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Introduction. In a previous paper [3], for

any positive integer ‘, we introduced the notion of

real quadratic fields with period ‘ of minimal type

(see Definition below) by using the simple contin-

ued fraction expansions with period ‘ of certain

quadratic irrationals, and proved that there exist

exactly 51 real quadratic fields of class number 1

that are not of minimal type, with one more possible

exception ([3, Proposition 4.4]). On the other hand,

Sasaki [7] and Lachaud [6] showed that for any

positive integers ‘ and h, there exist at most finitely

many real quadratic fields with period ‘ of class

number h. Hence we have to examine a construction

of real quadratic fields with non-fixed period ‘ of

minimal type in order to find many real quadratic

fields of class number 1. In [4, Theorem 1.1] we

proved, in the case where ‘ � 4 is an even integer

with 8 - ‘, that there exist infinitely many real

quadratic fields with period ‘ of minimal type. In

this paper, for any even integer ‘ � 4, we shall

examine a construction of positive integers with

period ‘ of minimal type (see Definition below;

Theorem 2) in a different way, as the first step of

getting real quadratic fields with period ‘ of

minimal type. To see a usefulness of Theorem 2,

we show the infiniteness of real quadratic fields with

period 8 of minimal type (Example 2).

1. Positive integers of minimal type. Let

‘ � 2 be a positive integer and let a1; a2; . . . ; a‘�1 be

a symmetric string of ‘� 1 positive integers. We

define nonnegative integers qn; rn by using an:

q0 ¼ 0; q1 ¼ 1; qn ¼ an�1qn�1 þ qn�2 ðn � 2Þ,
r0 ¼ 1; r1 ¼ 0; rn ¼ an�1rn�1 þ rn�2 ðn � 2Þ.

�
ð1:1Þ

Then we easily see that qn � rn ðn � 1Þ. For

brevity, we put

A :¼ q‘; B :¼ q‘�1; C :¼ r‘�1;

and define polynomials gðxÞ; hðxÞ; fðxÞ by

gðxÞ ¼ Ax� ð�1Þ‘BC; hðxÞ ¼ Bx� ð�1Þ‘C2;

fðxÞ ¼ gðxÞ2 þ 4hðxÞ:
Furthermore, let s0 be the least integer x for

which x > ð�1Þ‘BC=A. We consider three cases

separately:

ðIÞ A � 1 (mod 2Þ; ðIIÞ ðA;CÞ � ð0; 0Þ (mod 2Þ;
ðIIIÞ ðA;CÞ � ð0; 1Þ (mod 2Þ:

The following theorem was shown in [3, Theorem

3.1] which is an improvement of results of

Friesen [1, Theorem] and of Halter-Koch

[2, Theorem 1A, Corollary 1A]. For a real number

x, we denote by [x] the largest integer � x.

Theorem 1. Let ‘ � 2 be a fixed positive

integer and a1; . . . ; a‘�1 any symmetric string of

‘� 1 positive integers.

When Case (I) or Case (II) occurs, we let s be

any integer with s � s0, and put d :¼ fðsÞ=4 and

a0 :¼ gðsÞ=2. Here, we choose an even integer s in

Case (I), and assume that

gðsÞ > a1; . . . ; a‘�1:ð1:2Þ

Then, d and a0 are positive integers, d is non-square,

a0 ¼ ½
ffiffiffi
d
p
� and the simple continued fraction expan-

sion of
ffiffiffi
d
p

is ffiffiffi
d
p
¼ ½a0; a1; . . . ; a‘�1; 2a0�ð1:3Þ

with minimal period ‘. Also, in Case (III), there is

no positive integer d such that (1.3) is the simple

continued fraction expansion of
ffiffiffi
d
p

.

When Case (I) or Case (III) occurs, we let s be

any integer with s � s0, and put d :¼ fðsÞ and
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a0 :¼ ðgðsÞ þ 1Þ=2. Here, we choose an odd integer s

in Case (I), and assume that (1.2) holds. Then, d

and a0 are positive integers, d is non-square,

d � 1 (mod 4Þ, a0 ¼ ½ð1þ
ffiffiffi
d
p
Þ=2� and the simple

continued fraction expansion of ð1þ
ffiffiffi
d
p
Þ=2 is

1þ
ffiffiffi
d
p

2
¼ ½a0; a1; . . . ; a‘�1; 2a0 � 1�ð1:4Þ

with minimal period ‘. Also, in Case (II), there is

no positive integer d such that d � 1 (mod 4Þ and

(1.4) is the simple continued fraction expansion of

ð1þ
ffiffiffi
d
p
Þ=2.

