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Abstract:

In this paper, we shall prove, for any m > 1, the existence of an uncountable

subset of U-numbers of type < m (which we called the set of m-ultra numbers) for which there
exists uncountably many transcendental analytic functions mapping it into Liouville numbers.
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1. Introduction. A transcendental function
is a function f(z) such that the only complex
polynomial satisfying P(z, f(x)) = 0, for all z in its
domain, is the null polynomial. For instance, the
trigonometric functions, the exponential function,
and their inverses.

The study of the arithmetic behavior of tran-
scendental functions at complex points has attract-
ed the attention of many mathematicians for
decades. The first result concerning this subject
goes back to 1884, when Lindemann proved that the
transcendental function e* assumes transcendental
values at all nonzero algebraic point. In 1886,
Weierstrass gave an example of a transcendental
entire function which takes rational values at all
rational points. Later, P. Stickel [6] proved that for
each countable subset ¥ C C and each dense subset
T C C, there is a transcendental entire function f
such that f(X)CT (F. Gramain showed that
Stickel’s theorem is valid if ¥ and T are subsets
of R). Another construction due to P. Stéckel [7]
produces a transcendental entire function f whose
derivatives f, fort =0,1,2,..., all map Q into Q.
Two years later, G. Faber refined this result by
showing the existence of a transcendental entire
function such that f(Q) C Q(i), for all ¢+ > 0. In
1968, A. J. Van der Poorten [5] proved the existence
of a transcendental function f, such that f®)(a) €
Q(a), for all & € Q. In 2011, D. Marques [4] proved
some of these results in the hypertranscendental
context (for more on this subject, we refer the
reader to [8] and the references therein). Let den(z)
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be the denominator of the rational number z. Very
recently, Marques and Moreira [3] proved the
existence of uncountable many transcendental en-
tire functions f, such that f(Q)C Q and
den(f(p/q)) < @7, for all p/q € Q, with ¢ > 1.

A real number ¢ is called a Liouville number,
if there exists a rational sequence (pr/qi);~,, with
qr > 1, such that -

0<‘§—pk" <t fork=1,2,. ...
qk

The set of the Liouville numbers is denoted by L
and it is a dense G set (and therefore uncountable).

All the previously mentioned results deal with
the arithmetic behavior of a countable set by a
transcendental function. However, in 1984, in one of
his last papers, K. Mahler [2] raised the following
question:

Question. Are there transcendental analytic
functions f(x) such that if & is any Liouville
number, then so is f(£)?

He also said that: “The difficulty of this
problem lies of course in the fact that the set of
all Liouville numbers is non-enumerable”. In this
direction, Marques and Moreira [3] showed the
existence of an uncountable subset of Liouville
numbers for which there exists uncountably many
transcendental entire functions mapping it into
itself.

As usual, H(a) will denote the height of the
algebraic number « (that is, the maximum of the
absolute values of its primitive minimal polynomial
over Z) and expB(z) = ¢ . Now, let us define the
following class of numbers:
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Definition 1. A real number ¢ is called an
m-ultra number if there exist infinitely many
m-degree real algebraic numbers (qy,), such that

0 < |€ = ap| < (expP(H(a,))) ™", forn=1,2,....

The set of the m-ultra numbers will be denoted by
Um»ultra-

It follows from the definition that U, i 1S @
subset of U-numbers of type at most m and it is also
a dense Gy set (in particular it is uncountable) — it
means that U, . i a large set in a topological
sense. In particular, every real number can be
written as the sum (and the product, provided it is
nonzero) of two m-ultra numbers, as in [1].

The aim of this paper is to prove the following
result in the direction of Mahler question:

Theorem 1.1. There exist uncountable many
analytic transcendental functions ¢ : R — R such
that ¢(Um—ultra) - L.

In particular, Uy, 1S an uncountable set of
Liouville numbers mapped into Liouville numbers
for a transcendental analytic function. This gives
evidence that the answer for the Mahler question
should be Yes.

Recall that Q,, denotes the set of all m-degree
real algebraic numbers. Since Q,, and Q are dense
countable sets of R, there exist uncountable many
transcendental analytic functions ¢ with ¢(Q,,) C
Q. In order to prove Theorem 1.1 we shall find a
class of such functions with an upper bound for
den(¢(w)) in terms of m and H(«). More precisely,
we have

Theorem 1.2. For any given positive inte-
ger m > 1, there exist uncountably many transcen-
dental analytic functions ¢ : R — R with |¢'(z)| <
0.0001, #(Q,,) € Q and such that for all o € Q,,,, it
holds that

(1) den(g(a)) < (2g)0 2"
where ¢ = H(w).

