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Abstract: Although there exist different types of (well-known) locally convex topologies

on BðHÞ, the notion of measurability on the set of operator valued functions f : �! BðHÞ is

unique when H is separable (see [1]). In this current discussion we observe that unlike the

separable case, in the non-separable case we have to face different types of measurability.

Moreover the algebraic operations ‘‘addition and product’’ are not compatible with the set of

operator valued measurable functions.
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Introduction. Let H be a Hilbert space and

BðHÞ be the set of all bounded linear operators on

H. In the literature, there are some well-known

locally convex topologies on BðHÞ which are given

in the following diagram. For definitions and details

see [3].

ð0:1Þ Arens-Mackey � �-strong� � �-strong � �-weak[ [ [
strong� � strong � weak

where � means that the right-hand side is coarser

than the left-hand side. In the sequel, the notation �

runs over these seven topologies. We just recall the

Arens-Mackey topology which is less classical than

the six other ones. This locally convex topology is

given as the uniform convergence topology on

�ðBðHÞ�;BðHÞÞ-compact convex subsets of BðHÞ�.
The following two questions will be our concerns:

1) Determine the diagram of the sigma algebras

generated by these seven topologies.

It is important to answer this question because, to

any sigma algebra on BðHÞ, a particular type of

operator valued measurable functions is corre-

sponded. Let � be a measurable space. Naturally,

we say that an operator valued function f : �!
BðHÞ is �-measurable provided that f�1ðOÞ is

measurable for any open set O in the topology � .

In the classical case (when dimH ¼ 1), the set of

complex valued measurable functions forms a com-

plex �-algebra which is also closed under the point-

wise limit. In the general case, compatibility of

these two algebraic and topological structures on

the set of operator valued �-measurable functions

will be our second challenge. Indeed the major point

is the �-measurability of the product of two

operator valued �-measurable functions.

2) Is the product of two �-measurable functions

�-measurable as well?

Separable case. When H is a separable

Hilbert space, these two questions have been fully

studied in [1]. There, it was proved that the

�-algebra generated by all these seven topologies

coincide. Also, the set of all measurable functions

f : �! BðHÞ forms an �-algebra and is closed

under the point-wise product.

Here by an expository discussion, we follow

these two problems when H is a non-separable

Hilbert space. We will find that:

. In spite of the separable case, two different

types of sigma algebras are implemented by

the diagram of topologies (0.1).

. Neither addition nor product operations is

compatible with the set of operator valued

�-measurable functions f : �! BðHÞ.
1. Diagram of sigma algebras generated

by topologies. We first emphasize that through-

out this discussion, H is a non-separable Hilbert

space and E ¼ feigi2I is fixed as an orthonormal

basis for H. We also denote FinðEÞ, by the family

of all finite subsets of E. Authors believe that, a

complete and exact analysis concerning relations

between sigma algebras generated by topologies

� ’s, because no attempt on this subject has been

done up to now, is much more difficult than the

separable case.
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Let us denote M� , by the sigma algebra

generated by � . The elements ofM� are also called

�-measurable sets. By a simple argument, we first

observe that the diagram of the sigma algebras

M� ’s is reduced to

Ms� �Ms �Mw:ð1:1Þ

To see this, it is enough to combine the following

two facts:

. On bounded parts of BðHÞ, the topologies

given in each column of the diagram (0.1) are

the same. The same result holds for the Arens-

Mackey topology and the �-strong* topology

([3], Theorem III.5.7).

. The norm closed ball BðHÞk�k�n, centered at 0

with radius n, is closed under topologies � ’s.

Any arbitrary subset E in BðHÞ can be

represented by

E ¼
[1
1

ðE \BðHÞk�k�nÞ:

One may now conclude that M�-w ¼Mw, M�-s ¼
Ms and Ms� ¼M�-s� ¼Ma:m (where Ma:m is the

sigma algebra generated by the Arens-Mackey

topology).

