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Abstract: In connection with Nevanlinna’s five-value theorem ([2]), the author showed

in [3] that two meromorphic functions sharing five one-point or two-point sets IM are Möbius

transforms of each other. Now, we consider nþ 1 meromorphic functions sharing some finite sets

IM.
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1. Introduction. For nonconstant mero-

morphic functions f and g on C and a finite set S

in C ¼ C [ f1g, we say that f and g share S IM

(ignoring multiplicities) if f�1ðSÞ ¼ g�1ðSÞ. In par-

ticular if S is a one-point set fag IM, then we say

also that f and g share a IM.

In [2], R. Nevanlinna showed the following

theorem:

Theorem A. Let f and g be two nonconstant

meromorphic functions on C sharing distinct five

points in C IM, then f ¼ g.
Let n; q be two positive integer such that

q > nþ 1þ 2=n. We can easily see, by the same

method as the proof of Theorem A, that if nþ 1

meromorphic functions on C share q pairwise

disjoint n-point sets IM, then at least two of them

are identical (see, also, Theorem 4).

On the other hand, the author proved in [3]:

Theorem B. Let S1; � � � ; S5 be one-point or

two-point sets in C . Assume that S1; � � � ; S5 are

pairwise disjoint. If two nonconstant meromorphic

functions f and g on C share S1; � � � ; S5 IM, then f is

a Möbius transform of g.

In the proof of Theorem B, we can see that

there is a Möbius transformation T such that

T ðfÞ þ T ðgÞ ¼ 0 if f 6¼ g, and that the case where

the number of two-point sets is one and the case

where it is greater than one slightly differ. In this

paper we consider nþ 1 meromorphic functions on

C sharing some finite sets, and we show the

following two theorems:

Theorem 1. Let n be a positive integer and

let S1; � � � ; Spþq be pairwise disjoint non-empty finite

sets in C with at most nþ 1 elements, where p and q

are non-negative integers with q � 2. Let mj ¼ ]Sj
be the number of elements of Sj. Assume that mj � n
for j ¼ 1; � � � ; p and mj ¼ nþ 1 for j ¼ pþ 1; � � � ;
pþ q, and assume that nþ 1 mutually distinct

nonconstant meromorphic functions f1; � � � ; fnþ1 on

C share S1; � � � ; Spþq IM. If m1 þ � � � þmp þ ðnþ1Þq
2 >

nðnþ 1Þ þ 2, then there exists a Möbius transfor-

mation T such that T ðf1Þ þ � � � þ T ðfnþ1Þ ¼ 0.

Theorem 2. Let n be a positive integer and

let S1; � � � ; S5 be pairwise disjoint non-empty finite

sets in C such that ]S1 ¼ � � � ¼ ]S4 ¼ 1; ]S5 ¼ nþ 1.

Assume that nþ 1 mutually distinct nonconstant

meromorphic functions f1; � � � ; fnþ1 on C share

S1; � � � ; S5 IM. Then there exists a Möbius trans-

formation T such that T ðf1Þ þ � � � þ T ðfnþ1Þ ¼ 0.

We assume that the reader is familiar with the

standard notations and results of the value distri-

bution theory (see, for example, [1]). In particular,

we express by Sðr; fÞ quantities such that

lim
r!1;r=2E

Sðr; fÞ=T ðr; fÞ ¼ 0, where E is a subset of

ð0;1Þ with finite linear measure and it is variable in

each cases.

2. A lemma. Before beginning the proofs of

Theorems, we show the following

Lemma 3. Let �1; � � � ; �m and �1; � � � ; �n be

mutually distinct points in C , where m and n are

positive integers with mþ n � 3. Then there exists a

Möbius transformation T such that all T ð�jÞ; T ð�jÞ
are in C and that

Pm
j¼1

T ð�jÞ=m ¼
Pn
j¼1

T ð�jÞ=n.

Proof. We may assume that all points are in

C . If
Pm
j¼1

�j=m ¼
Pn
j¼1

�j=n, then let T be the identity.

