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A note on transcendental entire functions mapping uncountable many

Liouville numbers into the set of Liouville numbers
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Abstract:

In 1906, Maillet proved that given a non-constant rational function f, with

rational coefficients, if £ is a Liouville number, then so is f(§). Motivated by this fact, in 1984,
Mahler raised the question about the existence of transcendental entire functions with this
property. In this work, we define an uncountable subset of Liouville numbers for which there
exists a transcendental entire function taking this set into the set of the Liouville numbers.
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1. Introduction. A real number £ is called a
Liouville number, if there exist infinitely many
rational numbers (p,/qn),>;, with ¢, > 1 and such
that -

1
< q—g .

0<‘§—@
q”

It is well-known that the set of the Liouville
numbers L is a Ggs-dense set and therefore an
uncountable set.

In his pioneering book, Maillet [5, Chapitre III]
discusses some arithmetic properties of Liouville
numbers. One of them is that, given a non-constant
rational function f, with rational coefficients, if £ is
a Liouville number, then so is f(£). Motivated by
this fact, in 1984, as the first problem in his paper
Some suggestions for further research, Mahler [4]
raised the following question (this question also
appeared in other texts, for example in the
Bugeaud’s book [3,p. 215] and in Waldschmidt’s
paper [10, p. 281]).

Mahler’s question. Are there transcendental
entire functions f(z) such that if £ is any Liouville
number, then so is f(£)7?

He also said that: “The difficulty of this
problem lies of course in the fact that the set of
all Liouville numbers is non-enumerable”. Alniacik
[1] and Bernik and Dombrovskii [2] obtained some
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results related to this question. Also, recently, some
authors (see [6-8]) constructed classes of Liouville
numbers which are mapped into Liouville numbers
by transcendental entire functions.

We remark about the existence of more specific
classes of Liouville numbers in the literature, for
example, the strong and semi-strong Liouville
numbers (see, for instance, [9]). Here, we shall
define an uncountable subclass of the strong
Liouville numbers which we named as wltra-strong
Liouville numbers: a real number ¢ is called an
ultra-strong Liouville number, if the sequence
(pn/qn),, of the convergents of its continued fraction
satisfies

0<‘§—@
q”L

<$, for all n > 1.
n

We denote this set by £. Define a sequence A =
(fln)" by ap=as=az =1 and a; € {’Ujvfl,’vjfl =+ 1},
for j > 4, where v;_; := ([[)_} (ax + 1))’. Then the
number &4 := [0, a1, a9,a3,a4,...] is an ultra-strong
Liouville number. In fact, if [0,a1,...,a,] = pn/gn,
then, by construction, a,+1 > ([T, (ax + 1))”’2 >
q"? (here, we used the well-known inequality
(e +1)---(a, +1) > q,). Thus

1

p
- 7 <
an+19;, q,

a——| <
q”

0<

as desired. The set £ is uncountable because there
exists a binary tree of possibilities for &4, since we
have two possibilities for a;, in each step (k > 4).
We remark that the set £ is different from all
previously constructed sets in [6-8] since all those
sets are Gs-dense while £ does not have this
property (in fact, it was proved in [9] that the
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sum of two strong Liouville numbers is a Liouville
number). Moreover, £ is not a subset of those sets.
In fact, roughly speaking, the sets constructed
in [6,7] are Liouville numbers satisfying, in partic-
ular, that |€—p,/qu| <1/e“", for an infinite se-
quence of rational numbers (p,/¢n),~,.- Thus, we
contruct & recursively with the property that a,,, =
¢"~% (note that the construction of g, only depends
on aj, for 0 <j<n). In this case, clearly { € £,
but if 1/ > |€ = pa/ga| > 1/(2an4162) = 1/(247)
(by reordering indexes if necessary), then we arrive
at an absurdity as 2q) > eenq”, for all sufficiently
large n.

In this paper, we prove the following result:

Theorem 1.1. Let (s,),-, be a sequence of
positive integers satisfying that,}or any given k > 1,
the quotient s, /sk_| tends to infinity asn — oo. Let
F: C — C be a function defined by

F(z) =Y o
E>1
where oy, = 1 if k= s; and o, = 0 otherwise. Then
F is a transcendental entire function such that
F(L) CL. In particular, there exist uncountable
many transcendental entire functions taking the set
of the ultra-strong Liouville numbers into the set of
Liouville numbers.

Let us describe in a few words the main ideas
for proving Theorem 1.1. First, our desired function
has the form F(z) =Y ., 2"/10%! where (,), is
an integer sequence with a very fast growth. We
then approximate F(£), where ¢ is an ultra-strong
Liouville number, by a convenient truncation
F..(pn/qn) for sufficiently large m and n. After that,
we take the advantage of the fact that our series has
much more zero coefficients than a strongly lacu-
nary series. This, together with the fact that well-
approximations come from the continued fraction,
allows us to arrive at our desired estimate. The
proof splits in two cases depending on the growth of
the denominator of the convergents of &.

2. The proof of Theorem 1.1. Let (sy),-,
and F(2) be defined as in the statement of Theo-
rem 1.1. Clearly, F' is a transcendental entire
function and now, we shall prove that F(£) C L.

Let £ be an ultra-strong Liouville number and
let (pn/gqn),>; be the sequence of the convergents
of its continued fraction. This means that 0 <
€ — pn/an| < 1/q7, for all n > 1. Set ¢, = dn(&) as
the smallest positive integer k such that g, < 10
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We have two cases to consider:

Case 1. When ¢,, < n* for some k> 1 and all
n>1.

