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Abstract:

Let Q be a smoothly bounded domain in C", for n > 2. For a given continuous

function ¢ on bS2, and a non-negative continuous function ¥ on R x €, the main purpose of this
note is to seek a plurisubharmonic function « on €2, continuous on €2, which solves the following
Dirichlet problem of the complex Monge-Ampere equation

*(u)
det
¢ |:8Z762]
uU=¢

](z) =T(u(z),2) 20 in Q,

on bS2.

In particular, the boundary regularity for the solution of this complex, fully nonlinear equation is
studied when 2 belongs to a large class of weakly pseudoconvex domains of finite and infinite type

in C".
Key words:
Bremermann family.

1. Introduction. Let 2 be a bounded pseu-
doconvex domain in C", for n > 2, with the smooth
boundary b€2. In the coordinates (z1,22,...,2,) €
C", we define complex linear operators as

Let u =u(z1,...,2,) be a function of class C?().
The complex Monge-Ampere operator is a fully
nonlinear partial differential operator denoted by
(ddu)" = dd°u A ...\ ddu
—_————
n-times

8%u

= 4"n!det dv,
|:8Z]'82k,:| Jk=1,...n

where d = 0+ 0, d° = i(0 — 9), then dd“u = 2i00u,
and dV is the volume form

7: n n B
dv = (5) gdzj A dzp.

Let P() be the cone of plurisubharmonic functions
on Q, M(Q) be the set of non-negative Borel
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measure on ) with the weak topology. Then,
following the generalized definition of E. Bedford
and B. A. Taylor [1], the operator (dd)" : C*(Q) N
P(Q) — M(Q) is extended continuously to C(Q2) N
P(Q) via the language of positive currents. In this
sense, we study the following Dirichlet problem of a
complex Monge-Ampere type

u€PQ)NCQ)

(ddu)" (z) = ¥(u(2), 2)dV,
u=¢

where U has the following properties:
(a) non-negative, continuous in all variables,

(1.1)

for z€ Q
on bS,

(b) ur— \I!%(u,z) is a nondecreasing, convex func-
tion.
One of the most classical examples, ¥(u(z),z) =
e"?)_ is studied by several mathematicians such as
E. Calabi, L. Nirenberg, S. T. Yau, C. Fefferman
and N. Krylov. The boundary regularity of the
solution to (1.1) in the current sense is well-known
by the work of E. Bedford and B. A. Taylor [1,2] on
the strongly pseudoconvex domain. However, the
consideration for this problem on weakly pseudo-
convex domains of finite and also infinite type, in
the sense of D’Angelo, still remains unsolved with
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the general right-hand side ¥(u, z). In this note, we
will provide an admissible answer to this problem.

The note is organized as follows: in Section 2,
we will recall some essential notions to state the
main result which is proven in Section 3.

2. Geometry on the boundaries of weakly
pseudoconvex domains. In this section, we are
interested in some geometric materials on the
boundaries of pseudoconvex domains. By these,
the existence of strictly plurisubharmonic defining
functions on such domains is established. For more
details, the reader should be referred to the previous
work [3]. Here, the most important geometric
condition on boundaries is named f-property firstly
introduced by T. V. Khanh and G. Zampieri [4].
This condition generalizes the classical finite geo-
metric type and many cases of infinite type. We
have three certain examples to illustrate this
nlotion. First of all, we say that Q admits the
t2-property if it is strongly pseudoconvex. Second,
Q is said to have the ¢" " -property when it is
pseudoconvex of finite type m in C" in the sense of
D’Angelo. Finally, let us define

n 1 1
Q= (Zl""’Zn)GCn:ZEXp<_—s><— )
= 2i]7) e

Obviously, @ is smooth, pseudoconvex domain of
infinite type in C". Moreover, we also say that Q
has the Ins t-property, for s := max{si,...,s,}.
More generally, we have

Definition 2.1. For a smooth, monotonic,
increasing function f : [1,+00) — [1, +00) with %
decreasing, we say that Q has an f-property if there
exist a neighborhood U of b and a family of
functions {¢s} such that
(i) the functions ¢s are plurisubharmonic, C? on

U, and satisfy —1 < ¢s5 < 0, and
(ii) i0d¢s > f(6")*Id and |D¢s| < 61 for any

zeUN{zeQ: -6 <r(z) <0}, where r is a

C'-defining function of Q.