Conversely, we let d be any non-square positive

integer. By using a quadratic polynomial fðxÞ and

an integer s0 obtained as above from the symmetric

part of the simple continued fraction expansion offfiffiffi
d
p

, d becomes uniquely of the form d ¼ fðsÞ=4
with some integer s � s0, and (1.2) holds. If d �
1 (mod 4Þ in addition then the same thing is true

for ð1þ
ffiffiffi
d
p
Þ=2.

Definition ([3, Definition 3.1]). Let d be a

non-square positive integer. By Theorem 1, d is

uniquely of the form d ¼ fðsÞ=4 with some integer

s � s0, where fðxÞ and s0 are obtained as above

from the symmetric part a1; a2; . . . ; a‘�1 of the

simple continued fraction expansion of
ffiffiffi
d
p

and ‘ is

the minimal period. If s ¼ s0, that is, d ¼ fðs0Þ=4

holds, then we say that d is a positive integer with

period ‘ of minimal type for (the simple continued

fraction expansion of)
ffiffiffi
d
p

. When d � 1 (mod 4Þ in

addition, d is uniquely of the form d ¼ fðsÞ with

some integer s � s0, where fðxÞ and s0 are obtained

as above from the symmetric part a1; a2; . . . ; a‘�1 of

the simple continued fraction expansion of ð1þffiffiffi
d
p
Þ=2 and ‘ is the minimal period. If s ¼ s0, that is,

d ¼ fðs0Þ holds, then we say that d is a positive

integer with period ‘ of minimal type for (the simple

continued fraction expansion of) ð1þ
ffiffiffi
d
p
Þ=2.

Furthermore, for a square-free positive integer

d > 1, we say that Qð
ffiffiffi
d
p
Þ is a real quadratic field

with period ‘ of minimal type, if d is a positive

integer with period ‘ of minimal type for
ffiffiffi
d
p

when

d � 2; 3 (mod 4Þ, and if d is a positive integer

with period ‘ of minimal type for ð1þ
ffiffiffi
d
p
Þ=2 when

d � 1 (mod 4Þ.
In the next section, following [3], [4] and [5], we

calculate s0, gðs0Þ, hðs0Þ in order to get positive

integers with even period of minimal type.

2. Calculation of s0, gðs0Þ and hðs0Þ. Fix

a string of L ð� 2Þ positive integers a1; � � � ; aL and

put ‘ ¼ 2L. Define

aLþ1 :¼ aL�1; aLþ2 :¼ aL�2; � � � ; a2L�1 :¼ a1;

we get a symmetric string a1; � � � ; a‘�1 of ‘� 1
positive integers. From this string, we define non-

negative integers qn; rn by (1.1). Then it is well-

known that

qnrn�1 � qn�1rn ¼ ð�1Þn�1 ð1 � n � ‘Þ:ð2:1Þ

Moreover the following hold.

Lemma. Under the above setting, we have

A ¼ q‘ ¼ ðqLþ1 þ qL�1ÞqL;
B ¼ q‘�1 ¼ ðqLþ1 þ qL�1ÞrL � ð�1ÞL;
C ¼ r‘�1 ¼ ðrLþ1 þ rL�1ÞrL;
B2 � AC ¼ ð�1Þ‘ ¼ 1:

Proof. See [4, Lemma 2.2 (i)] and [4, (2.8)]. �

Now we define integers u1, u2, w, v1, v2, z, � by

ðr2
L � ð�1ÞLÞðrLþ1 þ rL�1Þð2:2Þ
¼ qLv1 þ u1 ð0 � u1 < qLÞ;

ð�1ÞLðrL � qL�1ÞrLð2:3Þ
¼ qLzþ w ð0 � w < qLÞ;

ð�1ÞLðqL � rLþ1Þ þ zð2:4Þ
¼ qLv2 þ u2 ð0 � u2 < qLÞ;

� ¼
0 if u1 � u2,

1 if u1 > u2,

�
and calculate s0, gðs0Þ, hðs0Þ by using them.

