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1. Preliminaries.

1.1. Introduction. In this note, we solve on

an important class of cones, the conjecture stated

by Letac and Massam in [7, p. 1314], and called

‘‘Letac-Massam Conjecture’’ in [1]. This conjecture

is of fundamental importance in harmonic analysis

of Riesz and Wishart measures on convex cones

connected to graphs and in its applications to

modern multivariate statistics. More generally, the

Conjecture of Letac-Massam is closely related to an

important problem in a wide range of analysis on

cones:

ðPÞ Is the Laplace transform of a product of powers

of given polynomials equal to a product of powers of

some polynomials?

Let n � 2. We denote by Symðn;RÞ the vector

space of real symmetric n� n matrices and by

Symþðn;RÞ the cone of symmetric positive definite

matrices. Let G be a graph with vertices 1; 2; . . . ; n
and edges E. Let ZG be the subspace of Symðn;RÞ
containing matrices z with zij ¼ 0 if fi; jg =2 E.

Cones PG ¼ Symþðn;RÞ \ ZG and their dual cones

QG are basic objects of graphical model theory

([5], [7]), one of the most important parts of

contemporary statistics, including big data statis-

tics. We refer to [5] and [7] for all the notions and

notations not explained in detail in this paper.

We show that the Letac-Massam Conjecture is

true on the cones QG where

G ¼ An ¼ 1� 2� � � � � n:

This is a fundamental class of non-homogeneous

cones appearing in the statistical theory of graph-

ical models [5], corresponding to the practical model

of nearest neighbour interactions. In the Gaussian

character ðX1; X2; . . . ; XnÞ, non-neighbours Xi;Xj,

ji� jj > 1 are conditionally independent with re-

spect to other variables.

According to [7, Corollary 3.1], the Letac-

Massam Conjecture is true on the cones QA4
and

PA4
, but these results are ‘‘obtained by a nontrivial

and long computation’’ and the proofs are omitted.

[7] states that for n ¼ 5 ‘‘calculations are terrify-

ing.’’ Our method of proof is simple and based on

methods of [4]: triangular changes of variables on

QAn
and using natural ‘‘future’’ and ‘‘past’’ power

functions �
ðMÞ
s and �

ðMÞ
s on QAn

and on PAn
. Our

method also applies to the cone PA4
.

1.2. Letac-Massam Conjecture. The Letac-

Massam Conjecture is a conjecture on the Laplace

transform of functions � 7! Hð�; �; �Þ, � 2 QAn
, � ¼

ð�1; . . . ; �n�1Þ, � ¼ ð�2; . . . ; �n�1Þ, introduced in [7],

cf. (2) below. If needed, we will use a more precise

notation Hn for the function H on QAn
. Let � denote

the projection from Symþðn;RÞ onto the cone QAn

and let �An
ðd�Þ be the reference measure on the cone

QAn
, defined by (3) below. The Letac-Massam

Conjecture on the cone QAn
says that there exists

C�;� > 0 such thatZ
QAn

e�trðy�ÞHð�; �; �Þd�An
ð�Þð1Þ

¼ C�;�Hð�; �; �ðy�1ÞÞ ðy 2 PAn
Þ

if and only if ð�; �Þ 2 A, where A ¼ [
M¼2

n�1
AM and the

sets AM are defined by the following conditions (C)

and (I):
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(C) �j ¼ �jþ1 if 1 � j �M � 2, and �j ¼ �j if

M þ 1 � j � n� 1,

(I) �j >
1
2 for all j ¼ 1; � � � ; n� 1, and �M�1 þ

�M � �M > 0.

The sufficiency of the condition ð�; �Þ 2 A was

showed in [7] and the necessity was conjectured and

announced true for n ¼ 4. For n ¼ 2 and n ¼ 3 the

equivalence of (1) with ð�; �Þ 2 A is well known.

The necessity of (I) is evident (consider diagonal

y 2 PAn
, cf. Lemma 2.1 below), so the necessity of

(C) is to be proved for n � 4.