Here and in what follows, < and 2 denote inequal-
ities up to a positive constant. Moreover, we will
use ~ for the combination of < and 2.

In the case ¥ =U(z), on general weakly
pseudoconvex domains of finite type, the solution
to the equation (1.1) only belongs to Holder classes,
and we do not have any smoothness result. This is
proved in [5]. The solution u can not belong to
C2%(Q) even if Q is strongly pseudoconvex. In the
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best case, when (2 is the unit ball, the second partial
derivatives of u are locally bounded, see [1, Theo-
rem C|. Therefore, on only f-property domains, we
expect to prove “weaker” Holder estimates for the
solution of the Dirichlet problem of the complex
Monge-Ampere equation. This is the main result
in the previous work [3]. For this purpose, we recall
the definition of the f-Hélder spaces in [3].
Definition 2.2. Let f be an increasing func-
tion such that rl}inoof(t) =400 and f(t) St. For a

subset A of C™, define the f-Holder space on A as

A (4) = {u Nullzca

©osup S -l Ju(z) - u(w)| < oo}

ZWEA, z#AW
and set
llullarcay = llull (4
+ sup  f(lz—w|™) - fu(z) — u(w)].
ZWEA, zAW

Note that the notion of the f-Holder space includes
the standard Hoélder space A, by taking f(t) = t“
(so that f(|h]™") = |h| ™) with 0 < & < 1. When 1 <
a <2, we also define A" (A) := A, (A) where

Aa(A) = {u: [lul[ye 4y = [[Dufl yeer 4y < 00}

Since the right hand side of (1.1) is nonlinear, we
also define the corresponding Holder classes on R X
A as follows:

MR x A) = {\IIEC(RXA):

191 armxcay = 11 e )

-1

+sup sup [f(]2— w| ™)
u,vER zweA,
24w

X |U(u, z) — U(v,w)|] is ﬁnite},

where

9] sy = sup  [¥(u,2)].
ueR,ze A

As was mentioned in the previous work [3], the
f-property provides the existence of strictly pluri-
subharmonic (global) defining functions on weakly
pseudoconvex domains of finite type and also many
cases of infinite type. Actually, such defining func-
tions are smooth if 2 is strongly pseudoconvex.
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Theorem 2.3. Let f be as in Definition 2.1 C(bY) and 0 < ¥(u,z) € C(R x Q) be increasing,
o ; _ ; . _
with [g(t)]_l _ / a < 0o. Assume that Q is q COMVeT i u variable. If ?fhe Perron-Bremermann
¢ af(a) family is non-empty, and its upper envelope

bounded, pseudoconvexr domain admitting the
f-property. Then there exists a strictly plurisubhar-
monic defining function of ) which belongs to the
¢*-Hélder space of §, that means, there is a
plurisubharmonic function p such that
(a) z€ Qifand onlyifp(z) <0 andbQ) ={z€ C":
p(z) = 0};
(b) i89p(X,X) > |X|* on Q in the distribution
sense, for any X € T*°(C"); and
(c) p is in the g*-Hélder space of Q, that is,
() = (D) S gllz = 2172 for any 2,7 € Q.
The main result in this note consists in the
following
Theorem 2.4. Let f be as in Definition 2.1
and Q C C" be a bounded, pseudoconvex domain
admitting the f-property. Suppose that a function
g:[1,00) = [1,00) is defined by

oo = [ ) jf() <o

If0 < a<2¢¢€ A" (b9Q), and ¥ > 0 on R x Q such
that Wn(u,2) € AY (R x ), nondecreasing, convex
in u, then the following Dirichlet problem for the
complex Monge-Ampére equation

(21) { det(u;;(2)) = ¥(u(z), 2)
u=¢
has a unique plurisubharmonic solution u € A9 (Q).
3. Proof of the main result. Based on the
classical approach, the solution in the main theorem
is constructed by the Perron-Bremermann family of
subsolutions of second order complex fully non-
linear equations. Let ¢ € C(bQ) and P(u,z) €
C(R x ), that is

m £,
on b2,

B(, ) = {v e P(Q) NC(Q) :

det[(v);](2) > ¥(v(2),2), and

22

limsupv(z) < v(z), for all 2y € bQ}.