Now we assume that
Pm
j¼1

�j=m 6¼
Pn
j¼1

�j=n. Define
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the polynomials P ðzÞ ¼ ðz� �1Þ � � � ðz� �mÞ and

QðzÞ ¼ ðz� �1Þ � � � ðz� �nÞ, and we consider Möbius

transformations of the form T ðzÞ ¼ 1
zþd. Since

P 0ðzÞ=P ðzÞ ¼
Pm
j¼1

1
z��j , we see that

Xm
j¼1

T ð�jÞ ¼ �
P 0ð�dÞ
P ð�dÞ ;

and similarly,

Xn
j¼1

T ð�jÞ ¼ �
Q0ð�dÞ
Qð�dÞ

:

Hence,
Pm
j¼1

T ð�jÞ=m ¼
Pn
j¼1

T ð�jÞ=n is equivalent to

the condition

1

m

P 0ð�dÞ
P ð�dÞ

¼ 1

n

Q0ð�dÞ
Qð�dÞ

:

Therefore it is enough to show that the equation

nP 0ðzÞQðzÞ �mP ðzÞQ0ðzÞ ¼ 0

has a solution distinct from �j; �j. The assumption

that
Pm
j¼1

�j=m 6¼
Pn
j¼1

�j=n implies that the degree of

the left-hand side polynomial is mþ n� 2ð> 0Þ,
and we see that any of �j and �j is not solution of the

equation since �j; �j are mutually distinct. There-

fore we complete the proof. �

3. Proof of Theorem 1 and Corollar-

ies. For the proof we may assume that any Sj
does not contain 1. Put N ¼ m1 þ � � � þmpþq.
Then we have N � 3 and we can see, by the second

fundamental theorem, that there is no need to

distinguish Sðr; fjÞ. So we express them by SðrÞ.
Put � ¼

Q
1�j<k�nþ1

ðfj � fkÞð6� 0Þ. Now, we consider

the reduced counting functions NDðr; SjÞ and

NEðr; SjÞ. The former counts the points z 2
f�1

1 ðSjÞ such that f1ðzÞ; � � � ; fnþ1ðzÞ are all distinct,

and the latter counts the points z 2 f�1
1 ðSjÞ such

that at least two of f1ðzÞ; � � � ; fnþ1ðzÞ are equal.

Then we have, by the first main theorem,

Xpþq
j¼1

NEðr; SjÞ � Nðr; 1=�Þð3:1Þ

� n
Xnþ1

j¼1

T ðr; fjÞ þOð1Þ

and, by this and the second main theorem,

ðN � 2ÞT ðr; fkÞ

�
Xpþq
j¼1

ðNDðr; SjÞ þNEðr; SjÞÞ þ SðrÞ

�
Xpþq
j¼1

NDðr; SjÞ þ n
Xnþ1

j¼1

T ðr; fjÞ þ SðrÞ

for k ¼ 1; � � � ; nþ 1. By adding the above inequal-

ities for k ¼ 1; � � � ; nþ 1, we obtain

fN � 2� nðnþ 1Þg
Xnþ1

k¼1

T ðr; fkÞ

� ðnþ 1Þ
Xpþq
j¼1

NDðr; SjÞ þ SðrÞ

¼ ðnþ 1Þ
Xq
j¼1

NDðr; SpþjÞ þ SðrÞ:

Then we may assume that there exists a Borel

subset I of ½1;þ1Þ whose measure jIj ¼ þ1 and

2fN � 2� nðnþ 1Þg
ðnþ 1Þq

þ oð1Þ
� �Xnþ1

j¼1

T ðr; fjÞð3:2Þ

�
X2

j¼1

NDðr; SpþjÞ ðr 2 IÞ;

by rearranging Spþ1; � � � ; Spþq, if necessary. By

Lemma 3, we can take a Möbius transformation T

such that T ðSpþ1Þ; T ðSpþ2Þ are subsets in C and the

sum of all elements of each T ðSjÞ is the origin for

j ¼ pþ 1; pþ 2. Put � ¼
Pnþ1

j¼1

T � fj. Assume that

� 6� 0. If f1ðzÞ; � � � ; fnþ1ðzÞ are distinct elements of

Spþ1 [ Spþ2, then �ðzÞ ¼ 0. Hence we have, by (3.2),

2fN � 2� nðnþ 1Þg
ðnþ 1Þq

þ oð1Þ
� �Xnþ1

j¼1

T ðr; fjÞ

� Nðr; 1=�Þ �
Xnþ1

j¼1

T ðr; fjÞ þOð1Þ ðr 2 IÞ:

Therefore we obtain the estimate

2fN � 2� nðnþ 1Þg � ðnþ 1Þq;
which is equivalent to

m1 þ � � � þmp þ
ðnþ 1Þq

2
� nðnþ 1Þ þ 2:

So by assumption we conclude � � 0, which implies

the conclusion of Theorem 1. �

Remark. If we omit, in (3.1), terms

NEðr; SjÞ ðj ¼ pþ 1; � � � ; pþ qÞ, then by the second

main theorem we have
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ðm1 þ � � � þmp � 2ÞT ðr; fkÞ �
Xp
j¼1

NEðr; SjÞ þ SðrÞ

� Nðr; 1=�Þ þ SðrÞ � n
Xnþ1

j¼1

T ðr; fjÞ þ SðrÞ

for k ¼ 1; � � � ; nþ 1, and hence

ðm1 þ � � � þmp � 2Þ
Xnþ1

k¼1

T ðr; fkÞ

� ðnþ 1ÞNðr; 1=�Þ þ SðrÞ

� nðnþ 1Þ
Xnþ1

j¼1

T ðr; fjÞ þ SðrÞ:

Therefore we obtain the inequality

m1 þ � � � þmp � nðnþ 1Þ þ 2:

In the above remark the last inequality holds

under the assumption � 6� 0. Therefore we have

Theorem 4. Let n be a positive integer and

let S1; � � � ; Sp be pairwise disjoint non-empty finite

sets in C with at most n elements, where p is a

positive integer. Let mj ¼ ]Sj be the number of

elements of Sj. Assume that nþ 1 nonconstant

meromorphic functions f1; � � � ; fnþ1 on C share

S1; � � � ; Sp IM. If m1 þ � � � þmp > nðnþ 1Þ þ 2, then

at least two of f1; � � � ; fnþ1 are identical.

Also, we get the following corollaries of Theo-

rem 1:

Corollary 5. Let n be a positive integer and

let S1; � � � ; Spþq be pairwise disjoint finite sets in C ,

where p and q are integers with p � 0 and q � 2.

Assume that ]Sj ¼ n for j ¼ 1; � � � ; p, ]Spþj ¼ nþ 1

for j ¼ 1; � � � ; q and npþ ðnþ1Þq
2 > nðnþ 1Þ þ 2. If

nþ 1 mutually distinct nonconstant meromorphic

functions f1; � � � ; fnþ1 on C share S1; � � � ; Spþq IM,

then there exists a Möbius transformation T such

that T ðf1Þ þ � � � þ T ðfnþ1Þ ¼ 0.

Corollary 6. Let n be a positive integer and

let S1; � � � ; Spþq be pairwise disjoint finite sets in C ,

where p and q are integers with p � 0 and q � 2.

Assume that ]Sj ¼ 1 for j ¼ 1; � � � ; p, ]Spþj ¼ nþ 1

for j ¼ 1; � � � ; q and pþ ðnþ1Þq
2 > nðnþ 1Þ þ 2. If

nþ 1 mutually distinct nonconstant meromorphic

functions f1; � � � ; fnþ1 on C share S1; � � � ; Spþq IM,

then there exists a Möbius transformation T such

that T ðf1Þ þ � � � þ T ðfnþ1Þ ¼ 0.

Corollary 7. Let n be a positive integer and

let S1; � � � ; Sq be pairwise disjoint ðnþ 1Þ-point sets

in C , where q is a positive integer. Assume that

q > 2nþ 4
nþ1. If nþ 1 mutually distinct nonconstant

meromorphic functions f1; � � � ; fnþ1 on C share

S1; � � � ; Sq IM, then there exists a Möbius trans-

formation T such that T ðf1Þ þ � � � þ T ðfnþ1Þ ¼ 0.

4. Proof of Theorem 2. For the proof we

may assume that any Sj does not contain 1. Let

aj be the unique element of Sj ðj ¼ 1; � � � ; 4Þ. If

1 � k; l � nþ 1 and k 6¼ l, then by the second main

theorem and by the first main theorem

2T ðr; fkÞ �
X4

j¼1

N r;
1

fk � aj

� �
þ Sðr; fkÞ

� N r;
1

fk � fl

� �
þ Sðr; fkÞ

� T ðr; fkÞ þ T ðr; flÞ þ Sðr; fkÞ:

Hence we have T ðr; fkÞ � T ðr; flÞ þ Sðr; fkÞ and

T ðr; flÞ � T ðr; fkÞ þ Sðr; fkÞ. It follows that

Sðr; fkÞ ¼ Sðr; flÞ and

T ðr; flÞ ¼ T ðr; fkÞ þ SðrÞ;ð4:1Þ

where SðrÞ ¼ Sðr; fkÞ as in the proof of Theorem 1.