In the sequel, the equality (1) will be referred

to as the Letac-Massam formula on QAn
and the

conditions (C) as Letac-Massam conditions. In this

note we prove

Theorem 1.1. Let n � 4. The formula (1)

implies conditions (C).

1.3. Letac-Massam Conjecture for power

functions �ðMÞs and �ðMÞs . Now we introduce the

power functions �
ðMÞ
s on QAn

and �
ðMÞ
s on PAn

. For

all 2 �M � n� 1,

�ðMÞs ð�Þ ¼
QM�1

i¼1 j�fi:iþ1gjsi
Qn

i¼Mþ1 j�fi�1:igjsiQM�1
i¼2 �si�1

ii �sM�1�sMþsMþ1

MM

Qn�1
i¼Mþ1 �

siþ1

ii

�ðMÞs ðyÞ ¼
Y
i<M

jyf1:igjsi�siþ1 jyjsM
Y
i>M

jyfi:ngjsi�si�1 ;

where, for I � f1; . . . ; ng, the matrix AI is the

submatrix of A indexed by I, and the symbol fa : bg
with 1 � a � b � r denotes the set of i for which

a � i � b. The relation �
ðMÞ
s ð�ðy�1ÞÞ ¼ �

ðMÞ
�s ðyÞ is

proved in [4]. Define ri ¼ �iþ1 � �i and pi ¼ �i � �i
for all 2 � i � n� 1. We have, as defined in [7],

Hð�; �; �Þ ¼
Qn�1

i¼1 j�fi:iþ1gj�iQn�1
i¼2 �

�i
ii

ð2Þ

so that Hð�; �; �Þ ¼ �ðMÞs ð�Þ
QM�1

i¼2 �riii
Qn�1

i¼Mþ1 �
pi
ii ,

where si ¼ �i, for all 1 � i �M � 1; si ¼ �i�1, for

all M þ 1 � i � n and sM ¼ �M�1 þ �M � �M . This

implies rM ¼ sM � sMþ1 and pM ¼ sM � sM�1. We

notice that s ¼ ðsiÞ depends on M, whereas neither

r ¼ ðriÞ nor p ¼ ðpiÞ does.

Let ’ðyÞ ¼ �ðy�1Þ and

�An
ðd�Þ ¼

Yn�1

i¼1

j�fi;iþ1gj�3=2
Y
i6¼1;n

�iid�ð3Þ

be the reference measure used in [7], where d� is the

Lebesgue measure.

The Letac-Massam formula (1) is equivalent,

for each 2 �M � n� 1, to

Z
QAn

e�trðy�Þ�ðMÞs ð�Þ
YM�1

i¼2

�riii
Yn�1

i¼Mþ1

�piii d�An
ð�Þð4Þ

¼ C�;��ðMÞ�s ðyÞ
YM�1

i¼2

’ðyÞriii
Yn�1

i¼Mþ1

’ðyÞpiii :

The Letac-Massam conditions (C) are equivalent to

the following n� 2 alternative conditions:

r2 ¼ � � � ¼ rM�1 ¼ pMþ1 ¼ � � � ¼ pn�1 ¼ 0ð5Þ

for an M 2 f2; . . . ; n� 1g, or, in other words, to

the equality Hð�; �; �Þ ¼ �ðMÞs for an M 2 f2; . . . ;

n� 1g.
A positive answer to the Letac-Massam Con-

jecture implies that the natural generalized power

functions on QAn
are the families �

ðMÞ
s ð�Þ, motivated

by analysis on symmetric and homogeneous cones,

with n-dimensional parameter s. Power functions

Hð�; �; �Þ, � 2 QAn
are motivated by advanced

graph theory, more exactly by cliques and separa-

tors formalism. The parameters �; � have dimen-

sion 2n� 3. Even if we start with a larger family

Hð�; �; �Þ, in order to have the property ðPÞ
satisfied, we boil down to the families �

ðMÞ
s ð�Þ, with

M ¼ 2; . . . ; n� 1. Moreover, the families �
ð1Þ
s ð�Þ and

�
ðnÞ
s ð�Þ are ‘‘forgotten’’ in the graph theory approach

of [7].