In this case, ¢, < 109! < 10", Now, consider
the truncations

SN Qg g
Fy(2) = ZWZA7
k=0

and the convergents

Yy = F, (p?nz) .
Gon?

Note that den(v,) < 10™(gy,2)" (where den(z) de-
notes the denominator of a rational number z). We
shall prove that F(§) is well-approximated for the
rational numbers 7, in a convenient way which
ensure that it is a Liouville number. Since |F(&) —
Yol <[F(E) = Fu(§)] + [Fu(§) — val, we need to esti-
mate each part in the right-hand side. For that, we
have

and it holds that

k k—1 t
Don2 Don2 k—t—1|P2n?
¢ - (22 | < e | |
qon2 Qo2 | ) qop?
<Je- 22k i,
2n?

since max{|{|, |pn/qn|} <1+ |€| (for all sufficiently
large n). Then

2 . 1 n—1
19 -l < [e= 22 g < B
’nz 21’L2

where we used that Y., k/10" =0.1200030....
Since g, > 20" for m >5 (here we used that
1/(‘171‘]71&-1) = |pn/q" - pn+1/‘]n+1| < |€ - pn/Qn‘ + |f -

Poi1/@u1] <1/¢07" and so gy > g7 yielding,

recursively, that g,,; > 20", then
q;fﬂ S 2n2(2n2—4)! N (1 + ‘§|)n*1 . ]_Onn!7

for all sufficiently large n. Therefore, a straightfor-
ward calculation gives

(1) |F(§) — 7l < m7

for all sufficiently large n.
Now, for estimating |F(£) — F,,(£)|, we shall
consider the truncation in n =s;_; satisfying
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10%-1 > |¢]. Thus, we have

2 1
(2) |F(€) B Fsrl (€)| = 10818518 < (den(’Ysjﬂ))Sjil ,

where we used that (1()“”*"(1;2;l )< 105 s
L. “j-1
since S?(k1+2> < s; for all sufﬁciejntly large j and
9 Ak
P < 10%5-)" By combining (1) and (2), we
:

obtain

[F(&) — vl < m7

for all sufficiently large n. Thus, in order to prove
that F(€) is a Liouville number, it suffices to prove
that |F(§) — .| > 0 for infinitely many integers n.
Suppose the contrary, then ~, = p/q for all suffi-
ciently large integers n. By multiplying this equal-
ity by 10"!q;n2q, we get that ¢, divides ¢ for
infinitely many integers n which are absurds. Thus
F(&) is a Liouville number as desired.

Case 2. When ¢, is not bounded for n* for all
k>1.

In this case, we have the existence of infinitely
many pairs (nj,k;) € Z%, such that

k
¢n7 < nj‘l and ¢nv7'+1 > (TL]' + 1)k'l'

Now, define ¢; as the smallest integer such that
st; > ¢n, and define our approximants as

p
Y= stﬁl <ﬂ>
qn;

Note that den(y;) = 105‘/*1!(12'7”1.

As before, we want to obtain an estimate
for |F(&) — 1| < |Fsy (&) — %l + [F(©) — Fy,_,(€)].
First, we shall estimate |F/(§) — Fy, ,(§)[. For that,
note that for all sufficiently large j, we have 10%- >
|€] and then

e%3
FE) = Fo (0= | Y 1o €
kZSi]
2
- 1051,!—511(51]—1)
1 1
- 1031,71!51171 10%/15’%,1
1 1

Ths1lss 1 2
10%—1-5@—1 st,—l
n;

o
~ den(yy)™

where we used that 107 > ¢, and 51, > max{sf’rh
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¢, + 1}, for all sufficiently large j. Then, we have
1
den(’yj)shfl ’

Now, we shall estimate |Fy, () — |- For that,
we have

Sti—1 k
- ak p?’L]‘
b= (e ()

=1 n;

(3) ‘F(f) - FSi]—l (5)‘ <

As in the previous case, we get

k
¢ (2] | <
qn;

since max{|&], [pn,/qn;|} < 1+ ¢ < 10%-1. Then

_ p "]
n,

¢ Fk10M0,

% . 105}2,71'

[, (8) =l < €=

'n,j

Now, we use the well-known fact that

|
Qn;
Also, by definition, since Gnyr1 > (nj—&-l)kj’ then
Qn;Qn;+1 2 Gnj+1 > 100%™ Therefore, for all
k; > 5, we have
(n;+ 191 > (0 + k)1

3

qn]‘ an +1

> nfj!kjn?(kj_mﬂ > 3nf’!n§k].
Therefore
1
(4) |F5’,ﬁ1 (&) - ’Y/| < a2 g2
10°"% " T

Note that den(y;)™" < 105"1"5*/*'”‘9”7!5?,*1,
10%' > Gn;- However, we have the inequality

since

kjy nzk.l 2

2
St-15t,-11 4 ¢, lsp < 3n — 851

7
since 5,1 < @y, < nlj’ . The above inequality com-
bined with (4) gives

() [Fa (&) =l <

Stj—1 °

den(v;)
By combining (3) and (5) we obtain

‘F(f) ’yj| < den('yj)s"fl )
for all sufficiently large j. Since |F(§) — ;| > 0 for
all sufficiently large j (by a same argument as
before), then F'(§) is a Liouville number as desired.
In conclusion, F(£) C L.

The proof of the existence of the uncountable
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many functions F(z) with this property completes
because there is a binary tree of different possibil-
ities for (sy),>; (and each choice defines a different
function F(z)). For example, take s, = a"', where
a, € {2,3}. O
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