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Abstract: In this paper, we announce some results on indivisibility of relative class

numbers of CM quadratic extensions K=F of a fixed totally real number field F which is Galois

over Q and on vanishing of these relative Iwasawa �p-, �p-invariants. In particular, we give a

lower bound of the number of such CM extensions K=F with bounded (norm of) relative

discriminants. To prove them, we use Hilbert modular forms of half-integral weight.
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1. Introduction. The structure of ideal

class groups of number fields is one of the main

objects to be investigated, but little is known. For

number field F , let ClðF Þ be the ideal class group of

F and hðF Þ be the order of ClðF Þ called by the class

number of F . For Galois extension K=F , we define

the relative ideal class group ClðK=F Þ as the kernel

of the homomorphism ClðKÞ ! ClðF Þ induced by

the relative norm NK=F : IK ! IF , where IK; IF are

the ideal group of K;F . The order of ClðK=F Þ is

called the relative class number of K=F , denoted

by hðK=F Þ. The distribution of class numbers of

number fields is still mysterious. Cohen, Lenstra

and Martinet [3,4] predicted the following: Let � ¼
ðG;F; �Þ be a situation in the sense of [12, §. 1], i.e.,

G be a transitive permutation group of degree

n � 2, F a number field, and � a possible signature

of the infinite places of a degree n extension K=F

with the Galois group of the Galois closure of K=F

is isomorphic to G. For the situation �, we set Kð�Þ
as the set of the degree n extension K=F with Galois

group G and signature �. We set OF as the ring of

the integers of F . Then for a positive integer u

depending on � and good prime p in the sense

of [4, Def. 6.1], a given finite p-torsion OF -module H

should occur as a Sylow subgroup of ClðK=F Þ for

K 2 Kð�Þ with probability

c

jHjujAutOLHj

for a certain constant c depending only on p and �.

Malle [12] modified the conjecture when p-th roots

of unity is in F . But, at the moment, the distribu-

tion is unmanageable except for the p ¼ 3 case.

Here, we focus on the situation � ¼
ðC2; F ; complexÞ for totally real number field F ,

i.e., Kð�Þ is the set of the totally imaginary

quadratic extensions over F called CM quadratic

extensions. In this situation, we set

MðF;XÞ ¼
fK=F : CM quad.ext. j jNF=QðDðK=F Þj < Xg;

MðF;X; pÞ ¼ fK=F 2MðX;F;HÞ j p - hðK=F Þg:
Then the following is known:

. lim
X!1

#MðF;X; pÞ ¼ 1 : Gauss (p ¼ 2; F ¼ Q),

Hartung [8] (p ¼ 3; F ¼ Q), Horie [9], Brunier
[1] (p � 3; F ¼ Q) and Naito [13] (general F ,
odd prime p, p - w2�F ð�1Þ, where w2;F ¼
#H0ðF;Q=Zð2ÞÞ).

. Limit inferiors of #MðF;X; 3Þ=#MðF;XÞ :

Davenport-Heilbronn [6] (F ¼ Q) and

Datskovsky-Wright [5] (general F ).

. A lower bound of #MðF;X; pÞ : Kohnen-

Ono [11] (p � 3; F ¼ Q).

In this paper, we introduce a generalization of the

result of Kohnen-Ono to totally real field F which is

a Galois extension over Q for some prime p.

The class numbers are complicate, but

Iwasawa showed the following monumental formu-

la: For number field L and odd prime number p,

let L1 be a Galois extension over L with the Galois

group GalðL1=LÞ ’ Zp, i.e., Zp-extension of L and
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Ln be the intermediate field of L1=L such that

GalðLn=LÞ ’ Z=pnZ. Then there are integers �; �; �

such that for all sufficiently large n

#ClðLnÞ½p� ¼ p�nþ�p
nþ�;

where G½p� is the p-part of group G. The integers

�pðLÞ ¼ �ðLÞ ¼ �, �pðLÞ ¼ �ðLÞ ¼ �, �pðLÞ ¼
�ðLÞ ¼ � are called Iwasawa invariants of L. We

remark that �ðLÞ and �ðLÞ are very important for

arithmetic applications. We return to our setting.