2. Proof. We are going to prove the Letac-

Massam Conjecture by induction on n. The proof of

the initiation part (n ¼ 4) and the heredity part

(n � 5) are the same, so they are given together. We

use extensively the bijections �n and ~�n between

Rþ �R�QAn�1
and QAn

and the bijections �n and
~�n between Rþ �R� PAn�1

and PAn
, studied in [4]

(see Appendix for more information).

First, in the following lemma, we express, for

each M, the constant C�;� as a function of M; s ¼
ðsiÞ; r ¼ ðriÞ and p ¼ ðpiÞ. This is convenient and

needed in further study of the formula (4).

Lemma 2.1. If the formula (4) holds for all

y 2 PAn
then we have

C�;� ¼ �ðn�1Þ=2�ðsMÞ
Y
i 6¼M

� si �
1

2

� �( )
ð6Þ

�
YM�1

i¼2

�ðsi þ riÞ
�ðsiÞ

Yn�1

i¼Mþ1

�ðsi þ piÞ
�ðsiÞ

:

If y is diagonal, then (4) holds if and only if si >
1
2 for

i 6¼M, sM > 0, si þ ri > 0 for 2 � i < M and si þ
pi > 0 for M < i � n� 1.
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Proof. We take y diagonal. The proof is a by-

product of the Step 1 of the main proof. �

Step 1 (descent in Letac-Massam formula,

from QAn
to QAn�1

). Let n � 4, � ¼ ð�1; . . . ; �n�1Þ
and � ¼ ð�2; . . . ; �n�1Þ.

Suppose that the Letac-Massam formula (1)

holds for Hnð�; �; �Þ on QAn
. Then the Letac-Massam

formula holds on QAn�1
for:

(i) Hn�1ðð�1; . . . ; �n�2Þ; ð�2; . . . ; �n�2Þ; �Þ and the

graph 1� � � � � ðn� 1Þ,
(ii) Hn�1ðð�2; . . . ; �n�1Þ; ð�3; . . . ; �n�1Þ; �Þ and the

graph 2� � � � � n.

Proof. Let us prove (i). We choose 2 �M �
n� 2. For all y 2 PAn

, let, successively, y ¼
~�nða0; b0; zÞ and z ¼ �n�1ða00; b00; ZÞ. We easily check

that for 2 � i � n� 1, ’ðyÞii ¼ ’ðzÞii ¼ ’ðZÞii, see

Lemma 4.2 (by our convention, z is indexed by

1; . . . ; n� 1 and Z is indexed by 2; . . . ; n� 1).

Integration on QAn
with two successive changes

of variables � ¼ ~�nð�0; �0; 	Þ and then 	 ¼
�n�1ð�00; �00;�Þ givesZ

QAn�2

e�trðZ�Þ�
ðMÞ
ðs2;...;sn�1Þð�Þ

YM�1

i¼2

�ri
iið7Þ

�
Yn�1

i¼Mþ1

�pi
ii d�An�2

ð�Þ

¼ Cðn�2Þ
�;� �

ðMÞ
�ðs2;...;sn�1Þ

ðZÞ
YM�1

i¼2

’ðZÞriii
Yn�1

i¼Mþ1

’ðZÞpiii ;

where C
ðn�2Þ
�;� ¼ C�;�

��ðs1�1
2Þ�ðsn�1

2Þ
and the rows and

columns of � and Z are numbered 2; . . . ; n� 1.

