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Abstract: The n dimensional hypergeometric integrals associated with a hypersphere

arrangement S are formulated by the pairing of n dimensional twisted cohomology

Hn
rðX;��ð�SÞÞ and its dual. Under the condition of general position there are stated some

results and conjectures which concern a representation of the standard form by a special basis of

the twisted cohomology, the variational formula of the corresponding integral in terms of special

invariant 1-forms using Calyley-Menger minor determinants, a connection relation of the unique

twisted n-cycle identified with the unbounded chamber to a special basis of twisted n-cycles

identified with bounded chambers. General conjectures are presented under a much weaker

assumption.
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1. Preliminary. Hypersphere arrangements

are an interesting subject in analysis and geometry

for a long time (see [16] for example). The purpose

of this note is to present some problems and results

in relation to hypergeometric integrals. The details

in case where the dimension n � 3, the number m ¼
nþ 1 of hyperspheres will be presented in a forth-

coming paper.

Let A be an arrangement of n� 1 dimensional

hyperspheres in the complex n dimensional affine

space Cn:

Sj : fjðxÞ ¼ QðxÞ þ 2ð�j; xÞ þ �j0 ¼ 0 ð1 � j � mÞ;

where

QðxÞ ¼
Xn
�¼1

x2
�; ð�j; xÞ ¼

Xn
�¼1

�j�x�;

�j ¼ ð�j1; . . . ; �jnÞ 2 Rn; �j0 2 R:

Sj represents the n� 1 dimensional (complex)

hypersphere with center Oj ¼ ��j and with radius

rj such that r2
j ¼ ��j0 þQð�jÞ. The distance �ij

between Oi and Oj is given by �2
ij ¼ Qð�i � �jÞ.

Let X be the complement of the union

S ¼
Sm
j¼1 Sj in Cn. Denote by ��ðX; �SÞ ¼

�np¼0�pðX; �SÞ the space of rational differential

forms on Cn which are holomorphic in X.

Let � ¼ ð�1; . . . ; �mÞ 2 Cm be a system of m

tuple of exponents such that

�ðxÞ ¼
Ym
j¼1

fjðxÞ�j ð�j 2 CÞ

defines a multiplicative meromorphic function on

Cn. The covariant differentiation associated with

�ðxÞ is defined as follows:

r ¼ d þ d log � ^  ð 2 ��ðX; �SÞÞ:

H�rðX;��ð�SÞÞ denotes the corresponding rational

de Rham cohomology. L and L� denote the local

system and its dual on X attached to �ðxÞ.
Let $ be the standard n-form

$ ¼ dx1 ^ � � � ^ dxn:

Take a twisted cycle z 2 HnðX;L�Þ and consider the

integral of ’$ 2 Hn
rðX;�nð�SÞÞ,

h’; zi ¼
Z

z

�ðxÞ’$;

which defines the perfect pairing between

Hn
rðX;�nð�SÞÞ and HnðX;L�Þ. This fact is due to

A. Grothendieck and P. Deligne (see [10]).

Differential and difference structures related to

h’; zi can be described in terms of invariants with

respect to the isometry group for the arrangement

of hyperspheres (see [3–6,9] for general treatment).
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Notation. Denote by "j ð1 � j � mÞ the

standard basis of Cm so that � ¼
Pm

j¼1 �j"j.

Denote by ½1;m� the set of indices 1; 2; . . . ;m.

For J ¼ fj1; . . . ; jpg � ½1;m�, we denote by jJ j ¼ p
the size of J , by @�J ð1 � � � pÞ the subset

fj1; . . . ; j��1; j�þ1; . . . ; jpg. Ic ¼ ½1;m� � I denotes

the complement of I in ½1;m�. We say J � ½1;m�
to be ‘‘admissible’’ if 1 � jJj � nþ 1. The family of

all admissible sets is denoted by B.

Definition 1. Let B ¼ ðbijÞ1�i;j�mþ2 be the

symmetric matrix of degree mþ 2 whose compo-

nents of the i th row and the j th column are

bjj ¼ 0; b1j ¼ 1 ð2 � j � mþ 2Þ;
b2j ¼ r2

j�2 ð3 � j � mþ 2Þ;
bij ¼ �2

i�2 j�2 ð3 � i < j � mþ 2Þ:
This is called a Cayley-Menger matrix associated

with the arrangement A. Cayley-Menger determi-

nants are defined to be minors including the first

row and the first column (see [11,12]). Namely for

I ¼ fi1; i2; . . . ; ipg; J ¼ fj1; j2; . . . ; jpg � ½1;m�,

B
0 I

0 J

� �
¼ B

0 i1 � � � ip
0 j1 � � � jp

� �

¼

0 1 . . . 1

1 �2
i1j1

. . . �2
i1jp

..