We assume that p is odd. For CM quadratic

extension K=F , we consider �; �; � for those cyclo-

tomic Zp-extensions, i.e., each of the extensions is

the composite field of K (or F ) and the unique

Zp-extension over Q. Then we set

��ðKÞ ¼ �ðKÞ � �ðF Þ;
��ðKÞ ¼ �ðKÞ � �ðF Þ;
��ðKÞ ¼ �ðKÞ � �ðF Þ

called relative Iwasawa invariants of K=F . Al-

though these invariants are also strange, Friedman

proved that indivisibility of relative class numbers

of K=F and the decomposition condition of prime p

at K=F imply vanishing of relative �-, �-invariants.

We are also interested in the distribution of relative

Iwasawa invariants. We set

NðF;X; pÞ ¼
fK=F 2MðX;F Þ j �pðKÞ ¼ �pðKÞ ¼ 0g:

As applications of the vanishing criterion, the

followings are known:

. lim
X!1

#NðF;X; pÞ ¼ 1 : Horie [9] (p � 3 and

F ¼ Q) and Naito [13] (general F , p � 3,
p - w2;F �F ð�1Þ).

. A limite inferior of #NðF;X; 3Þ=#NðF;XÞ :

Horie-Kimura [10].

. A lower bound of #NðF;X; pÞ : Byeon [2]

(p > 3 satisfying some conditions).

Here, we also introduce the generalization of the

result of Byeon to totally real field F which is Galois

over Q for odd prime p satisfying some conditions.

The purpose of this paper is to announce

results whose proofs and detailed accounts will be

published elsewhere [16].

2. Indivisibility of relative class numbers.

To get the lower bound, we use Hilbert modular

Eisenstein series of parallel weight 3/2. Therefore

we review notion of Hilbert modular forms of half

integral weight. We use the terminology in [14]. This

terminology is slightly different from [15], but in the

parallel weight case, the difference is only the factor

of automorphy (and also ‘‘Nebentypus’’ character).

Let F be a totally real number field, g ¼
½F : Q�, dF be the different ideal of F=Q, and DðF Þ
be the discriminant of F=Q. Let a and f be the set of

the archimedean places and the non-archimedean

places of F respectively. For v 2 a and � 2 F , �v
denotes the image of � by the map F ,! Fv, where

Fv is the completion of F with respect to v. Let

H ¼ Hg be the g-tuple product of the upper-half

plane. For � 2 F , we set eð�zÞ ¼ e2�
ffiffiffiffiffi
�1
p

Trð�zÞ, where

Trð�zÞ ¼
P

v2a �vzv. For integral ideal c � 4OF , we

set

�0ðcÞ ¼
a b

c d

� �
2 SL2ðF Þ

���� a; d 2 OF ; b 2 2d
�1

c 2 2�1
cd

( )
:

To define a factor of automorphy, we use the

following theta series:

	ðzÞ ¼
X
�2OF

eð�2z=2Þ:

We define the factor of automorphy hð
; zÞ as

follows:

hð
; zÞ ¼ 	ð
zÞ=	ðzÞ for 
 2 �0ð4OF Þ:

The factor hð
; zÞ satisfies

hð
; zÞ2 ¼ sgnðNF=Qðd
ÞÞ#�ðd
OF ÞJð
; zÞ;

where #� is the ideal character associated with the

extension F ð
ffiffiffiffiffiffiffi
�1
p

Þ=F and

Jð�; zÞ ¼
Y
v2a

ðcvzv þ dvÞ for � ¼
a b

c d

� �
:

We introduce the group

GF ¼ ð�; ��ðzÞÞ
���� � 2 GF ;

9t 2 T

s.t. ��ðzÞ2 ¼ tJð�; zÞ

( )
;

where T ¼ fz 2 C j jzj ¼ 1g. The group law is

defined as

ð�; ��ðzÞÞð; �ðzÞÞ ¼ ð�; ��ðzÞ�ðzÞÞ:

Then we have the injection �0ð4OF Þ ! GF : 
 7!
ð
; hð
; zÞÞ. We regard �0ð4OF Þ as a subgroup of GF

For � ¼ ð�; �ðzÞÞ 2 GF and k 2 Z, we set

f jk½��ðzÞ ¼ fð�zÞ�ðzÞ
�k:

Let  be a Hecke character whose conductor divides

c and k 2 Z. Then Hilbert modular form f of

parallel weight k=2, level �0ðcÞ, and ‘‘Nebentypus’’

character  is defined to be
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fjk½ð
; hð
; zÞÞ�ðzÞ ¼  ðd
Þf for all 
 2 �0ðcÞ:

Mk=2ð�0ðcÞ;  Þ denotes the vector spaces of the

forms of parallel weight k=2, level �0ðcÞ and

character  .