Now, we apply one more change of variable

� ¼ ~�n�2ð�; �;�Þ in formula (7) and we set

Z ¼ ~�n�2ða; 0; T Þ. The lines and columns of �

and T are numbered 2; . . . ; n� 2. Let F ð�; �;�Þ
be the integrand. We first compute J ¼R1
�1
R1

0 Fd�d� ¼ 2
R1

0

R1
0 Fd�d�. Using the change

of variables u ¼ a�; t ¼ a�n�2;n�2�
2 we get

J ¼ 2a�pn�1

Z 1
0

Z 1
0

e� a�þa�n�2;n�2�
2ð Þ

� �sn�1�3=2ða�þ a�n�2;n�2�
2Þpn�1d�d�

¼ a�ðsn�1þpn�1Þ�
�1=2
n�2;n�2

�
Z 1

0

Z 1
0

e�ðuþtÞusn�1�3
2t�

1
2ðuþ tÞpn�1dudt:

Now, using the change of variables ðu; vÞ ¼
ðu; uþ tÞ, we get

J ¼ a�ðsn�1þpn�1Þ�
�1=2
n�2;n�2ð8Þ

�
Z 1

0

Z v

0

usn�1�3
2ðv� uÞ�

1
2du

� �
e�vvpn�1dv

¼ a�ðsn�1þpn�1Þ�
�1=2
n�2;n�2

� B sn�1 �
1

2
;
1

2

� �
�ðsn�1 þ pn�1Þ;

where, in the integral with respect to du we made a

change of variable x ¼ u=v. We getZ
QAn�3

e�trðT�Þ�
ðMÞ
ðs2;...;sn�2Þð�Þð9Þ

�
YM�1

i¼2

�ri
ii

Yn�2

i¼Mþ1

�pi
ii d�An�3

ð�Þ

¼ Cðn�3Þ
�;� �

ðMÞ
�ðs2;...;sn�2ÞðT Þ

�
YM�1

i¼2

’ðT Þriii
Yn�2

i¼Mþ1

’ðT Þpiii ;

where

C
ðn�3Þ
�;� ¼

C�;�

�
3
2�ðs1 � 1

2Þ�ðsn �
1
2Þ�ðsn�1 � 1

2Þ
ð10Þ

�
�ðsn�1Þ

�ðpn�1 þ sn�1Þ
:

Recall that throughout the paper C�;� denotes the

constant from formulas (1) and (4). By the same

argument as to obtain formula (7), we observe

that the Letac-Massam formula for the function

Hn�1ðð�1; . . . ; �n�2Þ; ð�2; . . . ; �n�2Þ; �Þ on QAn�1
and

the graph 1� 2� � � � � ðn� 1Þ is equivalent to

formula (9). This finishes the proof of (i).

By a similar ‘‘mirror-like’’ argument with the

change of variables � ¼ �n�2ð�; �;�Þ in (7), we get

the Letac-Massam formula for Hn�1ðð�2; . . . ; �n�1Þ;
ð�3; . . . ; �n�1Þ; �Þ and the graph 2� � � � � n, and we

prove part (ii) of Step 1. �

Proof of Lemma 2.1. For y diagonal, formula

(10) leads by induction to formula (6), observ-

ing that the last equation we get is

a�sM
R1

0 e�axxsM dx
x ¼ C

ð1Þ
�;�a

�sM , so that C
ð1Þ
�;� ¼

�ðsMÞ. �

Step 2 (induction step). The Letac-Massam

Conjecture on QAn�1
implies the Letac-Massam

Conjecture on QAn
.

Proof. Let n � 4. Suppose that the Letac-

Massam formula (1) holds for some � and � and

suppose that the Letac-Massam Conjecture is true

on QAn�1
.

18 P. GRACZYK et al. [Vol. 93(A),



For n � 5, we use Step 1 and the induction

hypothesis. Thus one of the following n� 3 con-

ditions has to be satisfied:

r2 ¼ � � � ¼ rM�1 ¼ pMþ1 ¼ � � � ¼ pn�2 ¼ 0;

for an M 2 f2; � � � ; n� 2g, and, simultaneously, one

of the following n� 3 ‘‘shifted’’ conditions has to be

satisfied:

r3 ¼ � � � ¼ rM ¼ pMþ2 ¼ � � � ¼ pn�1 ¼ 0;

for an M 2 f2; . . . ; n� 2g. This implies that either

conditions (5) are satisfied or

p3 ¼ � � � ¼ pn�2 ¼ 0; r3 ¼ � � � ¼ rn�2 ¼ 0:ð11Þ

Let us assume this single remaining case and show

that it also implies conditions (5).

