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Abstract: Let F and E’ be elliptic curves over an algebraic number field. We show that
systems of f-adic representations associated with F and E’ are cohomologically coprime, in the
sense that the Galois cohomology groups corresponding to respective fields of division points are
all trivial. This provides a generalization of some known results about the vanishing of the
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cohomology groups associated with the ¢-adic Tate module of an elliptic curve.
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1. Introduction. Let G be a topological
group. Given two continuous representations V
and V' of G, we are interested in determining up to
what extent they are “independent”. There can be
several notions of “independence”, the simplest
being non-isomorphism. Another notion is the
“independence” among representations in a given
system of representations of a profinite group (see
§2) which was studied in [12]. Motivated by results
of [1] and [2], we introduce in this note another
notion of “independence” between representations
of a topological group and prove that under some
suitable conditions, representations of the absolute
Galois group of a number field associated with two
elliptic curves are “independent” in this sense.

Let F be an algebraic number field and we fix a
separable closure F of F. For a subextension L of F,
we put G = Gal(F/L). Let ¢ be a prime number.
Denote by F(ue~) the field extension obtained by
adjoining to F' all the roots of unity of ¢-power
order. Let F be an elliptic curve over F'. The action
of G on the division points of E with order a power
of ¢ defines a continuous homomorphism

peE: Gp — GL(T)(E)) ~ GLa(Zy),

where Ty(E) denotes the ¢-adic Tate module of E.
We write Vi(F) =T)(F) ®z Q,. We denote by
F(Ep~) the field extension obtained by adjoining
to F the coordinates of all /~power division points of
E. Note that F(E,~) is the fixed subfield of F' by the
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kernel of p,p. Moreover, the Weil pairing shows
that F(E/x) contains F(,U,(jso). Put Gog = P({,E(GF)
and HZ{,E = pf‘E(GF(Wx))- We may identify GK,E with
the Galois group Gal(F(Ey~)/F) and H, with
Gal(F(Ep<)/F(ue<)). We have the following variant
of results of Serre [10] and Coates-Sujatha [1].

Theorem 1.1. Let{ be a prime number. Let
U be an open normal subgroup of Gy or of Hyp.
Then Vy(E) has vanishing U-cohomology.

Here, a topological module V over a topological
ring R is said to have wanishing U-cohomology,
where U is a topological group which acts contin-
uously and faithfully on V., if the cohomology
groups H"(U,V) defined by continuous cochains
are trivial for all n =0,1,....

Proof. If U is an open normal subgroup of Gy i
then we have an equality Lie(U) = Lie(Gyg) of Lie
algebras. By a theorem of Lazard ([7], Chap. V,
Théoreme 2.4.10), we may identify H"(U,V,(E))
with a Q-vector subspace of H"(Lie(Gyg), Vi(E)).
The statement follows directly from Théoreme 2
of [10]. We assume henceforth that U is an open
normal subgroup of Hy . Lemma 4 of [1] shows the
existence of a closed normal subgroup J of Gy i such
that Hyp is an open subgroup of J and having the
following property: If J is the Lie algebra of J, then
H"(3,Vi(E)) =0 for all n>0. Note that the Lie
algebras Lie(U) and J coincide by the hypothesis.
Arguing in a similar manner as above, we obtain our
desired result. (]

It is interesting to identify the field extensions
of F with respect to which the corresponding
cohomology groups vanish as in Theorem 1.1. In
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particular, we are interested in the case where
the field extension corresponds to the kernel of
another representation of Gp. This motivates the
following

Definition 1.2. Let G be a topological
group and R and R’ be topological rings. Let
p:G— GLg(V) and p':G — GLgr(V’') be two
continuous linear representations of G on a topo-
logical R-module V and a topological R-module V7,
respectively. Put G = p(Kerp') and G = p'(Kerp).
We say that V and V'’ are cohomologically coprime
if V has vanishing G-cohomology and V' has
vanishing G'-cohomology.

Let A be the set of all primes and S be a subset
of A. For an elliptic curve E over F, the system of
representations (pyr),cg of Gp associated with E
defines a continuous representation

PS.E = (H Pé,E) :Gp — [ GL(Tu(E))

les les
~ [[ GL2(2Z0),
les
where the products in the right-hand side are
endowed with the product topology. Put Vy(F) =
D,cs Vi(E). We prove the following

Theorem 1.3. LetS and S’ be sets of primes.
Let E and E' be elliptic curves over F.