The existence and uniqueness theorem for the
problem (1.1) follows from the proof by E. Bedford
and B. A. Taylor in [1, Theorem 8.3, p. 42] with
modifications in [2, Theorem A, p. 40].

Theorem 3.1 (Bedford-Taylor [2]). Let
be a smoothly bounded open set in C". Let ¢ €

(3.1) u=sup{v:ve B¢, )}

is continuous on Q with u = ¢ on bSY, then u is the
unique solution to the Dirichlet problem (1.1).

The fact that the Perron-Bremermann family is
non-empty is a direct consequence of the following
result.

Proposition 3.2. Let Q be a smoothly
bounded, pseudoconvexr domain. Assume that there
is a strictly plurisubharmonic defining function p of
Q such that pe AT (Q). Let 0 <a <2, and ¢ €
AT (bQ), and let ¥ >0 on RxQ with W/ ¢
A" (R x Q). Then, for each ¢ €bS), there exists
ve € A (Q) NP(Q) such that
(1) ve(z) < @(2) for all z € b8Y, and v () = ¢({),
(i) [vell pge @ < Cy and
(it}) det(H(ve)(2)) > U(vy(2), 2),
where Cy is a positive constant depending only on )
and |||y g0y

Proof of Proposition 3.2. For each { € b, the
family {v¢} is defined by:

Case 1: if 0 < < 1 then we choose

ve(2) = ¢(Q) — K[-2p(2) + |2 = (P2, z€®y
Case 2: if 1 < o < 2 then we choose

o 06()
v (2) :¢<<)—;2Re 5

— K[-2p(2) + |2 = (]2, 2€ @

(25— ¢)

where p is defined by Theorem 2.3, and K will be
chosen step by step later.

The proof of the assertions (i) and (ii) is exactly
contained in [3, Proposition 3.2], with K > ||@|| -
To establish (iii), we make a simple modification:

(ve(2));; = K% (—2p(2) + |z — <|2)%*2 {(—2,0(2)
12— o) — 6)
e (1-8) 2T 75 ).

Hence
i00v:(X, X) > K% (—2p(2)

+ 12— ()T (2i00p(X, X) — |X]?)
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(&% a_
2 K5 (=2p(2) + |2 = SR ERD ¢

for any X € T°(C"). Here the last inequality
follows from Theorem 2.3 (b). Thus v, is plurisub-
harmonic and furthermore, we obtain

(3.2)  det(v);](2)
a a_)\]"
> K5 (200 + 1= - i E0)]
Now, since 0 < a < 2, we might choose

2
K> max{— max (—2p(z)

Q ze0),Ceb

Tz = ) e 6]l }

Then
(3.3) det[(ve);;](2) = (19" |7+ (rcey
> (0" (ve(2), 2))"
= U(v¢(2), 2),
for all z € 2, and ¢ € bS2. This completes the proof
of Proposition 3.2. O

Proof of Theorem 2.4. First, immediately, the
set B(¢, ¥) is non-empty. In particular, it contains
the family of {v¢} ¢, in Proposition 3.2. The proof
of this theorem will be completed if the upper
envelope defined in (3.1) has the properties

(a) u(¢) = ¢(¢) for all ¢ € b2; and

(b) u € AT (Q).

We note that the uniqueness of the solution follows
from the Minimum Principle (cf. [2, Proposition 3,
p. 45]).

Next, we define another upper envelope, for
each z € Q, as

v(2) == sup{vc(2)}.

ceb

By the first property of {v:} in Proposition 3.2, we
have

(34)  0(Q) = ve(¢) = 9(¢) for all € € b2,

v(z) < ¢(z) for all z € b,

and so v = ¢ on bS).
From the second property in Proposition 3.2,
we have

Jo¢(2) = ve()] < Colg* (|2 = Z7) ™
for all z,2 € Q.
Notice that Cj is independent of ¢ so taking the
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supremum in (, the theory of the modulus of
continuity again implies that

lu(z) —v(Z)] < Colg®(lz— Z|71)) " forall 2,2 € Q.
The first inequality in (3.3) also shows that
det[(ve);1(2) = 1|7 oy
> (U"(0(2), 2)" 2 U(v(2), 2).
By Proposition 2.8 in [1], the following inequality
holds
det[(v);j)(2) 2 Inf {det{(vc);;](2)} > W(v(2), 2),

for all z € Q. So, we conclude that v € B(¢, ¥) N
A9 (Q) and v(¢) = ¢(C) for any ¢ € bS).