The equality rM ¼ 0 implies sM ¼ sMþ1 and

pM ¼ 0 implies sM ¼ sM�1. Also, from pj ¼ rj for

all 3 � j � n� 2, we get s2 ¼ � � � ¼ sM�1 and

sMþ1 ¼ � � � ¼ sn�1. Thus, s2 ¼ � � � ¼ sn�1 ¼ s. In

the case (11), using the cofactor formula for Z�1,

equation (7) reduces toZ
QAn�2

e�trðZ�Þ�
ðMÞ
ðs;...;sÞð�Þ�

r2

22�pn�1

n�1; n�1d�An�2
ð�Þð12Þ

¼ Cðn�2Þ
�;� jZj

�s jZf3:n�1gj
jZj

� �r2 jZf2:n�2gj
jZj

� �pn�1

:

We apply the second derivative with respect to

Zn�2;n�1 on both sides of (12) and we take

Zn�2;n�1 ¼ 0. Theorem 2.7.1 in [6] ensures that the

derivatives of all orders of the integral (12) can be

computed under the integral sign. We obtainZ
QAn�2

e�trðZ�Þ�
ðMÞ
ðs;...;sÞð�Þ�

r2

22�pn�1

n�1; n�1ð13Þ

� �2
n�2;n�1d�An�2

ð�ÞjZn�2;n�1¼0

¼
C
ðn�2Þ
�;�

4

@2

@Z2
n�2;n�1

����
Zn�2;n�1¼0

gðZÞ;

where gðZÞ ¼ jZj�s
�
jZf3:n�1gj
jZj

�r2
�
jZf2:n�2gj
jZj

�pn�1

.

Let us change the variables � ¼ ~�n�2ð~�; ~�;�Þ
and set Z ¼ ~�n�2ða; 0; T Þ, i.e. Zn�2;n�1 ¼ 0. Similar-

ly as in the proof of (9) in Step 1, we find that the

left hand side of (13) is

a�ðsþpn�1þ1Þ�ðsþ pn�1 þ 1ÞB s� 1
2;

3
2

� �
ð14Þ

�
Z
QAn�3

e�trðT�Þ�
ðMÞ
ðs;...;sÞð�Þ�

r2

22�n�2;n�2d�An�3ð�Þ:

We write 1
4 C
ðn�2Þ
�;� D the right hand side of (13) and

we compute D. Denoting S ¼ �ðsþ r2 þ pn�1Þ and

hðZÞ ¼ jZjSjZf3:n�1gjr2 we have

D ¼ jZf2:n�2gjpn�1
@2

@Z2
n�2;n�1

����
Zn�2;n�1¼0

hðZÞ:

We apply formulas

jZj ¼ Zn�1;n�1jZf2:n�2gj � Z2
n�2;n�1jZf2:n�3gj;

jZjS ¼ ðZn�1;n�1jZf2:n�2gjÞS

� 1� S
Z2
n�2;n�1jZf2:n�3gj

Zn�1;n�1jZf2:n�2gj
þ oðZ2

n�2;n�1Þ
 !

:

Thus, for Zn�2;n�1 ¼ 0, we get @jZjS
@Zn�2;n�1

¼ 0 and
@2jZjS

@Z2
n�2;n�1

¼ �2SðZn�1;n�1jZf2:n�2gjÞS�1jZf2:n�3gj.