(i) Assume that E and E' are not isogenous over F.
Then Vs(E) and Vg(E') are cohomologically co-
prime.

(ii) If SNS =0, then Vs(E) and Vg(E') are
cohomologically coprime.

In fact, statement (ii) of Theorem 1.3 holds for
general abelian varieties. On the other hand, an
analogue of statement (i) does not hold for general
abelian varieties. If A is an abelian variety over F
which is a product of non-trivial abelian varieties
Ay and A, over F, then it can be verified that the
p-adic representations V,(A) and V,(A;) are not
cohomologically coprime. We may then ask whether
the statement (i) of Theorem 1.3 holds in the case of
simple abelian varieties and not just elliptic curves.
The crucial ingredient in the proof of Theorem 1.3
is the finiteness of the degree of F(Ex~) N F(E))
over F¥¢; and an extension of this finiteness result
for the case of simple abelian varieties will give the
desired analogue of our main theorem. Here,
F(E)~) denotes the fixed subfield of F by the
kernel of ppp and F9¢ is the field extension
obtained by adjoining to F' all roots of unity.
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The Isogeny Theorem due to Faltings ([4], §5
Korollar 2) implies that

E and E’ are isogenous over F'
& V)(E) ~ Vi(E') as Gp-modules for some prime ¢
& Vi(E) ~ Vi(E') as Gp-modules for all primes /.

Hence we have the following

Corollary 1.4. Let E and E' be elliptic
curves over F. The following statements are equiv-
alent:

(i) E and E' are not isogenous over F};

(ii) Vs(E)|g, and Vs(E')|g, are cohomologically
coprime for any S and S’ and for every finite
extension F' of I,

(i) ViBlg, (= VigBll) and Vi(E),
(= Vi (E')lg,) are cohomologically coprime for
some prime number £ and for every finite extension
F' of F.

Proof. The implication (i) = (ii) is given by
Theorem 1.3-(i) and clearly (ii) = (iii). We show
(iii) = (i). If E and E' are isogenous over F, then
they are isogenous over some finite extension F” of
F. Then the Isogeny Theorem implies that V;(E)
and Vy(E') are isomorphic as Gp-modules for any
prime £. Since kernels of isomorphic representations
coincide, Vy(E) and V;(E') are not cohomologically
coprime over F. O

We refer the reader to §6 of [3] for some partial
results in a similar but more general setting.

Details of this paper were presented in the
Algebraic Number Theory and Related Topics
Workshop at RIMS, Kyoto University in December
2014 and a report will appear in its proceedings.

2. Almost independence of systems of
representations. Let G be a profinite group
and (0;: G — G;);c; be a system of continuous
homomorphisms of G into a locally compact group
G;. This system defines a continuous homomor-
phism ¢ = (0i),c; : G — [l.c; Gi where the product
is endowed with the product topology. Follow-
ing [12], we make the following

Definition 2.1. The system (g;),.; is said to
be independent if o(G) = [[,c; 0i(G). We say that it
is almost independent if there exists an open
subgroup I' in G such that o(I") = [[,; oi(I").

Remark 2.2. (1) Let ¢; and ¢ be continu-
ous representations of a profinite group G. Consider
the continuous homomorphism ¢ = (p1,¢2) : G —
©1(G) x p2(G). We have projections m; : p(G) —
©1(G) and m : (G) = p2(G). Let Ny = Ker mp and
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Ny =Kerm. Then Ny = ¢(G) N (p1(G) x {1}) and
Ny = (G) N ({1} X pa(G)). Thus we may identify
N; with a normal subgroup of ¢;(G) for i =1,2.
Goursat’s lemma (cf. e.g. [9], Lemma 5.2.1) implies
that

P(G) = p1(G) xc p2(G),

where C' in the fiber product is ¢(G)/(N1Na) =~
©1(G)/ Ny =~ p3(G)/Ny. Then the following state-
ments are equivalent:

(i) (¢1,92) is almost independent;

(ii) ¢(G) is an open subgroup of ¢1(G) X ¢2(G);
(iii) C is finite.