By a similar construction there exists a pluri-
superharmonic function w € AY"(Q) such that
w(€) = ¢(¢) for any ¢ €. Thus, v(z) <u(z) <
w(z) for any z € Q, and hence u(¢) = ¢(¢) for any
¢ € b2. We also obtain

(3:5)  fu(z) —u(Q)]
< max{[|o]l yor @y [[0llar @ } (9" (|2 = ¢I7)
for any z € Q,¢ € bQ2. Here, the inequality follows

from the facts that w,v € AY" () and v(¢) = u(¢) =

w(¢) = ¢(¢) for any ¢ € 9.
Finally, using the method by J. B. Walsh in [6],

we will show that (3.5) also holds for all ¢ € Q. For

any small vector 7 € C", we define

Vier) = u(z) if z4+7¢Q,2€Q,
max{u(z), V-(2)}, if z,z2+7€Q,

where

Vi(2) = u(z +7) + (K2 = K2 = Ky)g (I7]™")

and here
1/k
K{ > max " ||\I’%| oy K22 K |Z|2
12> ket k AT (RxQ)? 2 Z 1 )
and
K3 > maX{HUHAw(Qw [|w A«"'(Q)}'

We will show that V(z,7) € B(¢, ¥). Observe that
V(z,7) € P(Q) for all z,7. Moreover, for z € 9Q and
z+ 1 €, we have

(36)  Vi(z) - u(2)
=u(z+71)—u(2)
+ (Ko = Ko — Ka)g (|71 7)

< max{[|o]l yor (@ [[0llar @ 39~ (1717
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+ (K1|Z|2 — K2 —
<0.

K3)g*(I7™")

Here the first inequality follows from (3.5) and the
second follows from the choices of K5 and K3. This
implies that limsup,_. V(z,7) < #(¢) for all ¢ € bS2.
For the proof of det[V(z,7);] > ¥(V(z,7),2), we
need the following lemma.

Lemma 3.3. Let (a;5) >0 and 8 € (0
Then

,+00).

detfoy; + BI] > Z B* det(oz,;j)("fk)/".
k=0
Proof of Lemma 3.3. Let 0 < A\ <

the eigenvalues of (a;;). We have
n

=[x+

J=1

5 1)

j=k+1

- < )\, be

(3.7)  det|ay; + B

= Z(ﬂ"’ det[a;;] "™,
k=0

Here the last inequality follows from

n n/(n—k)
det|a;;] = HA < ( II A]) :

j=k+1
O
Coming back to the proof of the main theorem, for
any z,z+ 7 € 2 we have

(3.8) det[(V:(2)),)] = det[ui(z+ ) + Kig (17| ")1]
Z det [uij(z + 7')]

+ > K (7"
=1

n—k
x detfu;j(z+7)] "
>U(u(z+71),24+7)

—&-ZKk (Jr|

x <w<u<z+7>7z+7>ﬁ/‘,

where the first inequality is derived by Lemma 3.3.
Since Wi € AY (R x Q), we obtain

\I/%(u(z), z) — \I/%(u(z +7),2+7)
< g (77w
for any z,z+4 7 € Q). Hence

AF (RxQ)
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(3.9) U(u(z),2) < ¥(u(z+7),2+7)

+ Z ( > w(z+7),2+ 7')(71’_k)/"’

x (g7 (171 Iy ) "
Combining (3.8) and (3.9) with the choice of K7, we
get
det[(V7);1(2) = ¥(u(2), 2),
We conclude that V(z,7) € B(¢, ¥). It follows that

for all z€Q, V(z,7) <wu(2). If z,z+ 7€ Q, this
yields

for any z,z+ 7€ Q.

w(z+7) —u(z) <V(1,2) —u(z)

— (K1|o]* — Kz — K3)g (7| ")
< (—Ki|o] + Kz + K3)g (|7 ")
< (Ko + K3)g (| h).

By reversing the role of z and z+ 7, we assert that
u € A9 (Q). This completes the proof. O
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