Similarly, jZf3:n�1gj
¼ Zn�1;n�1jZf3:n�2gj � Z2

n�2;n�1jZf3:n�3gj

(for n ¼ 5 we set jZf3:n�3gj ¼ 1) and

@2jZf3:n�1gjr2

@Z2
n�2;n�1

����
Zn�2;n�1¼0

¼ �2r2ðZn�1;n�1jZf3:n�2gjÞr2�1jZf3:n�3gj:
Using Z ¼ ~�n�2ða; 0; T Þ, where the matrix T

is indexed by 2; . . . ; n� 2, we obtain Zn�1;n�1 ¼
a, Zf2:n�2g ¼ T , Zf3:n�2g ¼ Tf3:n�2g, jZf3:n�1gj ¼
ajTf3:n�2gj and jZj ¼ ajT j. By Leibniz formula,

D ¼ �2ar2þS�1jT jpn�1þS�1jTf3:n�2gjr2�1

� SjTf3:n�2gjjTf2:n�3gj þ r2jTf3:n�3gjjT j
� �

;

where for n ¼ 5 we set jTf3:n�3gj ¼ 1. Hence, for

Zn�2;n�1 ¼ 0, the right hand side of (13) is

C
ðn�2Þ
�;�

2
a�ðsþpn�1þ1ÞjT j�ðsþr2þ1ÞjTf3:n�2gjr2�1fðT Þ;ð15Þ

where

fðT Þ ¼ ðsþ r2 þ pn�1ÞjTf3:n�2gjjTf2:n�3gj
� r2jTf3:n�3gjjT j:

Equating (14) and (15), we obtain, using (10),Z
QAn�3

e�trðT�Þ�
ðMÞ
ðs;...;sÞ�

r2

22�n�2;n�2d�An�3
ð�Þð16Þ

¼
sdðs; r2; T Þ
sþ pn�1

fðT Þ;

where

dðs; r2; T Þ ¼ Cðn�3Þ
�;� jT j

�ðsþr2þ1ÞjTf3:n�2gjr2�1:

Formula (16) is supposed to be true for our

pn�1 ¼ �n�1 � �n�1. It is surely true for pn�1 ¼ 0,
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because the Letac-Massam conditions (5) are then

satisfied. Equating (16) for these two values of pn�1,

and noting that by (6) the constant C
ðn�3Þ
�;� does not

depend on pn�1, we get

ðsþ r2 þ pn�1ÞjTf3:n�2gjjTf2:n�3gj � r2jTf3:n�3gjjT j
sþ pn�1

¼
ðsþ r2ÞjTf3:n�2gjjTf2:n�3gj � r2jTf3:n�3gjjT j

s
;

which is equivalent to

r2pn�1 jTf3:n�2gjjTf2:n�3gj � jTf3:n�3gjjT j
� �

¼ 0;ð17Þ

where for n ¼ 5 we set jTf3:n�3gj ¼ 1. We observe

that jTf3:n�2gjjTf2:n�3gj � jTf3:n�3gjjT j 6¼ 0, for exam-

ple for T such that Tii ¼ 2 for all 2 � i � n� 2,

Ti;iþ1 ¼ Tiþ1;i ¼ 1 for 2 � i � n� 3 and Tij ¼ 0 for

all other i; j (in this case, this expression equals 1).

Thus, for n � 5, in the remaining case (11), we also

have r2 ¼ 0 or pn�1 ¼ 0. In both cases we fall in the

Letac-Massam conditions (5) and the proof of the

induction step is finished.

For n ¼ 4, we get formula (7) for M ¼ 2, the

computations are simpler (no use of Leibniz formula

is needed), and no condition s2 ¼ s3 ¼ s appears.