Let us denote B� , by the family of all sub-basic

neighborhoods that determine the topology � . We

also denote B� , by the sigma algebra generated by

B� . To have a complete evaluation, we have to

determine whether the relations between sigma

algebras given in the diagram ð1:1Þ are proper or

not. We recall in the separable case, the key point

which makes the subject move forward well is

M� ¼ B� (see [1]). We will show that it is no longer

valid in the non-separable case and based on this

point, some new (complicated) challenges are

raised. In the rest of this discussion, we will observe

that:

(1) The sigma algebra B� is properly contained in

M� , which makes us face two diagrams M� ’s

and B� ’s.
(2) We first simplify the diagram of relations

between B� ’s and then show that all B� ’s takes

place in Mw, the smallest sigma algebra

between M� ’s.

(3) By some calculations, we will find the diagram

of the sigma algebra B� ’s, in comparison to

M� ’s, is much more secretive.

Let us recall a fact which will be used several times

in the sequel.

Remark 1.1. Let � be a non-empty set and

� be a subset of 2�. Let us denote �ð�Þ, by the sigma

algebra generated by �. For a given A in �ð�Þ, one

may find a sequence A1; A2; � � � in � such that A is

contained in the sigma algebra generated by the

sequence fAng1n¼1 (just check that [f�ð�Þ : � �
�;� is countableg forms a sigma algebra).

Proposition 1.2. Let A be a proper subset of

BðHÞ.
(1) Assume A is a w-measurable set in Bw. There

exists a countable set E in E such that

A ¼ E?w þ A where,

E?w ¼ fx 2 BðHÞ : hxe; fi ¼ 0 for all e; f 2 Eg:

(2) Assume A is a s-measurable set in Bs. There

exists a countable set E in E such that A ¼
E?s þA where,

E?s ¼ fx 2 BðHÞ : xe ¼ 0 for all e 2 Eg:

(3) Assume A is a s�-measurable set in Bs� . There

exists a countable set E in E such that A ¼
E?s� þ A where,

E?s� ¼ fx 2 BðHÞ : x�e ¼ xe ¼ 0 for all e 2 Eg:

(4) Assume A is an a.m-measurable (Arens-

Mackey measurable) set in Ba:m. There exists

a countable set E in E such that A ¼ E?a:m þ A
where,

E?a:m ¼ fx 2 BðHÞ : x�e ¼ xe ¼ 0

for all e 2 Eg:
Proof. For a given �-measurable set A in B� ,

there exists a sequence of sub-basic neighborhoods

fAng (for the topology �) such that A is generated

by An’s (see Remark 1.1). Indeed by a countably

many operations ‘‘union and intersection’’ on the

union fAng
S
fAc

ng, one may construct A. Therefore

it is enough to prove these assertions when A or Ac

is itself a sub-basic neighborhood. At first, assume

that A is a sub-basic neighborhood in the weak

operator topology. There exist � and � in H and

x0 2 BðHÞ with

A ¼ x 2 BðHÞ : jhx�; �i � hx0�; �ij < �f g:

Let E be a countable subset in E such that both �

and � are generated by E. One may directly check

that E?w works for both A and Ac, that is, E?w þ A ¼
A and E?w þ Ac ¼ Ac. Except the Arens-Mackey

topology, others are obtained by a similar argument

as well as the weak operator topology. As for the
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last one, let us consider the sub-basic neighborhood

A ¼ fx 2 BðHÞ : sup
�2K
j�ðxÞ � �ðx0Þj < �g;

where x0 2 BðHÞ and K is a weakly compact convex

subset of the predual BðHÞ�. To any element F of

FinðEÞ, a finite subset of E, we correspond to the

finite rank projection whose range is linearly

spanned by F , say pF . Clearly fpFgFinðEÞ forms an

increasing net of projections which is strongly

convergent to the identity operator. A deep result

due to Akemann ([3], Theorem III.5.4) says that

lim
F

sup
�2K
kð1� pF Þ�ð1� pF Þk ¼ 0:

It implies that there exists (at most) a countable

subset E in E such that

sup
�2K
kð1� pEÞ�ð1� pEÞk ¼ 0;ð1:2Þ

where pE is the orthogonal projection whose range

is generated by E. We check that E works for this

assertion. To do this, assume ye ¼ y�e ¼ 0 for all

e 2 E. Equivalently, ypE ¼ y�pE ¼ 0 which implies

that y ¼ ð1� pEÞyð1� pEÞ. We now apply (1.2) to

conclude �ðyÞ ¼ 0 for all � in K which finishes the

proof. �

Let A be a �-measurable set in B� . By the

previous result, there exists a countable subset E of

E, called a refiner set of A, such that Aþ E?� ¼ A.