. ..
. . .

. ..
.

1 �2
ipj1

. . . �2
ipjp

�����������

�����������
;

B
0 ? @1I

0 j1 @1J

� �
¼ B

0 ? i2 � � � ip
0 j1 j2 � � � jp

� �

¼

0 1 . . . 1

1 r2
j1

. . . r2
jp

1 �2
i2j1

. . . �2
i2jp

..

. ..
. . .

. ..
.

1 �2
ipj1

. . . �2
ipjp

��������������

��������������
;

B
0 ? @1I

0 ? @1J

� �
¼ B

0 ? i2 � � � ip
0 ? j2 � � � jp

� �

¼

0 1 1 . . . 1

1 0 r2
j2

. . . r2
jp

1 r2
i2

�2
i2j2

. . . �2
i2jp

..

. ..
. ..

. . .
. ..

.

1 r2
ip

�2
ipj2

. . . �2
ipjp

��������������

��������������
:

B
0 I
0 J

� �
will be abbreviated by Bð0 IÞ if I ¼ J,

in the same way.

B
0 ? @1I
0 ? @1J

� �
will be abbreviated by Bð0 ? @1IÞ

if @1I ¼ @1J.

For example we have

B
0 i j

0 k l

� �
¼ �2

il þ �2
jk � �2

ik � �2
jl;

B
0 ? j

0 k l

� �
¼ r2

l þ �2
jk � r2

k � �2
jl;

B
0 ? j

0 ? l

� �
¼ r2

j þ r2
l � �2

jl;

Bð0ijÞ ¼ 2�2
ij; Bð0 ? jÞ ¼ 2r2

j :

We impose the following two conditions

ðH1Þ : (i) ð�1ÞpBð0 IÞ > 0

ðfor any admissible I; 1 � p � nþ 1Þ;
(ii) ð�1Þp�1Bð0 ? IÞ > 0

ðfor any admissible I; 1 � p � nþ 1Þ;
where I ¼ fi1; . . . ; ipg.

The singularity defined by the equations

Bð0 IÞ ¼ 0 or Bð0 ? IÞ ¼ 0 is nothing else than

Landau singularity associated with the integral

h’; zi (see [15]).

ðH2Þ : �j are all positive:

Lemma 2. Suppose that � satisfies the con-

ditions, for J ¼ fj1; . . . ; jrg � ½1;m�,
�j1
þ � � � þ �jr =2 Z; ð1 � r � nÞ;

�2�1 þ �j1
þ � � � þ �jr =2 Z; ð0 � r � n� 1Þ:

Then the following fact holds:

(i) Hp
rðX;��ð�SÞÞ ¼	 f0g ð0 � p � n� 1Þ;

(ii) dimHn
rðX;��ð�SÞÞ ¼ jEuðXÞj

¼
Xn
�¼1

m

�

� �
þ

m� 1

n

� �
;

where EuðXÞ represents the Euler number of X.

For the proof see [1,7,8].

2. Statement of problems. From now on,

we assume that m ¼ nþ 1.

Denote by Kj : Rn \ ffjðxÞ � 0g the closure of

the inside of the real part <Sj ¼ Sj \Rn in Rn.

Under the condition ðH1Þ, the number of

bounded connected components of Rn �
Sm
j¼1 Sj is

equal to jEuðXÞj ¼ 2nþ1 � 1. It is also equal to

dimHnðX;L�Þ. The twisted cycles corresponding
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to these bounded chambers constitute a basis of

HnðX;L�Þ.
More precisely,

Lemma 3. For every admissible set I with

jIj ¼ n, the intersection
T
i2I Si consists of two

different points. Moreover for every admissible

I 2 B we see

KI ¼ the closure of
\
i2I
Ki �

[
j2Ic

Kj

( )
6¼ ;

has an inner point. Each KI can be identified with a

twisted cycle zI representing a homology class in

HnðX;L�Þ. The twisted cycles zI ðI 2 BÞ form a basis

of HnðX;L�Þ.
For the proof see [7,8].