Remark. For d 2 f19; 70; 111g, the minimal

period of the simple continued fraction expansion offfiffiffi
d
p

is 6. The calculations of u1, u2, w, v1, v2 and z

make Table I. We see that all of three cases,

u1 < u2, u1 ¼ u2 and u1 > u2, are possible.

Theorem 2. Under the above setting, the

value of fðs0Þ is determined by that of s0, gðs0Þ and

hðs0Þ as follows:

s0 ¼ v1 � v2 þ ð�1ÞL þ �;ð2:5Þ

gðs0Þ ¼
1

qL
f�Qþ 2ðqL�1 � rLÞg þ aL;ð2:6Þ

hðs0Þ ¼
1

qL
ð� � ð�1ÞLr2

L þ 1ÞRþ ð�1ÞLs0;ð2:7Þ

Table I

d u1 u2 w v1 v2 z

19 1 1 1 3 0 0

70 2 0 1 2 0 0

111 0 1 0 8 2 0
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where

� :¼ qLð�qL þ u2 � u1Þ þ w;ð2:8Þ
Q :¼ qLþ1 þ qL�1ð¼ aLqL þ 2qL�1Þ;
R :¼ rLþ1 þ rL�1ð¼ aLrL þ 2rL�1Þ:

Proof. First we show that

ð�1Þ‘ BC
A
¼ v1 � v2 þ ð�1ÞLð2:9Þ

þ
1

qL
u1 � u2 �

wþ 1

qL
þ

2rL

QqL

� �
:

Noting Lemma, we have

B ¼
ArL

qL
� ð�1ÞL;

rLC � ð�1ÞLR ¼ ðr2
L � ð�1ÞLÞR:

Hence by using (2.2) and ‘ even, we have

ð�1Þ‘
BC

A
¼ rLC

qL
� ð�1ÞL

C

A
ð2:10Þ

¼ ðr
2
L � ð�1ÞLÞR

qL
þ ð�1ÞL

R

qL
�
C

A

� �

¼ v1 þ
u1

qL
þ ð�1ÞL

R

qL
�
C

A

� �
:

Let E1 be the last term of the right hand-side of

Eq. (2.10). Then we have

E1 ¼
ð�1ÞL

qL
R�

C

Q

� �
:

Moreover, we put

E2 :¼
aL þ ð�1ÞLðrL � qL�1ÞR

Q
:

Here we remark that the relation

qLrL�1 � qL�1rL ¼ ð�1ÞL�1ð2:11Þ

holds by (2.1). Then we have

QrL�1 � Cð2:12Þ
¼ ðaLqL þ 2qL�1ÞrL�1 � ðaLrL þ 2rL�1ÞrL
¼ aLðqLrL�1 � r2

LÞ þ 2ðqL�1 � rLÞrL�1

¼ aLðqL�1rL þ ð�1ÞL�1 � r2
LÞ

þ 2ðqL�1 � rLÞrL�1

¼ �ð�1ÞLaL þ aLðqL�1 � rLÞrL
þ 2ðqL�1 � rLÞrL�1

¼ �ð�1ÞLaL þ ðqL�1 � rLÞðaLrL þ 2rL�1Þ

¼ �ð�1ÞLaL � ðrL � qL�1ÞR
¼ �ð�1ÞLE2Q;

and hence

E1 ¼
ð�1ÞL

qL
rLþ1 þ rL�1 �

C

Q

� �
ð2:13Þ

¼
ð�1ÞL

qL
rLþ1 þ

1

Q
ðQrL�1 � CÞ

� �

¼
ð�1ÞLrLþ1

qL
�
E2

qL
:

On the other hand, by (2.11) we have

QrL � qLR ¼ qLþ1rL þ qL�1rLð2:14Þ
� qLrLþ1 � qLrL�1

¼ ð�1ÞL � ð�1ÞL�1 ¼ ð�1ÞL2;

and hence

R

Q
¼ rL

qL
�
ð�1ÞL2

QqL
:

From this together with (2.3), we have

E2 ¼
aL

Q
þ ð�1ÞLðrL � qL�1Þ

R

Q
ð2:15Þ

¼
aL

Q
þ ð�1ÞLðrL � qL�1Þ

rL

qL
�
ð�1ÞL2

QqL

 !