We review an Eisenstein series of weight 3/2,

denoted by E
0
. The Eisenstein series was construct-

ed by Shimura [14, Prop. 6.3].

Lemma 1 (Shimura). The Eisenstein series

E
0

is a form of parallel weight 3/2, level �0ðcÞ,
and character  , and its Fourier expansion is as

follows:

E
0 ¼ a0 þ

X
�22�1OF;þ

a�eð�zÞ;

where

a� ¼ ð�Þ
2gh�ðF ð

ffiffiffiffiffiffiffiffiffi
�2�
p

ÞÞ
Q
F ð

ffiffiffiffiffiffi
�2�
p

ÞwF ð
ffiffiffiffiffiffi
�2�
p

Þ
;

ð�Þ ¼
X
a;b

�ðaÞ
F ð

ffiffiffiffiffiffiffiffiffi
�2�
p

Þ=F
a

� �
NF=QðbÞ;

the pair ða; bÞ runs the all integral ideals relatively

prime to 2OF such that ðabÞ2j2�OF , � is the Möbius

function, QF ð
ffiffiffiffiffiffiffiffi
�2�
p

Þ 2 f�1g is the Hasse index of

F ð
ffiffiffiffiffiffiffiffiffi
�2�
p

Þ, and w
F ð

ffiffiffiffiffiffi
�2�
p

Þ is the number of roots of

unity in F ð
ffiffiffiffiffiffiffiffiffi
�2�
p

Þ.
Remark 1. If p� 1 > 2g, then p - wF ð

ffiffiffiffiffiffiffiffi
�2�
p

Þ.
Indeed, if a primitive p-th root of unity �p is

in F ð
ffiffiffiffiffiffiffiffiffi
�2�
p

Þ, then Qð�pÞ � F ð
ffiffiffiffiffiffiffiffiffi
�2�
p

Þ, so 2g ¼
½F ð�pÞ : Q� � ½Qð�pÞ : Q� ¼ p� 1. Thus for prime

p > 2gþ 1, the all coefficient a� (� 6¼ 0) is p-

integral. More precisely, p - w
F ð

ffiffiffiffiffiffi
�2�
p

Þ if p - wF for

wF in §.1.

Showing indivisibility of the coefficients of E
0
of

twists by quadratic characters �i, we prove the

following indivisibility result of relative class num-

bers of CM quadratic extensions of fixed totally real

number field which is Galois over Q.

Theorem 1. Let g ¼ ½F : Q�, DðF Þ be the

discriminant of F=Q, p be a prime such that

g �MðpÞ2�ord2ðMðpÞÞ and p > 2gþ 1, r a positive

integer, �1; �2; . . . ; �r 2 f0;�1g such that �i 6¼ 0 for

some i, �1; �2; . . . ; �r be quadratic Hecke characters

of F whose conductor is integral ideal N 1;

N 2; . . . ;N r respectively. We set the positive integer

N as NZ ¼ N 1N 2 	 	 	N r \ Z and set

A ¼
gN2DðF Þ

8

Y
djNDðF Þ; d:prime

1þ
1

d

� �
:

If there is a prime number q > ðA=gÞg such thatX
�22�1OF;þ; �ið�Þ¼�i;i¼1;2;...;r

Trð�Þ¼qg=2; ðqOF ;2�OF Þ6¼1

a� 6
 0 mod p;

then

# K ¼ F ð
ffiffiffiffiffiffiffiffiffi
�2�

p
Þ 2MðF;X; pÞ

���� �ið�Þ ¼ �i for

i ¼ 1; 2; . . . ; r

� �

�
X

1
2g

logX
;

where fðxÞ � gðxÞ means that there is a positive

constant C such that fðxÞ > CgðxÞ for any suffi-

ciently large x.