2. The proofs.

2.1. Proof that Theorem 1.2 implies Theo-
rem 1.1. Given an m-ultra number &, there exist
infinitely many a, € Q,,, with height at least
max{m, 8}, and such that

0<|E—ay| < forn=1,2,....

o
(eXp[gl (H(O‘n))n ’

Let ¢ be a function as in Theorem 1.2. By the
Mean Value Theorem, we obtain
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[¢(§) — d(am)| < 0.0001 - [§ — o
1
= (Pl (H ()"
We know K that ¢(an) =pu/qn, with ¢, <
(2tn)450m0218m t*ﬁ’m, where t, = H(a,). Since t, >
max{m, 8}, then a straightforward calculation gives
qn < expl? (tn) and hence

P

\¢<§) b

=[p(&) — P(a)| < qin, forn=1,2,....
n
This implies that ¢(§) is a Liouville number as
desired. (]
2.2. Proof of Theorem 1.2. Before starting
the proof, we shall state some useful facts
e For any distinct y,b € [—1,1], it holds that
[sin(y — )] > |y — bl/3.
(Indeed, the function sin(x)/z is decreasing for
x € (0,7, and sin(2)/2 > 1/3.)
e For any z,y€Q, we have H(y—z)<
24 H ()" H(y)™.
(Indeed, let W(z) be the absolute multiplica-
tive Weil height, we know that

1

@ e W(2)?@ < H(z) < 22O W ()7,

where O(z) is the degree of the algebraic
number z. Using this together with the in-
equality W(z +y) < 2W(z)W(y) the result
follows.)

e For any distinct =,y € Q,, N[0,1/2], with
H(x), H(y) < n, we have

|cos(mx) — cos(my)| > DY TERE
(Indeed, we can assume z <y. Then by the
mean value theorem, one has |cos(mx)—
cos(my)| > sin(nz)(ry — wx) > 2wx(y —x). There
is a simple lower bound for the modulus of
a mnonzero complex algebraic numbers «
in terms of the height H(a), namely |a| >
(H(a)+ 1) > (2H(a)) ™" (see [9,Page 82]).
Thus,

™

|cos(mx) — cos(my)| > 2H(z)H(y — z)

S T
- 24m2+1 n2m+l1 )

e For every € >0, any interval of length > e
contains at least two rational numbers with
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denominator < [2/€].

(Indeed, if m = [2/¢] and (a,b) is the interior
of the interval, we have b —a > € > 2/m, and
so, for k=|ma|+1, we have ma<k<
ma-+1, and so ma<k<k+1<ma+2<
ma + m(b — a) = mb, which implies a < k/m <
(k+1)/m <b.)

e Let f:R — R be a periodic function which

assumes infinitely many values. Then f is
transcendental.
(Indeed, suppose that f is algebraic, and let
P(x,y) = > yai(z)y" be the polynomial with
minimal degree n in the variable y, such that
a,(z) has minimal degree and P(z, f(x)) =0,
Vz € R. We may suppose that a,(z) is monic.
Since f assumes infinitely many values, then
ag(x),...,an(x) cannot be all constants. Set
¢ as the largest index with as(x) non constant.
If ¢t is the period of f, then Qi(z, f(z)) :=
P(x+ th, f(z +tk)) — P(x, f(x)) = Y (ai(z +
tk) — a;(z))(f(z))' =0, for all (z,k) € R x Z.
Note that for some integer ko, ae(z + thy) —
ag(z) is nonzero. If £ =n, then a,(x + tk) —
ay, () is nonzero having degree smaller than the
degree of a,(x) which contradicts the minimal-
ity of the degree of a,(x). In the case of £ < n,
then Qy, (z, f(z)) = 0 and Qy, has degree ¢ < n,
in y, which contradicts our assumption on the
minimality of n.)

e Let f:R — R be a transcendental function
and let g: R — R be a non constant algebraic
function. Then f o g is transcendental.
(Indeed, by assumption, C(y, f(y)) is tran-
scendental over C(y). Setting y = g(z) is mere-
ly making an algebraic extension of each,
so C(g(z), f(g(x))) is transcendental over
C(g(x)). Hence the tower C(g(x), f(g(z))) D
C(g(x)) D C(z) is transcendental, so f(g(x)) is
transcendental over C(z).)

Now, we are ready to deal with the proof of the
theorem.
Consider the following enumeration of A :=

Q.. N[0,1/2]:
A= {051701250437 .- '}7

constructed as follows. Let S; be the set of all
irreducible and primitive polynomials in Z[x] with
degree m and height k. Denote by t; := |Si| <
(m+1)(2k+1)". Let Rj be the set all distinct
roots of polynomial in Sy belonging to the interval
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[0,1/2], (Note that RkﬂRf, =0, for k#1t) and
I = R, then Ry = {{", ..., 4"} with 4" <4

Vk > 1. So the desired enumeration is given by

A= {al,OéQ,Oég, . } = {Rl,RQ,Rg, .. }

Now, we will give estimates for the height of the
algebraic numbers in A as a function of the position
in the enumeration. Although estimates are not the
best, they will be sufficient for our purposes.

