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Abstract:

A complex hyperbolic triangle group is a group generated by three complex

involutions fixing complex lines in complex hyperbolic space. In our previous papers [4-8] we
discussed complex hyperbolic triangle groups. In particular, in [5,8] we considered complex
hyperbolic triangle groups of type (n,n,co0;k) and proved that for n > 22 these groups are not
discrete. In this paper we show that if n > 14, then complex hyperbolic triangle groups of type
(n,m, 00; k) are not discrete and give a new list of non-discrete groups of type (n,n,oo; k).
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1. Introduction. Let n and k be integers
greater than 2. Let I,I5,I3 be the following
matrices:
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Assume that p,o,7 satisfy the conditions |p|=
2cos(m/n), |o| =2, |r|=2cos(n/n), |pr—7|=
2cos(m/k). Then we have that I} =13 =13=
(LL)" = (Is1)" = (L LI, I3)* = B (the identity
matrix) and I5[3 is a unipotent element. We call
the group generated by I, I» and I3 a complex
hyperbolic triangle group of type (n,n,o0;k) and
denote it by I'(n,n,00; k). Up to conjugation, there
is a one-parameter family of these groups para-
metrized by k.

It is interesting to ask which values of the
parameter correspond to discrete groups as men-
tioned in [12].

The purpose of this paper is to show the
following theorem, which improves our previous
result in [5] and gives a new list of non-discrete
groups of type (n,n,oo; k).

Theorem 1. LetT = (I, 15, I3) be a complex
hyperbolic triangle group of type (n,n,o0;k) with
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Complex hyperbolic triangle group; complex involution.

k> [n/2]+ 1. The following groups are mon-dis-
crete:

(1) I'(5,5, 005 3).

(2) I'(6,6,00;5).

(3) I'(7,7,00;4),I'(7,7,00; 5), T'(7,7,00; 6).

(4) T'(8,8,00;5),I'(8,8,00; 7).

(5) T'(9,9,00; k) for 5 <k <8.

(6) T'(10, 10,005 k) for 6 <k <9.

(7) (11,11, 00; k) for 6 < k < 11.

(8) I'(12,12,00; k) for 7 < k < 16.

(9) T'(13,13,00; k) for 7 < k < 38.

(10) I'(14, 14, o0; k) for k > 8.

(11) T'(n,n, 005 k) for any n (> 15).

In [12] Schwartz classified complex hyperbolic
triangle groups into two types. It is said that
I'(n,n,00) has type Bif there is a positive number kg
such that I IoI3 becomes regular elliptic for k > k.
If n > 14, then I'(n, n, co) has type B. Thus we have:

Corollary 2. IfT'(n,n,c0) has type B, then
['(n,n,oc0; k) is not discrete.

Details for background material on complex
hyperbolic space will be found in [2]. For material
on complex hyperbolic triangle groups see [3], [6],
[7], [9], [12] and [13].

2. Proof of Theorem 1. To show a group of
type (n,n,o00;k) to be non-discrete, we find regular
elliptic elements of infinite order.

Lemma 1. Let g be an element of T'(n,n,
00; k). If trace(g) is real and contained in (-1,3),
then g is regular elliptic and trace(g) = 1 + 2 cos ¢.
Moreover, g has finite order if and only if ¢ is a
rational number.

In our previous papers [5,8] we used the result
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by Conway and Jones in [1]. Parker extended their
results as follows (see [9] and [10]):

Lemma 2 ([10; Theorem A.1.1]). Suppose
that we have at most six distinct rational multiples
of m lying strictly between 0 and 7/2, for which some
rational linear combination of their cosines is zero
but no proper subset has this property, then the
appropriate linear combination is propositional to
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one of the following:
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We consider the element I3l1I3l1151; in
I'(n,n,00; k), which is denoted by I(31)221. It is seen
that
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We note that trace(l,,,) is real. It can be
shown that the element 1(31>221 is unipotent in
I'(3,3,00;k) for any k>4. Also we see that for
n >4 the element 1(31)221 is regular elliptic in
[ (n,n,00;k) with k <n —1 and it is unipotent in
L (n,n,o00;n).

We are ready to prove our theorem.

Proof of Theorem 1. First we consider the
group I'(21, 21, 00; 18). From the above, the element
](31)221 is regular elliptic in I'(21, 21, 00; 18). Lemma
1 implies that 1(31)221 has finite order if there is a
rational number ¢ satisfying

2c0s " 1 2c0s 2 4 2cos -~ 2cos o
cos = cos — 08— — 2cos —
9 63 63 21
27
—QCOSﬁ-i-l =1+ 2cos ¢,

that is,
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T n 137 n T 47
COS — + COS —— + COS — — COS —
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Lemma 2 lists all possible trigonometric
Diophantine equations with up to six. We use this
result to conclude that there are no rational
numbers ¢ satisfying the equation above. It follows
from Lemma 1 that 1(31)221 has infinite order in
the group T'(21,21,00;18), which implies that
I'(21,21, 00; 18) is not discrete.
In the same manner as above, we show that
there are no rational numbers ¢ satisfying the
following each equation:
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These correspond to the equations trace(y;y2y,) =
1+ 2cos ¢m in the following groups, respectively:
I'(21,21, 00; 17);
20,20, 00; 16), (20, 20, co; 17);
19,19, 00; 14),1'(19, 19, 005 15),
I'(18,18,0;13),T

( ), T(19, 19, 00; 16);
(18,18, 00;14),T'(18,18, 00; 15);
17,17,00;12),T(17,17, 00; 13), (17,17, 00; 14);
I'( I( )

—

I(

I'(

(

(
T'(16, 16, 00; 11), T'(16, 16, 00; 12), T(16, 16, 00; 13);
I'(15,15, 00; 11), (15, 15, 00; 12);
I'(14, 14, 50;9), (14, 14, 00; 10), (14, 14, 00; 11);
(13,13, 00;8), (13, 13, 00; 9), (13, 13, 00; 10),
I'(13,13, 00; 11);
I'(12,12, 00;8),T'(12, 12, 00: 9), (12,12, 00; 10);
(11,11, 00;7),T(11, 11, 00;8), T(11, 11, 00; 9);
I'(10, 10, 00; 7),T(10, 10, o0; 8);
I'(9,9,00;7),T(9,9, 00; 8);
I'(8,8,00;7);

(

[(7,7,00;5).

It follows that in each group above, I(31)‘Z21 isa
regular elliptic element with infinite order. Thus
the groups above are not discrete. Together with
Theorem 2.3 in [5], we obtain our theorem. O

Remark 3. (1) In [11] Parker, Wang and
Xie showed that I'(3, 3, 00; k) is discrete for k > 4.
(2) In  T(13,13,00;8),T'(11,11,00;7),T(7,7,00; 5)
among the groups above, Liygy230 18 also regular
elliptic.

(3) In I‘(8,8,c>o;6),.7(31)z21 is a regular elliptic ele-
ment of order 6.
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