¼ ð�1ÞLðrL � qL�1ÞrL
qL

þ
aLqL � 2rL þ 2qL�1

QqL

¼ zþ
w

qL
þ
Q� 2rL

QqL
:

Note that (2.4) gives the equation

ð�1ÞLrLþ1 � z
qL

¼ ð�1ÞL � v2 �
u2

qL
:ð2:16Þ

Then by (2.13), (2.15) and (2.16), we have

E1 ¼
ð�1ÞLrLþ1 � z

qL
�
w

q2
L

�
Q� 2rL

Qq2
L

¼ ð�1ÞL � v2 þ
1

qL
�u2 �

wþ 1

qL
þ

2rL

QqL

� �
:

Substituting this into (2.10), we get (2.9).

For brevity, we denote by E the last term of

the right hand-side of (2.9) and then
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E ¼
1

qL
u1 � u2 �

wþ 1

qL

� �
þ 2rL

Qq2
L

:

Then by 0 � w � qL � 1, we have

1

qL
�
wþ 1

qL
� 1:ð2:17Þ

Since Q ¼ aLqL þ 2qL�1 � qL þ 2, we have

QqL � 2rL � q2
L þ 2ðqL � rLÞ > 0:ð2:18Þ

When u1 < u2, it holds from u1 � 0 and u2 � qL � 1
that 1� qL � u1 � u2 � �1. Then by (2.17), we

have

�qL � u1 � u2 �
wþ 1

qL
� �1�

1

qL
< �1;

and consequently,

�1 < E � � 1

qL
þ

2rL

Qq2
L

¼ �
1

Qq2
L

ðQqL � 2rLÞ:

Then by (2.18), we have �1 < E < 0, that is, E þ 1

is the decimal part of ð�1Þ‘BC=A. Hence by the

definition of s0, we have s0 ¼ v1 � v2 þ ð�1ÞL. When

u1 ¼ u2, by (2.17), we have

�1 < E � �
1

q2
L

þ
2rL

Qq2
L

¼ �
1

Qq2
L

ðQ� 2rLÞ:

First, assume that Q > 2rL. Then this inequality

yields that �1 < E < 0 and we have s0 ¼ v1 �
v2 þ ð�1ÞL. Next, assume that Q � 2rL. If we

assume w ¼ 0 then (2.3) implies that

ð�1ÞLðrL � qL�1ÞrL � 0 (mod qLÞ:

As gcdðrL; qLÞ ¼ 1 by (2.1), we obtain rL � qL�1 �
0 (mod qLÞ. So, rL � qL�1 ¼ tqL with some integer

t. It follows from rL � qL and 0 < qL�1 that t � 0.

Hence,

Q� 2rL ¼ aLqL þ 2qL�1 � 2rL

> 2ðqL�1 � rLÞ ¼ �2tqL � 0:

This contradicts Q � 2rL. Thus, w > 0 holds. Then

by Q > qL, we have

E ¼ � wþ 1

q2
L

þ
2rL

Qq2
L

� �
2

q2
L

þ
2rL

Qq2
L

¼
2

Qq2
L

ðrL �QÞ <
2

Qq2
L

ðrL � qLÞ � 0:

Hence we have �1 < E < 0 so that s0 ¼ v1 � v2 þ
ð�1ÞL. Finally, when u1 > u2, it holds from u1 �
qL � 1 and u2 � 0 that 1 � u1 � u2 � qL � 1. Then

by (2.17), we have

0 � u1 � u2 �
wþ 1

qL
� qL � 1�

1

qL
< qL � 1;

and consequently,

0 <
2rL

Qq2
L

� E < 1�
1

qL
þ

2rL

Qq2
L

¼ 1�
1

Qq2
L

ðQqL � 2rLÞ:

By (2.18), we have 0 < E < 1, that is, E is the

decimal part of ð�1Þ‘BC=A. Thus we get s0 ¼
v1 � v2 þ ð�1ÞL þ 1.