If a, € Rpy1, then H(ay,) = k4 1. We have n <

Lt o+l Sttt < (m+1)(2k+3)™,
therefore
1 n
H ] 2 - m+1 _
() 23 Vg1

On another hand, n >l + -+ 4+ I;. Let j be an odd

number with 4 <j<k, then [;>1 (because
2//)/™ € R;). Thus, if k>5, we have n>
|552] > 558 therefore H(a,) <2n+7 (the cases
k=1,2,3,4 are trivial). Define B,, = {y1,¥2,---,Yn}
with yy 1= cos(may).
Set h: C — C given by
h(z) = g(cos(mz)),
where g(y) = 21010:1 Cngn(y)> with gn(y) =

HbeBn sin(y — b).

Suppose that ¢, =0 for 1 <n <5 and |¢,| <
1/n™ for every positive integer n. We claim that h is
an entire function. In fact, for all y belonging to the
open ball B(0, R) one has that

lgn(y)| < H elv=l < en(RJrl)’

beB,
where we used that be€[—1,1]. Thus, since
len] < 1/n", we get |eagn(y)| < (ef41/n)" yielding

that g (and so h) is an entire function, since the
series g(y) = > 07 cagn(y), which defines g, con-
verges uniformly in any of these balls. Let f: R —
R be the restriction of A to R. In particular, f is
analytic and |f'(z)] < >0, 1/n""! < 0.0002, for all
z € R.

Now, we shall choose inductively ¢,’s in a con-
venient way such that f satisfies f ak) € Q7 for all
k, and den(f(ay)) < (72m2(6¢)*™) 1™ 0™ where
q = H(ou).

Suppose that ¢y, ..., c,_1 were chosen such that

fla1),..., f(ay,) have the desired properties (notice
that the choice of ¢y, ..., c,_1 determines the values
of f(ar),..., f(ay), independently of the values of

cg, k > m; in particular, since ¢, =0 for 1 <k <5,
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we have f(a,) =0 for 1 <n <6). Now, we shall
choose ¢, for which f(a,.1) satisfies the require-
ments.

Let t <n be positive integers with n > 5.
Then H(apt1), H(ow) < 2n+9. Since cos(may41) #
cos(may), then

s
‘ynJrl - yt| > odm2 1 (277, T 9)2m+1 .
Therefore
|Sin( _ )l > |yn+1 _ytl 71'/3
Yn+1 Yt 3 24m2+1 (277, + 9)21’!L+1

yielding |9 (Yni1)| > (W%M)n Thus

¢ngn(Yns1) Tuns an interval of length larger than
21" (3n) "2 ) (20, 4+ 9) ¥ Now, we may
choose (in at least two ways) ¢, # 0 such that
9(ynt1) is a rational number with denom-
inator at most 724t (2n 4+ 9)¥™" . Thus
den( o)) = den(g(cos(ran)) = den(o(y) < (k -
1)(k*1)2(k71)(4m2+1)(2]€_~_7) m(k— < kk2k(4m2+1)(2k+
7). Since q:=H(ay) > 1 "VEk/(m+1) -2, we
get k< (2¢+4)"™"(m+1). Then we have that
den(f(ay)) is at most

((2q+4)(m+1)(m + 1))(2q+4)(m+1)(m+1)

% 2(2q+4)<"‘“>(m+1)(4m2+1)

X (2(2q + 4)(m+1)(m + 1) + 7)3m(2q+4)(m+1)<m+1)
< (72m*(6g) ") 00"

Now, consider the function ¥ : R — R, given

by () = 574577 Note that $(Q,,) € Q,, [0,1/2].
Therefore, our desired function is ¢ := f o . In fact,

#(Q,n) € Q, |¢'(2)] = |f'((@))][¥/ (x)] < 0.0001, for

all z € R, and by our previous argument, if o € Q,,,,
then

den(¢(a)) = den(f(1/;(a))) < (72m2(6t)4m)10m3(6t)2m’

where ¢ = H(¢(cr)). On the other hand, we can use
(2) together with the fact that W (z/y) < W(z)W (y)

to obtain t = H(z3%) < 20mg3 where ¢ = H(a).
Thus

den(¢(a)) < (2q)450m5218m' q(im’
as desired.

Note that since there is a binary tree of
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different possibilities for f (if we have choosen
c1,Co,...,cnh-1, different choices of ¢, give different
values of f(y,41), which does not depend on the
values of ¢, for k > n, and so different functions f),
we constructed uncountably many possible func-
tions f. So there exist uncountable many functions
¢ (since 1 is non constant).

Now, it remains to prove that all functions
constructed above are transcendental: in fact, since
f assumes infinitely many values (because it is
continue and non constant) and it is periodic (with
period 2), then f is transcendental. Therefore f o
is transcendental, because v is a non constant
rational function. O
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