We clearly have (ii) < (iii) as the cardinality of C
equals the index of ¢(G) in ¢1(GQ) x v2(G). The
implication (ii) = (i) is a special case of the
implication (RO) = (PR) in [12], §1. We verify
(i) = (ii). Assume (i). Let I" be an open subgroup of
G such that (¢1]p, pa|p) is independent. Since ¢y (T")
(resp. ¢2(T')) is an open subgroup of ¢;(G) (resp.
©2(@)), it follows that ¢(T") is an open subgroup of
©1(G) X p2(G). We obtain (ii) from the inclusion:

e(I) € o(G) € p1(G) x a(G).

(2) Let (0);c; be a system of continuous homo-
morphisms of a profinite group G into a locally
compact group G; and g be the continuous homo-
morphism defined by their product as in the
definition above. Let S be a subset of I and put
S =1~ S. We consider the subsystem (g;),., and
the homomorphism g, given by the product, where
e =5,5.1If (0i);c; is independent, then (og, 0g) is
independent. Indeed, since subsystems of an in-
dependent system are independent (cf. [12], §1),
the systems (0;),., are independent (where e =
S,8'). Then the equalities o(G) =[],cq0i(G) x
[Licy 0i(G) = 05(G) X 05(G) imply the surjectivity
of o = ps % 05 : G — 05(G) x 05(G).

(3) Applying (1) to the situation of (2), we see that
if (0i);c; is almost independent, then the group C'in
the fiber product ps(G) x¢ 0g(G) is finite.

We aim to show that the independence of a
system is inherited by the system of representations
obtained by restriction to a normal subgroup (resp.
by passing to a quotient) of G. Consider a system
(0i);e; as above. Let H be a closed normal subgroup
of G. For each i €I, we define the continuous
homomorphism 7 : 0;(G) — G; := 0;(G)/0i(H) of
compact groups. Then we obtain new systems of
representations:
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(@il H = Gi)ies
obtained by restriction of the g;’s (i € I) to H and

(0i: G - 0i(G) — éi)ie]'

Write o = [[,c; 0:-

Lemma 2.3. Let (0;);c; be a system of rep-
resentations of a profinite group G. Let H be a
closed normal subgroup of G. Then (0;);c; s in-
dependent if and only if the systems (0i|y),c; and
(0i);e; are independent.

Proof. By definition of g, we have the following
commutative diagram of (compact) topological
groups with exact rows

1 — o(H) — 0(G) —— 0(G) — 1

. | |ﬂ o |

1= Jlo(H) = [[e(G) — [l ai(G) — 1
i€l i€l i€l

where the maps «, § and ~ are injective by
definition. The five lemmas show that the inde-
pendence of the systems (0;|);c; and (9;),c; implies
the independence of (g;),.;. Conversely if (¢;),c; is
independent; that is, § is an isomorphism, then the
five lemmas applied to the commutative diagram
obtained by taking the first four terms of diagram
(1) and adding trivial groups on the left end implies
that the system (o;;);c; is independent. Applying
the same argument to the commutative diagram
obtained by taking the last four terms of diagram
(1) and adding trivial groups on the right end
implies that the system (g;),.; is independent. O

Now let us consider the case where the profinite
group G in the definition above is the absolute
Galois group Gy of a number field F' and the index
set I is the set A of all primes. Consider a system
of continuous representations (o¢),cp = (07 : Gr —
Gy)yep of G into a locally compact f-adic Lie group
Gy (e.g., Gy = GL,(Qy)). For each ¢ € A, let F; be
the fixed subfield of F by the kernel of g,. We write
on = [[sep 00 and F) for the compositum of all Fy as
£ runs over the elements of A. The field F) is the
fixed subfield of F by the kernel of o5. We let F¢
be the field extension obtained by adjoining to F all
roots of unity.

Lemma 2.4. Let (0/),cp be a system as
above. Assume the following condition:

(2) Fy D F(we) for each £e A
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Forte A, let Ny =F,NFY¢. Then

(i) if the system (0¢),e, is independent then Ny =
F(ppe) for each € € A;

(ii) if the system (0¢)yey is almost independent then
Ne/F (=) is a finite extension for each £ € A.

Note that the condition (2) implies that Fj
contains the field F°.