Next, let us calculate gðs0Þ. By using (2.2) and

(2.4), we have

qLs0 ¼ qLðv1 � v2 þ ð�1ÞL þ �Þð2:19Þ
¼ fðr2

L � ð�1ÞLÞR� u1g
� fð�1ÞLðqL � rLþ1Þ þ z� u2g
þ qLðð�1ÞL þ �Þ
¼ r2

LR� ð�1ÞLRþ ð�1ÞLrLþ1

� u1 � zþ u2 þ �qL
¼ rLC � ð�1ÞLrL�1 þ S;

where we put S :¼ �qL þ u2 � u1 � z. Then we have

As0 ¼ QqLs0

¼ QrLC � ð�1ÞLQrL�1 þQS
¼ ðBþ ð�1ÞLÞC � ð�1ÞLQrL�1 þQS
¼ BC þ ð�1ÞLðC �QrL�1Þ þQS:

Hence by (2.12), we have

gðs0Þ ¼ As0 �BCð2:20Þ
¼ ð�1ÞLðC �QrL�1Þ þQS
¼ E2QþQS
¼ aL þ ð�1ÞLðrL � qL�1ÞRþQS:

Here, it follows from (2.3) and (2.8) that

S ¼ �qL þ u2 � u1 � zð2:21Þ

¼ �qL þ u2 � u1 �
ð�1ÞLðrL � qL�1ÞrL � w

qL

¼
1

qL
fqLð�qL þ u2 � u1Þ þ w

� ð�1ÞLðrL � qL�1ÞrLg

¼
1

qL
f� � ð�1ÞLðrL � qL�1ÞrLg:
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By substituting this into (2.20) and by using (2.14),

therefore, we get

gðs0Þ ¼ aL þ ð�1ÞLðrL � qL�1ÞR

þ
Q

qL
f� � ð�1ÞLðrL � qL�1ÞrLg

¼ aL þ
1

qL
fð�1ÞLðrL � qL�1ÞqLR

þQ� � ð�1ÞLðrL � qL�1ÞQrLg

¼ aL þ
1

qL
fQ� þ ð�1ÞLðrL � qL�1ÞðqLR�QrLÞg

¼ aL þ
1

qL
fQ� þ 2ðqL�1 � rLÞg:

Next let us calculate hðs0Þ. By (2.14), we have

B ¼ QrL � ð�1ÞL ¼ qLRþ ð�1ÞL:

Then by (2.19), we have

Bs0 ¼ qLRs0 þ ð�1ÞLs0

¼ RrLC � ð�1ÞLRrL�1

þ Rð�qL þ u2 � u1 � zÞ þ ð�1ÞLs0

¼ C2 � ð�1ÞLRrL�1

þ Rð�qL þ u2 � u1 � zÞ þ ð�1ÞLs0:

By (2.21) and (2.11), therefore, we have

hðs0Þ ¼ Bs0 � C2

¼ �ð�1ÞLRrL�1 þ Rð�qL þ u2 � u1 � zÞ þ ð�1ÞLs0

¼ �ð�1ÞLRrL�1

þ
R

qL
f� � ð�1ÞLðrL � qL�1ÞrLg þ ð�1ÞLs0

¼
R

qL
f� � ð�1ÞLðr2

L þ qLrL�1 � qL�1rLÞg þ ð�1ÞLs0

¼
R

qL
f� � ð�1ÞLðr2

L þ ð�1ÞL�1Þg þ ð�1ÞLs0

¼
R

qL
ð� � ð�1ÞLr2

L þ 1Þ þ ð�1ÞLs0:

Theorem 2 is now proved. �

Example 1. Let L ¼ 2 and consider a sym-

metric string a1; a2; a1. Then we have Table II.