On the other hand,

Lemma 4. Hn
rðX;��ð�SÞÞ is spanned by

FI :¼
$

fi1 � � � fip
ð1 � p � nþ 1Þ ðI 2 BÞ;

or equivalently by

W0ðIÞ$ : ¼ �
Xp
�¼1

B
0 ? @�I

0 i� @�I

� �
F@�I

þ Bð0 ? IÞFI ðI 2 BÞ:
ðH1Þ assures that fFI ðI 2 BÞg or fW0ðIÞ$ ðI 2 BÞg
constitutes a basis of Hn

rðX;��ð�SÞÞ. The former

will be called ‘‘of first kind’’ and the latter will be

called ‘‘of second kind’’. Both are related to each

other by a triangular matrix. See also [7,8].

Using the basis of the second kind, we give the

following conjecture.

Conjecture I. $ is represented cohomolog-

ically in terms of the basis of second kind

ð2�1 þ nÞ $ 	ð1Þ
Xnþ1

p¼1

X
I2B;jIj¼p

ð�1Þp
Q

j2I �jQp�1
�¼1ð�1 þ n� �Þ

W0ðIÞ$

in Hn
rðX;��ð�SÞÞ (	 means ‘‘cohomologous’’).

h’; zi is an analytic function of the parameters

�j�. The total differentiation dB of h’; zi with

respect to the parameters �j� has the expression

dBh’; zi ¼
Z

z

�ðxÞrBð’$Þ;

where

rBð’$Þ ¼ ðdB’þ dB log �’Þ$:ð2Þ

In order to express the RHS of (2), we

introduce the following differential 1-forms �J
ðJ 2 BÞ:

Definition 5.

�j ¼ �
1

2
d logðr2

j Þ;

�jk ¼
1

2
d log �2

jk;

�jkl ¼

� 1

2

B
0 j k l

0 ? k l

� �
Bð0jklÞ

d log �2
kl

8>>><
>>>:

þ
B

0 k j l

0 ? j l

� �
Bð0jklÞ

d log �2
jl þ

B
0 l j k

0 ? j k

� �
Bð0jklÞ d log �2

jk

9>>>=
>>>;
:

More generally for J ¼ fj1; . . . ; jpg 2 B ð2 � p �
nþ 1Þ,

�J :¼
ð�1Þp

2

X
fLg¼fJg;l1<l2

d log �2
l1l2
�

B
0 ? l1 l2

0 l3 l1 l2

� �
B

0 ? l1 l2 l3

0 l4 l1 l2 l3

� �
Qp

�¼3 Bð0l1l2l3 � � � l�Þ

� � �B
0 ? l1 l2 l3 � � � lp�1

0 lp l1 l2 l3 � � � lp�1

� �
;

where L ¼ fl1; l2; . . . ; lpg run over the set of se-

quences such that L coincides with J as a set in

½1;m� and satisfies l1 < l2 < l3 < l4 < . . . < lp.

The second conjecture can be stated in the

following form (Gauss-Manin connection):

Conjecture II.

rB$ 	
Xnþ1

p¼1

Vp $;ð3Þ

Vp ¼
X

J2B;jJ j¼p

Q
j2J �jQp�1

�¼1ð�1 þ n� �Þ
�JW0ðJÞ:

It seems remarkable that in the RHS of (3) the

expression of �J is independent of n and depends

only on J for any fixed admissible J .

Finally we state a conjecture concerning the

connection formula among twisted cycles.
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For J ¼ fj1; . . . ; jpg � ½1;m� ð1 � p � mÞ, zJ
ðJ 2 BÞ forms a basis HnðX;L�Þ. The complement

K½1;m� ¼ Rn �
S
j2½1;m�Kj can also be regarded as a

twisted n-cycle denoted by z1. We put further

Jc ¼ ½1;m� � J; �J ¼
P

j2J �j, (In case J ¼ ;, we

put �J ¼ 1Þ; �1 ¼
P

j2½1;m� �j.
We can now state:

Conjecture III. The following connection

formula holds (	 means ‘‘homologous’’):

(i) Case where n even,

z1 	 �
X

J2B;n
jJ j

sin��Jc

sin ��1
zJ :

(ii) Case where n odd,

z1 	 �
X
J2B

cos��Jc

cos��1
zJ :

For example, in case n ¼ 1,

z1 	 �
1

cos�1
z12 �

cos�2

cos �1
z1 �

cos�1

cos�1
z2:

In case n ¼ 2,

z1 	 �
sin��1

sin��1
z23 �

sin��2

sin��1
z13 �

sin��3

sin ��1
z12

�
sin �ð�2 þ �3Þ

sin��1
z1 �

sin �ð�1 þ �3Þ
sin��1

z2

�
sin �ð�1 þ �2Þ

sin��1
z3:

We can prove the following

Theorem 6. In case where n ¼ 1; 2; 3, Con-

jectures I, II, and III affirmatively hold.

