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Abstract:

In 2014, T. Komatsu and L. Szalay studied the balancing binomial coefficients.

In this paper, we focus on the following Diophantine equation
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where y > x > 5 are integer unknowns. We prove that the only integral solution is (z,y) =
(14,15). Our method is mainly based on the linear form in elliptic logarithms.
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1. Introduction. In a recent paper [5], T.
Komatsu and L. Szalay studied the balancing
binomial coefficients, namely, the Diophantine

equation
1 2 x—1 z+1 Yy

<k>+(k>+”'+< k >‘< l >+ "+(Z>
in the positive integer unknowns x > k and y > =x.
In particular, the equation has infinitely many
solutions when k=1[0=1 (see also [3]), and no
solutions when k=1=2 or 3 (see also [1]). More-
over, when k = [ > 3, it has finitely many solutions.
However, for the case k=1= 5, the authors only
got one solution (z,y) = (14,15) through a com-
puter search with x < 300. In this paper, we will
completely solve the equation
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where y > & > 5, and our result is

Theorem 1.1. FEgquation (1) has only one
integral solution (z,y) = (14,15).

Our method of proof, which is mainly based on
the linear form in elliptic logarithms, is motivated
by [4], and further by [6]. Throughout this paper,
we use the notations of [6].

2. Proof of Theorem 1.1. Note that
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we can therefore rewrite (1) as

o )+ (5)-05)

Set u = (z—2)*and v = (y — 1)(y — 2), (2) becomes

(3) 2u’ — 10u? + 8u = v* — 8v? + 120.
The transformation
—4u — 17 58
X — TAu— 1w+ 98 7
2u — 3v
v — —146u? — 5v% + 686w — 188v
(2u — 3v)*

yields a minimal Weierstrass model for (3), specif-
ically,

(4) E:Y?=X>—X*-30X +8l.

With Magma, we can find the Mordell-Weil group
E(Q) 2 Z ®Z®Z is generated by the points P, =
(3,—3), P, = (—6,3) and Py = (11,31).

Let Qo = (Xo,Yy) be the image on (4) of the
point at infinity on (3), then we have X, =17+
20+ 3a? and Yy = —17 — 15a — 8a? where a = /2.
Note that Qy € E(Q(«)). Also note that v = au +
where 8 = (8 — 5ar)/3 is the asymptote of the curve.

It is easy to verify that

dv 1dX
) =T
6u? — 20u + 8 4Y
Note that for v > 30, u(v) given by (3) can be
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viewed as a strictly increasing function of v, we
therefore have
(©) / o0 dv 1 Xdx

y 6u2—20u+8 4y, YV
It is also easy to verify that 6u> — 20u + 8 > 3v? for
v > 30. Thus, we have

o0 dv 1 [*®dv 1
(7) —_— < - —=—
y 6u2—20u+8 3/, ¥ 3v

Let P=m1 P, + moP> + m3P; be an arbitrary
point on (4) with integral coordinates u, v on (3).
We have

(8)
Xdx >~ dX > dX
L5 - /X v v @) e,

where w =5.832948...
period of E, and

O(P) = ¢(mi Py + maPsy + m3Ps)
=mip(P) + magp(Pa) + map(P3) +my

with my € Z and all ¢-function are in [0,1). Put
M = maxj<i<g |m;|, it follows |mg| <3M. By
Zagier’s algorithm (see [8]), we have wuy =
wh(Py) = 4158074 . .., up = wp(Py) = 2.851605. ..,
us = wo(P3) = 0.627538 ..., and wup = we(Qp) =
5.289657 . ... Let

L(P) = w(¢(Qo) — ¢(P))

= Up — MW — MU — MaUz — MM3U3,

is the fundamental real

we then obtain the lower bound
(9)
|L(P)| > exp(—cy(log(3M) + ¢5)(loglog(3M) + 06)6)7

where c¢; =7 x 109, ¢ =2.1, and ¢ = 21.2, by
applying David’s result [2] (see also [7]).
By (6) and (7), we also have

10 jLe) =1 s
» 6uz—20u-+8 ~ v
For v > 30, it is easy to verify that
(11) h(P) <log(4u + 17v — 58) < 3.044523 + log v.

Here uw and v are required to be integral. Moreover

we have
(12) h(P) > ¢, M?

where ¢; = 0.125612... is the least eigenvalue of
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Table I. Integral solutions (u,v) of (3)
(0,0) (0,2) (0,6)
(1,0) (1,2) (1,6)
(4,0) (4,2) (4,6)
(9,12) (144,182) (—56, —70)

the Néron-Tate height pairing matrix. Note that
Silverman’s bound for the difference of heights on
elliptic curves gives that

(13) 2h(P) — h(P) < 7.846685.

By (10), (11), (12), and (13), we obtain the upper
bound

(14)  |L(P)| < exp(11.1789 — 0.251224M?).

Together with (9) and (14), we therefore find
an absolute upper bound M, = 1.4 x 10% for M.
Applying the LLL algorithm (cf. [6]), we may
reduce this bound to M = 11. Through a computer
search, we therefore prove that (z,y) = (14,15) is
the only integral solution of (1).

Remark 2.1. It is of interest to mention
that all integral solutions (u,v) of (3) are given in
Table I, by slightly modifying our proof and then
through a similar computer search.
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