Corollary 1.3. Every �-measurable set A in

B� is unbounded.

Proof. Let E be a refiner set of A. Since H is

non-separable Hilbert space, then E?� is unbounded.

It implies A is unbounded too. �

Corollary 1.4. The sigma algebra B� is

properly contained in M� .

Proof. Norm closed balls are contained inM� .

The previous corollary finishes the proof. �

Proposition 1.5. Concerning the sigma al-

gebras B� ’s, we have that:

(1) Bw ¼ B�-w � Ba:m,

(2) Bs ¼ B�-s and

(3) Bs� ¼ B�-s�.

Proof. We first show that B�-w � Bw which

implies Bw ¼ B�-w. Let us consider the following

sub-basic neighborhood in the �-weak operator

topology

fx 2 BðHÞ : j�ðxÞ � �ðx0Þj < �g;

where � is a normal functional on BðHÞ and x0 is in

BðHÞ. There exist two square summable sequences

f�ng and f�ng in H with �ðxÞ ¼
P
hx�n; �ni.

Then

�ðxÞ � �ðx0Þ ¼
X1

1

hðx� x0Þ�n; �ni

¼ lim
n!1

Xn
j¼1

hx�j; �ji|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
�nðxÞ

�
X1

1

hx0�n; �ni
 !

:

Let us consider �n : ðBðHÞ;BwÞ ! C given by

�nðxÞ ¼
Pn

k¼1hx�k; �ki. Obviously, �n’s are all meas-

urable functions. Since � is the point-wise limit of

the sequence f�ng, then � is measurable with

respect to the sigma algebra Bw too. Therefore,

the sub-basic open set fx 2 BðHÞ : j�ðxÞ � �ðx0Þj <
�g is contained in Bw. By a similar argument, one

may show that Bs ¼ B�-s and Bs� ¼ B�-s� .

It remains to prove Bw is properly contained in

Ba:m. To do this, we make an example of a sub-basic

neighborhood in the Arens-Mackey topology which

is not in Bw. Let us fix e 2 E and consider

Ke :¼ f!�;e 2 BðHÞ� : � is in the unit ball of Hg;

where !�;eðxÞ ¼ hx�; ei. Consider the map Fe : H1 !
BðHÞ� which maps �! !�;e, where H1 denotes the

unit ball of H. One may directly check that Fe is

weak-weak continuous. Then Ke, the range of Fe, is

weakly compact.

Since Ke is also convex, then

Oe ¼ fx 2 BðHÞ : j�ðxÞj < 1 for all � 2 Keg

forms a sub-basic neighborhood containing 0, in the

Arens-Mackey topology. We apply the first item of

Proposition 1.2 and show that Oe is no longer in Bw.

If Oe is in Bw, then there exists a refiner set E � E
with

E?w ¼ fx 2 BðHÞ : hxf; gi ¼ 0 : f; g 2 Eg � Oe:

Let us select e0 2 E � E. The rank one operator x ¼
2e	 e0 is in E?w and so should be contained in Oe

(0 2 Oe) which is not true since j!e0;eðxÞj ¼ 2. �

Remark 1.6. In the previous proposition, as

for weakly compactness of Ke, we have replaced the

proof with the one suggested by the referee since it

was really much easier.

Let us consider A ¼ fx 2 BðHÞ : kðx�
x0Þ�k2 < �g which is a sub-basic neighborhood in

the strong operator topology.

A ¼
[1
n¼1

y 2 BðHÞ : kðy� xÞ�k2 � � 1�
1

n

� �� �
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¼
[1
n¼1

\
F2FinðEÞ

y 2 BðHÞ :
X
e2F
jhðy� xÞ�; eij2 � � 1�

1

n

� �( )0
@

1
A

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
closed set in the weak operator topology

:

If one follows a similar argument for strong*

operator topology and the Arens-Mackey topology,

then the following facts will be obtained:

. Any sub-basic neighborhood in the strong

operator topology forms a F�-set in Mw.

. Any sub-basic neighborhood in the strong*

operator topology forms a F�-set in Mw.

. Any sub-basic neighborhood in the Arens-

Mackey topology forms a F�-set in M�-w.

Based on these three points, we infer the following

fact.