Also, we have

2T ðr; fkÞ ¼
X4

j¼1

N r;
1

fk � aj

� �
þ SðrÞð4:2Þ

¼ N r;
1

fk � fl

� �
þ SðrÞ:

Put S5 ¼ fa5; � � � ; anþ5g, then we have

ðnþ 3ÞT ðr; fkÞ �
Xnþ5

j¼1

N r;
1

fk � aj

� �
þ SðrÞ

¼ 2T ðr; fkÞ þ
Xnþ5

j¼5

N r;
1

fk � aj

� �
þ SðrÞ

� ðnþ 3ÞT ðr; fkÞ þ SðrÞ
for k ¼ 1; � � � ; nþ 1. It follows from this that

Xnþ5

j¼5

N r;
1

fk � aj

� �
¼ ðnþ 1ÞT ðr; fkÞ þ SðrÞ:ð4:3Þ

Take distinct k; l with 1 � k; l � nþ 1. Let

N0ðr; 1
fk�flÞ be the reduced counting function of

the zeros of fk � fl outside f�1
1 ðS1 [ � � � [ S4Þ. Then

we get, by (4.2),

N0 r;
1

fk � fl

� �
ð4:4Þ

¼ N r;
1

fk � fl

� �
�
X4

j¼1

N r;
1

fk � aj

� �

¼ SðrÞ:
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Let NDðr; S5Þ be the reduced counting function

which counts the points z 2 f�1
1 ðS5Þ such that

f1ðzÞ; � � � ; fnþ1ðzÞ are all distinct. Then, we have,

by (4.3),

NDðr; S5Þ �
Xnþ5

j¼5

N r;
1

fk � aj

� �

¼ ðnþ 1ÞT ðr; fkÞ þ SðrÞ
and, by (4.3) and (4.4),

NDðr; S5Þ

�
Xnþ5

j¼5

N r;
1

fk � aj

� �
�

X
1�l<m�nþ1

N0 r;
1

fl � fm

� �

¼ ðnþ 1ÞT ðr; fkÞ þ SðrÞ:

Therefore

NDðr; S5Þ ¼ ðnþ 1ÞT ðr; fkÞ þ SðrÞð4:5Þ

is obtained. Also, from the second main theorem for

f1 and a1; � � � ; a4, we may assume that there exists a

Borel set I � ½1;þ1Þ whose measure jIj ¼ þ1 and

that

N r;
1

f1 � a1

� �
ð4:6Þ

�
1

2
T ðr; f1Þ þ oðT ðr; f1ÞÞ ðr 2 IÞ

by rearranging a1; � � � ; a4, if necessary. By Lemma 3,

we can take a Möbius transformation T such that

T ða1Þ ¼
Pnþ5

j¼5

T ðajÞ ¼ 0, and put � ¼ T ðf1Þ þ � � � þ

T ðfnþ1Þ. Assume that � 6� 0. Then by (4.1) we have

T ðr;�Þ �
Xnþ1

k¼1

T ðr; fkÞ þOð1Þ

¼ ðnþ 1ÞT ðr; f1Þ þ oðT ðr; f1ÞÞ ðr 2 IÞ
and

NDðr; S5Þ þN r;
1

f1 � a1

� �
� Nðr; 1=�Þ:

Therefore we obtain, by (4.5), (4.6) and these

inequalities,

ðnþ 1ÞT ðr; f1Þ þ
1

2
T ðr; f1Þ þ oðT ðr; f1ÞÞ

� Nðr; 1=�Þ þ oðT ðr; f1ÞÞ � T ðr;�Þ þ oðT ðr; f1ÞÞ
� ðnþ 1ÞT ðr; f1Þ þ oðT ðr; f1ÞÞ ðr 2 IÞ;

which is a contradiction. Hence � � 0, which

implies the conclusion of Theorem 2. �
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