞ�s

¼
X1
l¼1

ðl� kþ 1Þ � � � ðl� kþ 2nÞ
ð2nÞ!

l�s:

Hence

S2nþ1ðn; ð1; . . . ; 1ÞÞ ¼ expð�’02nþ1ð0ÞÞ;

where

’2nþ1ðsÞ ¼ ’2nþ1;nðsÞ þ ’2nþ1;nþ1ðsÞ

¼
2

ð2nÞ!
X1
l¼1

Yn�1

k¼0

ðl2 � k2Þ
 !

l�s

¼
2

ð2nÞ!
Xn
m¼1

cðn;mÞ�ðs� 2mÞ:

Thus

S2nþ1ðn; ð1; . . . ; 1ÞÞ ¼ exp

�
�

2

ð2nÞ!
Xn
m¼1

cðn;mÞ

� �0ð�2mÞ
�
:

These calculations imply Theorem 5 and Examples.

6. Views from absolute automorphic

forms. Concluding the paper we explain funda-

mental absolute automorphic forms especially for

Theorems 3–5. For n � 2 let
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fnðxÞ ¼

1
ð1�xÞmð1�x�1Þm

if n ¼ 2m is even;
1

ð1�xÞmþ1ð1�x�1Þm �
1

ð1�xÞmð1�x�1Þmþ1

if n ¼ 2mþ 1 is odd:

8>>>><
>>>>:

Then fnðxÞ is an absolute automorphic form sat-

isfying

fn
1

x

� �
¼ ð�1ÞnfnðxÞ:

Moreover, our construction of the absolute multiple

sine function Snðs;�Þ shows that it is quite simply

given as

Snðs;�Þ ¼ "fnðsÞ:

We expect future studies on multiple sine functions

via absolute automorphic forms.
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