The analogue of formula (16) is

�ðs3 þ p3 þ 1ÞB s3 �
1

2
;
3

2

� �Z 1
0

e�tuus2u
1

u
duð18Þ

¼
C
ð2Þ
�;�

2
ðs2 þ p3Þt�ðs2þ1Þ; t > 0:

After substitution of the constant

C
ð2Þ
�;� ¼ �

1
2�ðs2Þ� s3 �

1

2

� �
�ðs3 þ p3Þ

�ðs3Þ
;

one gets ðs3 þ p3Þs2 ¼ s3ðs2 þ p3Þ equivalent to

r2p3 ¼ 0, so r2 ¼ 0 or p3 ¼ 0. We get the Letac-

Massam conditions for QA4
. �

Remark 2.2. The expression on the RHS

of (17), i.e. jTf3:n�2gjjTf2:n�3gj � jTf3:n�3gjjT j, where

T ¼ Tf2:n�2g is known in matrix theory. It is treated

in Desnanot-Jacobi identity ([2, Thm 3.12]), called

also Lewis Caroll (or Dodgson’s) identity ([3]) and

is equal to ð
Qn�3

i¼2 Ti;iþ1Þ2, the square of the mono-

mial of the off-diagonal entries.

Remark 2.3. The same method applies in

order to prove the Letac-Massam Conjecture on

PA4
. We take M ¼ 2 and apply two changes of

variables �4 and ~�3 on PA4
and PA3

, see Lemma 4.1.

We obtain an integral on PA2
¼ Symþð2;RÞ, which

is the same as the integral on QA2
¼ Symþð2;RÞ in

the proof above. The work on the Letac-Massam

Conjecture on PAn
for n � 5 is in progress. The

analysis on these cones is more difficult.

Remark 2.4. Our method of differentiating

the Letac-Massam formula with respect to Z12 gives

a simple proof of the ‘‘Mellin transform’’ Lemma 3.1

in [7, p. 1302], announced without proof. However,

instead of the second derivative in Z12, the complete

Taylor expansion in Z12 is needed.

Remark 2.5. Sufficiency of Letac-Massam

conditions follows from Gamma-Siegel integrals,

i.e. formulas for the Laplace transform of �
ðMÞ
s and

�
ðMÞ
s , proved in [4], using the triangular changes of

variables from Lemma 4.1.

3. Generalized Letac-Massam Conjec-

ture. In the first part of the proof of Theorem 1.1,

we showed that the Letac-Massam formula (1) on

QAn
, with M ¼ 2; . . . ; n� 1, is equivalent to a

Laplace transform formula (4) on QAn�2
, for a

function �
ðMÞ
ðs2;...;sn�1Þ. Next we proved that (4) implies

that the formula is rewritten for an M 0 2 f2; . . . ;

n� 1g with ri ¼ 0 ¼ pj; i ¼ 2; . . . ;M 0 � 1; j ¼M 0 þ
1; . . . ; n� 1. Thus, in fact we showed a stronger

result that we call Generalized Letac-Massam

Conjecture (GLMC):

Theorem 3.1. Let M 2 f1; . . . ; ng. There

exist a multi-index s 2 Rn and a constant C > 0

such that for all y 2 PAnZ
QAn

e�trðy�Þ�ðMÞs ð�Þ
YM�1

i¼1

�riii
Yn

i¼Mþ1

�piii d�An
ð�Þ

¼ C�ðMÞ�s ðyÞ
YM�1

i¼1

’ðyÞriii
Yn

i¼Mþ1

’ðyÞpiii

if and only if the formula is rewritten with M 0 2
f1; . . . ; ng such that ri ¼ 0 ¼ pj; i ¼ 1; . . . ;M 0 �
1; j ¼M 0 þ 1; . . . ; n and si >

1
2 ; i 6¼M 0; sM 0 > 0.

The GLMC gives a partial answer to the

question which products of powers of well-defined

minors on QAn
have the property ðPÞ.

4. Appendix.

4.1. Changes of variables.

Lemma 4.1. Let n � 2.

(i) Let �n : Rþ �R� PAn�1
�! PAn

,

ða; b; zÞ 7�! y with

y ¼ AðbÞ

a 0 � � � 0

0

..

.
z

0

0
BBB@

1
CCCAtAðbÞ;
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AðbÞ ¼

1

b 1

..

. . .
.