Proposition 1.7. The sigma algebras B� ’s
are all contained in Mw.

We end this section with two unsolved prob-

lems:

Problem 1.8. (1) Let bðHÞ be the set of all

closed balls in BðHÞ. Is Mw generated by the

union Bw
S
bðHÞ?

(2) Let fejgj2J be a proper subset of E whose

cardinal is larger than continuum and then

consider Os ¼
S
j2Jfx 2 BðHÞ : kxejk < 1g

which forms an open set in the strong operator

topology. Is Os a w-measurable set?

2. Sigma algebras generated by the base

of topologies. In this section, we focus on the

sigma algebras B� ’s. We saw that discussion on this

sigma algebras is reduced to Bs;Bs� and Bw � Ba:m.

We first follow this question, what do we know more

concerning relations between these sigma algebras?

Secondly, we show that the algebraic operations,

addition and product, do not fit on the set of

operator valued �-measurable functions.

Let f��g be the family of semi-norms that

determines the locally convex topology � . By a

�- sub-basic neighborhood centered at 0, we mean a

subset of the form of fx 2 BðHÞ : �� ðxÞ < �g. Let

us denote B0
� , by the sigma algebra generated by all

�- sub-basic neighborhoods centered at 0.

Remark 2.1. As for the sigma algebras B0
� ’s,

we have that any �- sub-basic neighborhood cen-

tered at 0 is invariant under any rotation (A ¼ ei�A,

for any arbitrary angle �). Therefore, any element

of the sigma algebra B0
� is also invariant under any

rotation. It implies that B0
� is properly contained

in B� .
Proposition 2.2. We have that:

(1) Bw \ B0
s ¼ f;;BðHÞg,

(2) Bw \ B0
s� ¼ f;;BðHÞg and

(3) Bs \ B0
s� ¼ f;;BðHÞg.

Proof. (1) Let A be in the intersection Bw \ B0
s

which is neither empty set nor BðHÞ. We may

assume A contains 0, otherwise Ac is considered.

i) Since A is contained in B0
s, then there exists

a sequence fNng of sub-basic neighborhoods

centered at 0 in the strong operator topology

such that A is generated by Nn’s (see Remark

1.1). Based on definition of Nn’s, there are a

sequence f�ng of vectors in H and a sequence

of positive numbers f�ng with Nn ¼ fx 2
BðHÞ : kx�nk < �ng. We put

�A ¼ f	ðxÞ : x 2 Ag;

where 	ðxÞ is the sequence fkx�nkg. Notice that

x 2 A() 	ðxÞ 2 �ðAÞ:

Since A is properly contained in BðHÞ then,

there exists an operator y such that 	ðyÞ is no

longer in �A.

ii) Since A is a w-measurable set in Bw then,

there is a refiner set E ¼ feng in E with A ¼
E?w þ A. Any countable set in E containing E

also forms a refiner set of A, then we may also

assume that y�n’s are all in the closed sub-

space generated by E.

Let us select a sequence ffng � E such that

hfn; emi ¼ 0 for all n and m (H is non-separable),

and then consider the operator q ¼
P
fn 	 en. As

for the operator ~y ¼ qy, we have that:

. A direct calculation shows 	ð~yÞ ¼ 	ðyÞ. Since A

does not contain y, then item i) implies that ~y
is not in A too.

. ~y is clearly contained in E?w . Since A contains

0, then A ¼ E?w þA forces ~y should be in A.

This is a contradiction and so the intersection Bw \
B0
s should be trivial.

(2) To prove this case, one may exactly repeat

the proof given in (1), when some notations in the

proof are changed as follow:

Nn ¼ fx 2 BðHÞ : kx�nk2 þ kx��nk2 < �ng and

	ðxÞ ¼ fkx�nk2 þ kx��nk2g:
The closed linear span of the refiner set

contains all sequences fy�ng; fy��ng and f�ng;
~y ¼ qyþ yq�:

8>>>>><
>>>>>:

(3) To obtain the last one, again we may

exactly repeat the proof given in (1), and the list of
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notations should be changed as follow:

Nn ¼ fx 2 BðHÞ : kx�nk2 þ kx��nk2 < �ng and

	ðxÞ ¼ fkx�nk2 þ kx��nk2g:
The closed linear span of the refiner set

contains all sequnces fy�ng; fy��ng and f�ng:
~y ¼ y�q� þ yp where p ¼

X
en 	 gn and the

sequence fgng 
 E is selected so that

hgn; fmi ¼ hgn; emi ¼ 0 for all n;m:

8>>>>>>>>>>><
>>>>>>>>>>>:

�

Finally by some examples we show how the

addition and product of two �-measurable func-

tions may be no longer �-measurable. We need to

recall a fact from a classical set theory. Let X be

a measurable space whose cardinal is larger than

continuum. Let us consider the cartesian product

X �X equipped with the product sigma algebra.