Proof. Statement (ii) follows from (i) after
replacing F' by a suitable finite extension. For the
proof of (i), we apply Lemma 2.3 to the system
(pe)gen with H = Gpoe. Then we may identify
diagram (1) with the following commutative dia-
gram:

1 A B C 1

o 1]

1— H.Ag% HB@4> HCg—>1

LeN leA LeA
where A= Gal(Fy/F%%), B=Gal(Fy/F), C=
Gal(Fo°/F), A, = Gal(Fy/N,), By = Gal(F,/F),

and C; = Gal(N;/F). By the hypothesis and
Lemma 2.3, diagram (3) gives an isomorphism
Gal(F¥°/F) ~ [],c) Gal(N;/F). From this we get
an isomorphism [Trer Gal(F(pe~)/F) ~
[Lscn Gal(N¢/F). Taking the projection to the ¢th
component, we obtain an isomorphism
Gal(F(ue)/F) ~ Gal(N;/F) for each £ € A. This
completes the proof of Lemma 2.4. O
3. The elliptic curve setting. Let S be a
set of primes. Given an elliptic curve E over F, we
consider the system (py ), of G associated with
E and the continuous representation pg g as defined
in §1. The Weil pairing shows that F(um) is
contained in F(Ey~) for each prime £. The following
lemma is a special case of Theorem 1 of [12].
Lemma 3.1. Let S be a set of primes. Then
the system (py,r)cg is almost independent.
Remark 3.2. In general, we need a finite
extension I’ of F' so that the system (p £lg,, ) is
independent. This is observed in the case where
S =A and E has complex multiplication over F
with CM field Q(v/d) such that v/d ¢ F. Also note
that there are examples of elliptic curves without
complex multiplication such that p, g is surjective
for all prime £ but pj g is not (so the system (pr ) cn
is not independent). This is illustrated by the
following example.
Example 3.3. Consider the system (p¢p :
Gq — GLy(Zy)),c, associated with the elliptic
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curve E over Q of conductor 1728 with minimal
Weierstrass model y?> = x3 + 62 — 2. It has no com-
plex multiplication and its discriminant is A =
—2635. This curve was considered in §5.9.2 of [11],
where it was verified that the mod ¢ representation
prp associated with E is surjective for all 4. A
group-theoretic result (cf. e.g. [5], Corollary 2.13-
(iii)) implies that p; g is surjective for all £ > 5. The
proof for the surjectivity of p,p for £=2,3 was
carried out in §I-7 of [6]. Hence p g is surjective for
all . But VA € Q™ =Q%°, where Q™ is the
maximal abelian extension of Q. Therefore, p,  is
not surjective by Theorem 1.2 of [5]. This shows
that the system (pyg),, is not independent.

Lemma 3.4. Let V be a finitely generated
topological module over a topological ring R. Let G
be a profinite group which acts continuously and
faithfully on V and let N be a closed normal
subgroup of G. If V has vanishing N-cohomology,
then V' has vanishing G-cohomology.

Proof. Under the given assumption we have
the Hochschild-Serre spectral sequence (cf. [§],
Chap. 11, §4, Theorem 2.4.1):

Ey = H'(G/N,H*(N,V)) = H(G,V).

From this we immediately see that V has vanishing
G-cohomology if V' has vanishing N-cohomology.
O

Lemma 3.5. Let S be a set of primes and L
be a Galois extension of F. Assume that F'(Ew) N L
is a finite extension of F' or of F(ue) for each ¢ € S.
Put Jsp=psp(Gr). Then Vs(E) has wvanishing
Js g-cohomology.

Proof. By Lemma 3.1, there exists a finite
extension F'/F such that (prrlg, )es 18 an in-
dependent system. Let L' be the compositum of L
and F'. Tt is a Galois extension of F’. Thus,
Lemma 2.3 implies that (p,plg,, )cs is an independ-
ent system. Let L” be the Galois closure of L'/L.
This is of finite degree over L. Put Jg ,, = ps p(Grr).
Then Jg ; is an open normal subgroup of Jg g and
applying Lemma 2.3 to the system (00Elg, ) with
H = Gy, we have Jg p = [[1cq pe.p(Grr). It suffices
to show that Vg(E) has vanishing J§ p-cohomology
by Lemma 3.4. As cohomology commutes with
direct sums, we have