0 . . . 0 1

0
BBBB@

1
CCCCA

and let �n : Rþ �R�QAn�1
�! QAn

, ð�; �; 	Þ 7�! �

with

� ¼ � tAð�Þ

� 0 � � � 0

0

..

.
	

0

0
BBBB@

1
CCCCAAð�Þ

0
BBBB@

1
CCCCA:

Then the maps �n and �n are bijections.

(ii) Let ~�n : Rþ �R� PAn�1
�! PAn

,

ða; b; zÞ 7�! ~y with

~y ¼ tBðbÞ

0

z ..
.

0

0 � � � 0 a

0
BBBB@

1
CCCCABðbÞ;

BðbÞ ¼

1

0 1

..

. . .
.

0 . . . b 1

0
BBBB@

1
CCCCA;

and let ~�n : Rþ �R�QAn�1
�! QAn

, ð�; �; 	Þ 7�! ~�

with

~� ¼ � Bð�Þ

0

	 ..
.

0

0 � � � 0 �

0
BBBB@

1
CCCCAtBð�Þ

0
BBBB@

1
CCCCA:

Then the maps ~�n and ~�n are bijections.

(iii) Let y ¼ �nða; b; zÞ and � ¼ �nð�; �; 	Þ.
Then, for all M ¼ 2; . . . ; n,

�ðMÞs ðyÞ ¼ as1 �
ðMÞ
ðs2;...;snÞðzÞ;

�ðMÞs ð�Þ ¼ �s1�
ðMÞ
ðs2;...;snÞð	Þ:

Let y ¼ ~�nða; b; zÞ and � ¼ ~�nð�; �; 	Þ. Then, for all

M ¼ 1; . . . ; n� 1,

�ðMÞs ðyÞ ¼ asn�
ðMÞ
ðs1;...;sn�1ÞðzÞ;

�ðMÞs ð�Þ ¼ �sn�
ðMÞ
ðs1;...;sn�1Þð	Þ:

(iv) If y ¼ �nða; b; zÞ and � ¼ �nð�; �; 	Þ, then

trðy�Þ ¼ a�þ a	22ðbþ �Þ2 þ trðz	Þ:

If y ¼ ~�nða; b; zÞ and � ¼ ~�nð�; �; 	Þ, then

trðy�Þ ¼ a�þ a	n�1;n�1ðbþ �Þ2 þ trðz	Þ:

(v) The Jacobian of the change of variables

� ¼ �nð�; �; 	Þ on QAn
is J�n

ð�; �; 	Þ ¼ 	22.

The Jacobian of the change of variables

� ¼ ~�nð�; �; 	Þ on QAn
is J~�n

ð�; �; 	Þ ¼ 	n�1;n�1.

The Jacobians of the changes of variables

y ¼ �nða; b; zÞ or y ¼ ~�nða; b; zÞ on PAn
are equal

to a.

Lemma 4.2. Consider y 2 PAn
.

(i) If y ¼ �nða; b; zÞ, then ’ðzÞjj ¼ ’ðyÞjj for

j � 2.

(ii) If y ¼ ~�nða; b; zÞ, then ’ðzÞjj ¼ ’ðyÞjj for

j � n� 1.

Proof. (i) Note that y ¼ �nða; b; zÞ is expressed

in the form T
a
z

� �
tT , where T ¼ AðbÞ in Lemma

4.1. In general, let M;R; S be n� n matrices with

R upper triangular and S lower triangular. Then

ðRMSÞfj:ng ¼ Rfj:ngMfj:ngSfj:ng. It follows that

ðy�1Þfj:ng ¼ ððtT Þ
�1Þfj:ngðz�1Þfj:ngðT�1Þfj:ng ¼ ðz�1Þfj:ng

for j � 2 since ðT�1Þfj:ng ¼ Idfj:ng ¼ ððtT Þ
�1Þfj:ng.

In particular ðy�1Þjj ¼ ðz�1Þjj. The proof of (ii) is

similar. �
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