Assume that S � X �X is a measurable set. Then

the family of sections Sx ¼ fy 2 X : ðx; yÞ 2 Xg
contains at most continuum of distinct sets and

consequently the diagonal D ¼ fðx; xÞ : x 2 Xg is

no longer a measurable set (see [2], p. 231 Problem

3.10.44).

Example 2.3. Let �j ¼ ðBðHÞ;M� Þ for j ¼
1; 2. We consider the cartesian product space � ¼
�1 � �2 equipped with the product sigma algebra.

(1) Let us consider functions f and g on � given by

fðx; yÞ ¼ x and gðx; yÞ ¼ �y which are clearly

�-measurable. We have then

ðf þ gÞ�1ð0Þ ¼ fðx; xÞ : x 2 BðHÞg:

The cardinal number of BðHÞ is larger than

continuum (H is non-separable). Therefore,

the diagonal ðf þ gÞ�1ð0Þ is not measurable in

� which implies that f þ g is not �-measurable.

(2) In this example, we assume that the cardinal

number feigi2I is 2c. The projections fðx; yÞ ¼
x and gðx; yÞ ¼ y on � are clearly �-measurable

functions. We now verify that the product f � g
is not �-measurable. To do this, we put

S ¼ ðf � gÞ�1ðidHÞ ¼ fðx; yÞ 2 � : xy ¼ idHg;

and check that the family of sections Sx ¼ fy 2
BðHÞ : ðx; yÞ 2 Sg contains 2c of distinct sets.

Let I0 consist of those subsets in I which are

infinite and countable. Then I and I0 have the

same cardinal. Let J be the subset in I0 andHJ

be the subspace generated by fej : j 2 Jg. Let

vJ be a bilateral shift on the Hilbert space HJ

and consider the operator xJ ¼ vJ � idH?J in

BðHÞ. We have then ðxJ; yJÞ is in S where yJ ¼
v�J � idH?J . Obviously, SxJ1

and SxJ2
are not the

same when J1 and J2 are different sets in I0.

(3) Let us consider the measurable space �w ¼
ðBðHÞ;BwÞ and the inclusion mapping


 : �w ! ðBðHÞ;BwÞ. We check that 
2 is not

measurable. Let us fix e 2 E. If 
2 is measurable

function, then A ¼ ð
2Þ�1ðNeÞ is a measurable

set, where Ne ¼ fx 2 BðHÞ : jhxe; eij < 1g. Let

E be a Bw-refiner set for A containing e. We

select f 2 E � E and then consider the rank

one operators a ¼ 2e	 f and b ¼ f 	 e. One

may directly check that a 2 E?w and b 2 A.

Therefore, aþ b 2 E?w þ A ¼ A. But we have

that

jh
2ðaþ bÞe; eij ¼ 2;

which is a contradiction. This means that

the set of measurable functions ff : �w !
ðBðHÞ;BwÞg is not closed under product.

(4) If the sigma algebra Bw is replaced by any of

the sigma algebras Bs;Bs� or Ba:m in the

Example (2) above, then the same result is

obtained, i.e., the product dose not work well

again. To prove them, one may exactly repeat

the proof when some notions are changed. The

list of changes are given as follow:

changes when Bw is replaced by

Bs : Ne ¼ fx 2 BðHÞ : kxek < 1g
changes when Bw is replaced by

Bs� :
Ne ¼ fx 2 BðHÞ : kxek2 þ kx�ek2 < 1g
a ¼ 2f 	 f

(

changes when Bw is replaced by

Ba:m :
Ne ¼ fx 2 BðHÞ : sup�2Ke

j�ðxÞj < 1g
a ¼ 2f 	 f

�
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