HY(J} . Vs(E)) = €D B (T, Vi(E))
les
for » > 0. Thus, it is enough to show that the
cohomology groups H"(Jg , Vi(E)) vanish for each
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£ e€S. For £ €8, let us write JéE = pg’E(GL//). We
identify Grp = pre(Gr) (resp. Hop = pre(Gru-)))
with the Galois group Gal(F(Em)/F) (resp.
Gal(F(Eg=)/F(pe<))). Then we may identify J; 5
with Gal(F(Ep)/F(Ewr)NL"). As [F(E)N L":
F(Ep)N L] <[L": L] < 0o, our hypothesis implies
that Jj ; is an open subgroup of G,p or of Hyp.
Thus V;(E) has vanishing Jj g-cohomology by
Theorem 1.1. Applying Lemma 3.4 with G = Jg
and N = J; 5, it follows that V;(E) has vanishing
Js, E—cohomblogy. O

The above lemmas allow us to obtain the
S-adic version of Theorem 1.1:

Theorem 3.6. Let S be a set of primes.
Write Gs g = ps.e(Gr) and Hs g = psp(Gpee). Let
U be an open normal subgroup of Gs or of Hs .
Then Vs(E) has vanishing U-cohomology.

Proof. Let F' be a finite extension of F' such
that U = pgp(Gp) or U = pgp(Gpec). The state-
ment of the theorem follows from Lemma 3.5
applied to L = F’ and L = F'¥¢. The hypothesis of
the said lemma clearly holds if L = F”. If L = F'¢,
the required hypothesis is true because of Lem-
mas 3.1 and 2.4. ]

4. Proof of Theorem 1.3. Forsets Sand S’
of primes, we write F'(Eg~) (resp. F(Eg.)) for the
compositum of all the F(Ep~) (resp. F(E).)) as £
runs over the elements of S (resp. S'). We put
Js.g = ps.p(Gre,.)) and Js g = ps.p (Gr.))-

Proof of (i). To prove this, we must show that
Vs(E) has vanishing Jg g-cohomology and Vg (E')
has vanishing Jg g-cohomology. We prove the
former. First, we observe that if S” is a subset of
S’ then Jg g is a closed normal subgroup of Js g =
ps.e(Gr Eﬁqm>)' We see that the vanishing of Jg p-co-
homology implies the vanishing of 7 5 g-cohomology
by applying Lemma 3.4. Thus, we may assume that
S" = A. We verify the hypothesis of Lemma 3.5 with
L = F(E).); that is, we show that M, := F(Es;) N
L is a finite extension of F'(y~) for each £ € S. We
let M = F(E)~)N L. It is known that M is a finite
extension of F¥¢ (cf. [11], Théorémes 6” and 7). We

also let
Mg =F(Esx)NL=F(Es<)NM,
Ng = F(Es<)NFY and
Ny = F(Ep<) N FY = F(Eg) N Ng.

Note further that M, = F(E;) N M = F(Ep) N Mg
for each ¢ € S. We have the following diagram of
fields.
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F(E)~)
/ \ /
F(ES

/\\“’

Feye

/ \ /
\ /
Ny
|

F(pe)
The extension M;/N; is of finite degree since
Gal(M,/Ny) is isomorphic to a quotient of the finite
group Gal(M/F%°). Moreover Ny is a finite exten-
sion of F(u~) by Lemma 2.4. Thus the hypothesis
of Lemma 3.5 holds. Therefore Vg(E) has vanishing
Js g-cohomology. Similarly, Vg(E’) has vanishing
Jg m-cohomology. This completes the proof of (i).
[l
Proof of (ii). This is a special case of (i) if E
and E' are not isogenous over F. Suppose that E
and E' are isogenous over F. Then they are
isogenous over some finite extension of F. Let F’
be the Galois closure of this finite extension.
Then the Isogeny Theorem (see §1) implies that
Vi(E) =~ Vy(E') as Gp-modules for each ¢ € §'. We
identify psp(Gp) (resp. py g(Gr)) with the Galois
group Gal(F'(Eg~)/F') (resp. Gal(F'(Eg~)/F")).
As S and S are disjoint, applying Remark
2.2-(3) to the system (prelg,,prele,)esees =
(pElG, )iesus  shows  that  [F'(Ep) N F'(Ege) :
F'| < [F'(Es~)NF'(Eg~): F'] < oo for each £ € S.
Therefore Vg(E) has vanishing Jg p-cohomology
by Lemma 3.5, where Js5 g = ps.p(Gp(gy~)). Then
Vs(E) has vanishing Jgp-cohomology by Lem-
ma 3.4 with G = Jgp and N = Jgp. In the same
manner, we see that Vg (E’) has vanishing Jg g-co-
homology. This ends the proof of Theorem 1.3. [J
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