The proof can be done by using contiguity

relations involved in h’; zi relative to the shifts

�! �� "j.
The formula (3) can be regarded as an exten-

sion of the classical variation formula due to L.

Schläfli concerning the volume of a geodesic simplex

in the unit hypersphere (see [2,17,18]). In fact, by

taking the limit of (3) for �! 0, we can derive the

variation formula of the volume of a real domain

bounded by hyperspheres.

3. Generalization. In this section we as-

sume m ðm 
 nþ 2Þ is arbitrary. Denote by eJ ðJ ¼
fj1; . . . ; jpg � ½1;m�; p � nÞ the logarithmic p-form

d log fi1 ^ � � � ^ d log fip .
Fix an arbitrary subset J ¼ fj1; j2; . . . ; jnþ1g �

½1;m�. Then under the condition ðH1Þ, we have

Xnþ1

�¼1

ð�1Þ��1e@�J ¼
2
n
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð�1Þnþ1Bð0 JÞ
q W0ðJÞ$:ð4Þ

Fix a subset I ¼ fi1; i2; . . . ; inþ2g � ½1;m�. Then

as a consequence of (4) the following fundamental

equality holds among FJ ðJ 2 BÞ:
Xnþ2

�¼1

�
W0ð@�IÞ$ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�1Þnþ1Bð0 @�IÞ

q ¼ 0:ð5Þ

Moreover the following partial fraction

decomposition holds (note that Bð0 IÞ ¼ 0,

ð�1Þnþ1Bð0 @�IÞ > 0 and ð�1Þn Bð0 ? IÞ 
 0):

FI ¼
Xnþ2

�¼1

� �
Bð0 @�IÞ
Bð0 ? IÞ

� �1=2

F@�I ;ð6Þ

so that FI can be expressed as a linear combination

of FJ ðJ 2 BÞ provided Bð0 ? IÞ 6¼ 0. Here the signs

� in the RHS of (5), (6) can be taken such that the

equalities hold

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bð0 @�IÞBð0 @�IÞ

q
¼ B

0 i� @�@�I

0 i� @�@�I

� �
:ð7Þ

Note that owing to Jacobi identity and the

above assumption the square of the LHS equals the

square of the RHS in (7).

For QðxÞ ¼
Pn

�¼1 x
2
�, let

�dQ ¼
Xn
�¼1

ð�1Þ��1x�dx1 ^ � � � ^ dx��1

^ dx�þ1 ^ � � � ^ dxn:
In addition to the above identities, there are

cohomologous relations like

rðeJÞ 	 0; jJ j ¼ n� 1;ð8Þ

r
�dQ

fj1
� � � fjr

� �
	 0;ð9Þ

J ¼ fj1; . . . ; jrg � ½1;m�; 0 � r � nþ 1:

These identities (4)–(9) seem sufficient to

prove the above Conjectures I, II, and III.

In view of the results obtained in [13,14] in case

of hyperplane arrangement, it seems natural to

make the following conjecture in case of hyper-

sphere arrangement.

Conjecture IV. Let A ¼ fS1; . . . ; Smg be an

arbitrary arrangement of hyperspheres i.e., �j; �j0
be arbitrary.

In addition to ðH2Þ, assume further that

ðH3Þ: For any choice of I � ½1;m� such that

jIj � n,
T
j2I <Sj 6¼ ;.
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Then

(i) If � is generic, Hn
rðX;��ð�SÞÞ is spanned by

FI ðI 2 BÞ. However these are no more necessarily

linearly independent. Under the condition ðH1Þ, (5)

are the fundamental relations satisfied by them.

(ii) jEuðXÞj which equals dimHnðX;L�Þ also

equals the number of bounded connected chambers

of Rn � S.

Remark 7. It seems interesting to extend

the above formulae stated in Conjectures I and II to

arbitrary m by using the differential forms FI or

W0ðIÞ$ ðI 2 BÞ under ðH1Þ or even without ðH1Þ.
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Éditeur, Paris, 1967.

[ 16 ] C. A. Rogers, Packing and covering, Cambridge
Tracts in Mathematics and Mathematical
Physics, No. 54, Cambridge Univ. Press, New
York, 1964.
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