Remark 2. The assumption of prime p is

mild, because we can choose the prime q quite

freely. Moreover, when p - DðF Þ, the first assump-

tion can be replaced to g � ðp� 1Þ=2ord2ðp�1Þ. For

g ¼ 2 (real quadratic case), exceptional prime p is

only the Fermat primes and these are known only 3,

5, 17, 257, 65537.

Remark 3. For the technical reason, we

need the assumption that F is a Galois extension

of Q. Because, we have to control the other prime

‘ 6¼ p in the proof of Theorem 1 as totally splitting

at F=Q.
As a corollary of the proof of Theorem 1, we

can prove the following simple statement for

sufficiently large primes.

Corollary 1. Let F be a totally real number

extention of finite Galois over Q. Then, for suffi-

ciently large p

#MðF;X; pÞ � X
1
2g

logX
:

3. Vanishing of relative Iwasawa invari-

ants. If we take a certain character as the

quadratic character � in the statement of Theorem

1, we can investigate vanishing of relative Iwasawa

invariants.

Friedman [7, Criterion 1.0] showed vanishing

criterion of relative Iwasawa invariants of CM

fields.

Lemma 2. Let K be a CM field, Kþ the

maximal totally real subfield of K, and p an odd

prime. Then the followings are equivalent:

(a) ��p ðKÞ ¼ ��p ðKÞ ¼ 0,

(b) p - h�ðKÞ and there is no prime ideal pjpOF of

Kþ splitting at K=Kþ.

For prime number p � 3 and its prime ideal

factorization pOF ¼ ðp1 	 	 	 prÞ
e, we set the character

No. 2] Indivisibility of relative class numbers 35



�i as quadratic residue symbol:

�ið�Þ ¼
F ð

ffiffiffiffiffiffiffiffiffi
�2�
p

Þ=F
pi

� �
:

Taking all �i as the character and �i 2 f�1; 0g for

i ¼ 1; 2; . . . ; r or adding an auxiliary character if

�i ¼ 0 for all i, we have the following theorem:

Theorem 2. Let g ¼ ½F : Q� and DðF Þ be the

discriminant of F=Q. Let p be a prime such that

g � ½F ð�pÞ : F �=2ord2ð½F ð�pÞ:F �Þ and p > 2gþ 1. We set

A ¼ gp2DðF Þ
8

Y
djpDðF Þ; d:prime

1þ
1

d

� �
:

If there is a prime number q > ðA=gÞg such thatX
�22�1OF;þ;�ið�Þ¼�i ði¼1;2;...;rÞ

Trð�Þ¼qg=2; ðqOF ;2�OF Þ6¼1

a� 6
 0 mod p;

then

#NðF;X; pÞ �F;p
X

1
2g

logX
:

Remark 4. We cannot prove the similar

result to Corollary 1 for Theorem 2. Indeed, in the

case of Theorem 2 the constant A depends on p.

Thus even if we take sufficiently large prime p,

we cannot ensure the existence of the summation

indivisible by p.

We give a simple example on Theorem 2 for an

exceptional prime number of Naito [13].

Example 1. Let F ¼ Qð
ffiffiffiffiffi
44
p
Þ, p ¼ 7. (For

real quadratic fields, the exceptional primes are

Fermat primes.) We note that pjwF�F ð�1Þ, i.e., this

case is an exceptional case of Naito [13]. Then

A ¼ 1008 and ðA=gÞg ¼ 254016. As the prime q, we

choose q ¼ 254027 which is inert at F . Then we

have X
�22�1OF;þ;�ið�Þ¼�1 ði¼1;2Þ
Trð�Þ¼qg=2; ðqOF ;2�OF Þ6¼1

a� ¼
2gh�ðF ð ffiffiffiffiffiffi�qp ÞÞ
QF ð ffiffiffiffiffi�qp ÞwF ð ffiffiffiffiffi�qp Þ

¼ u� 27686 
 u� 1 6
 0 mod 7;

where u is a p-unit. Thus we have

#NðQð
ffiffiffiffiffi
44
p
Þ; X; 7Þ �

X
1
4

logX
:
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