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A generalization of the Tutte polynomials
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Abstract:

In this paper, we introduce the concept of the Tutte polynomials of genus g

and discuss some of its properties. We note that the Tutte polynomials of genus one are well-
known Tutte polynomials. The Tutte polynomials are matroid invariants, and we claim that the
Tutte polynomials of genus g are also matroid invariants. The main result of this paper and
the forthcoming paper declares that the Tutte polynomials of genus g are complete matroid

invariants.
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1. Introduction. This is an announcement

paper.
Let E be a set. A matroid M on E = E(M) is a
pair (E,Z), where Z is a non-empty family of
subsets of F with the properties
(i) ifIe€Zand JCI, then JeT;
(ii) if 1,1, € T and |I1| < |,
then there exists e € I, \ I
such that I} U {e} € 7.

Each element of the set 7 is called an independent
set. A matroid (E,T) is isomorphic to another
matroid (E’,Z") if there is a bijection ¢ from E to E'
such that ¢(I) € Z' holds for each member I € Z,
and ¢~ !(I') € Z holds for each member I’ € 7'.

It follows from the second axiom that all
maximal independent sets in a matroid M take
the same cardinality, called the rank of M. These
maximal independent sets B(M) are called the bases
of M. The rank p(A) of an arbitrary subset A of E
is the cardinality of the largest independent set
contained in A.

We provide examples below.

Example 1.1. Let A be a k X n matrix over
a finite field F,. This offers a matroid M on the set
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Matroid; Tutte polynomial.

E={z€Z|1<z<n}

in which a set I is independent if and only if the
family of columns of A whose indices belong to I is
linearly independent. Such a matroid is called a
vector matroid.
Example 1.2.

E={z€Z|1<z<n}

Let

and r a natural number with 1 <r <n. We define a
matroid on E by taking every r-element subset of F
to be a basis. This is known as the uniform matroid
Ur,n-

The classification of the matroids is one of the
most important problems in the theory of matroids.
One tool to classify the matroids is the Tutte
polynomials. Let M be a matroid on the set F
having a rank function p. The Tutte polynomial of
M is defined as follows [2-4]:

T(M):=T(M;z,y)

- _ 1\PE)=p(A), _ 1\|Al=p(4)
=3 (x-1) (y— A,
ACE

For example, the Tutte polynomial of the uniform

matroid U, is
T(Ur.,n} €z, y)
r—1i - n i—r
e > (F)e- v
i=rr1 \?

”
£ ()
=0 \*!

It is easy to demonstrate that T(M;z,y) is a
matroid invariant. Two matroids are called
T-equivalent if their Tutte polynomials are equiv-
alent.

It is well known that there exist two inequiva-
lent matroids, which are T-equivalent [5,p. 269].
We provide more examples below. Let
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E:={z€Z|1<z<n}

Let us define the subsets X1, X, X3 of E as follows:
Xy ={z€Z|1<z<r}
Xo={z€Z|r+1<2z<2r};

Xy ={2€Z|r<z<2r—1}.

Let R,, denote the matroid on E such that
B(R:n) = B(Uprp) \ {X1, Xa},

Qr2n denote the matroid on E such that
B(Qrn) = B(Urn) \ {X1, X3}

Then, for 2r <n, r > 3, R,, and @, , are matroids.
Both matroids have exactly two dependent sets
of size r, namely {X;, X2} of R,, and {Xj, X3} of
Qrn. Therefore, if R,;, and @, are isomorphic,
there exists  such that

e({X1, Xo}) = {X1, X}

This is a contradiction since ¢ is bijective, and
we know that R,, and (),, are non-isomorophic
matroids.

On the other hand,

T(Rrpn) = T(Qrn)-
In fact, the difference between

T(Urn) = T(Ryn)
and

T(Ur,n) - T(an)

are zero since R,, and ()., are obtained from U, ,
after deleting the two maximal independent sets.

This gives rise to a natural question: is there a
generalization of the Tutte polynomial which iden-
tifies such T-equivalent but inequivalent matroids?
This paper aims to provide a candidate general-
ization that answers this. In Section 2, we provide
the concept of the Tutte polynomial of genus g. In
Section 3, we provide the main results. The details
of the proofs will be presented in our forthcoming
paper [1].

2. Tutte polynomials of genus g. We now
present the concept of the Tutte polynomial of
genus g.

Definition 2.1.
roid. Let

Let M :=(E,Z) be a mat-

AN ={2€Z|1<2<g}

[Vol. 95(A),

and let

= (3)

For every element A\ € Ay, and A; C F, let us denote
Aﬂ(/\) = Niead; and AU(/\) = Ujer4;.

Let g be a natural number. Then, the genus g of the
Tutte polynomial T (M) of the matroid M will be
defined as follows:
TO(M) := T (M; 25, Yr, Trng Yora,
Tun, Yure © AL € Ap, Ap € A)
— Z H () — 1)0(1‘”[)*P<Ax)
A, AyCE A€
(yx — 1)\AA\*P(AA)

H (xm()\) _ 1)/1(1\1)—/1(Am))

AEA;

(yﬁ(A) _ 1)‘Am(A)‘—ﬂ(Am()\))
H (mu()\) _ 1)0<M)*0(Au(x))
XSV

(yu()\) _ 1)‘AU(A)‘*P(AU(A))'

It is easy to demonstrate that TW(M) is
matroid invariant and if two matroids have the
same Tutte polynomial for genus g, we call them
TW-equivalent. For example, the genus 2 for the
Tutte polynomial T (M) of the matroid M is as
follows:

T<2>(M7 T1,22,Y1, Y2, Tn{12}> Yn{12}, Tu{12}, yU{lQ})

= Z (1 _1)P(E)—/J(Al)

A, AyCE

(Yoo — l)lAIUAZ‘_p(AluA«_)).

We remark that for g € N9, the specialization of
TW (M) is TV (M). For example,

TO(M;21,2,91,2,2,2,2) = 29T (M 21, 1),
Therefore, if
T(9 (M) = T (M)
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then
TOM) = T (M),
forall1 <i<y.
3. Main results. The main result of the
present paper is as follows:
Theorem 3.1.
(a) The Tutte polynomial of genus g {T(g)}goi1 is a
complete invariant for matroids.
(b) For2r<mn,r>3,
TO(Rey) # T (Qrn)-
(¢) Let
E:={z€Z|1<z<d4n},
withn > 3. Let us define the subsets Y1, Yy of 2F
as follows:
Y1 :={{1,2,3},{3,4,5},...,
{2n —3,2n —2,2n — 1},
{2n —1,2n,1},
{2n 4+ 1,2n 4+ 2,2n + 3},
{2n+3,2n+4,2n +5},...,
{4n — 3,4n — 2,4n — 1},
{4n — 1,4n,2n + 1}},
Y, :={{1,2,3},{3,4,5},...,
{2n —3,2n —2,2n — 1},
{2n — 1,2n,2n + 1},
{2n+1,2n + 2,2n + 3},
{2n+3,2n+4,2n+5},...,
{4n —3,4n — 2,4n — 1},
{4n — 1,4n,1}}.
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Let Sy, denote the independence system on E
such that

B(S4n) = B(U3,4n) \ lea

S4,, denote the independence system on E such
that

B(Szlln) = B(U3,4n) \ Ys.

Then, Sy, and S}, are matroids. Let

my = \‘wJ and my = 2[v/n].

We have

T(ml)(SM) = T<ml)(Sz,1n);
T)(S,) £ TS,

In particular, for a matroid M, TUBGID(Ar)
determines M. For detailed explanation, see [1].
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