Hence by

ðr2
L � ð�1ÞLÞðrLþ1 þ rL�1Þ ¼ 0 ¼ 0qL þ 0;

ð�1ÞLðrL � qL�1ÞrL ¼ 0 ¼ 0qL þ 0;

we obtain u1 ¼ 0; v1 ¼ 0; w ¼ 0; z ¼ 0. Moreover, we

have

ð�1ÞLðqL � rLþ1Þ þ z ¼ ð�1Þ2ða1 � a2Þ ¼ a1 � a2:

First we consider the case where a1 j a2. Since

qL ¼ a1 and

ð�1Þ2ðqL � rLþ1Þ þ z ¼ 0þ a1ð1� a2=a1Þ;

we have u2 ¼ 0, v2 ¼ 1� a2=a1. Then we have u1 ¼
0 ¼ u2, so � ¼ 0. Hence by (2.5), we have

s0 ¼ v1 � v2 þ ð�1ÞL ¼ a2=a1:

Since

� ¼ qLð�qL þ u2 � u1Þ þ w ¼ 0;

it follows from (2.6), (2.7) that gðs0Þ ¼ a2 and

hðs0Þ ¼ a2=a1.

Next, we consider the case where a1 - a2. Let r

be the remainder of the division of a2 by a1, that is,

a2 ¼ a1½a2=a1� þ r; 0 < r < a1:

Then we have

ð�1ÞLðqL � rLþ1Þ þ z ¼ a1 � rþ a1ð�½a2=a1�Þ;

and hence u2 ¼ a1 � r, v2 ¼ �½a2=a1�. Then we have

u1 ¼ 0 < a1 � r ¼ u2, and hence � ¼ 0. By (2.5),

therefore, we have

s0 ¼ v1 � v2 þ ð�1ÞL ¼ ½a2=a1� þ 1:

Since

� ¼ qLð�qL þ u2 � u1Þ þ w ¼ a1ða1 � rÞ;

it follows from (2.6), (2.7) that

gðs0Þ ¼ ða1 � rÞða1a2 þ 2Þ þ a2;

hðs0Þ ¼ ða1 � rÞa2 þ ½a2=a1� þ 1:

Example 2. Let L ¼ 4, t be a positive inte-

ger, and consider a symmetric string 2; 2; 1; 7t; 1;
2; 2. Then we have Table III. Hence by

ðr2
L � ð�1ÞLÞðrLþ1 þ rL�1Þ ¼ 7ð24tþ 4Þ þ 4;

ð�1ÞLðrL � qL�1ÞrL ¼ �6 ¼ 7ð�1Þ þ 1;

we obtain u1 ¼ 4, v1 ¼ 24tþ 4, w ¼ 1, z ¼ �1. Since

ð�1ÞLðqL � rLþ1Þ þ z ¼ 7ð�3tÞ þ 4, we have u2 ¼ 4,

v2 ¼ �3t. This yields that � ¼ 0 and � ¼ 1. Hence

we see by Theorem 2 that

s0 ¼ 27tþ 5; gðs0Þ ¼ 2ð7tþ 1Þ; hðs0Þ ¼ 6tþ 1;

Table II

n 0 1 2 3

qn 0 1 a1 a1a2 þ 1

rn 1 0 1 a2
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so that

dðtÞ :¼ fðs0Þ=4 ¼ 72t2 þ 4 � 5tþ 2:

Since A ¼ 7ð49tþ 10Þ and C ¼ 3ð21tþ 4Þ by Lem-

ma, if t is even (resp. odd) then Case (II) occurs

(resp. Case (I) occurs and s0 is even). The assump-

tion (1.2) of Theorem 1 holds: gðs0Þ > 2; 7t. Hence,

Theorem 1 implies that the simple continued frac-

tion expansion of
ffiffiffiffiffiffiffiffi
dðtÞ

p
isffiffiffiffiffiffiffiffi

dðtÞ
p

¼ ½7tþ 1; 2; 2; 1; 7t; 1; 2; 2; 14tþ 2�

and dðtÞ is a positive integer with period 8 of

minimal type for
ffiffiffiffiffiffiffiffi
dðtÞ

p
. The discriminant DðdðtÞÞ

of dðtÞ is 8 ð6¼ 0Þ. We see by a result of Nagell

(cf. [3, Proposition 6.1]) that the set fdð2uÞ j u 2 Ng
(resp. fdð2u� 1Þ j u 2 Ng) contains infinite square-

free elements. Consequently, we can choose a

sequence fdngn�1 of square-free positive integers

which is strictly monotonously increasing such that

dn � 2 (mod 4Þ (resp. dn � 3 (mod 4Þ). Thus there

exist infinitely many real quadratic fields with

period 8 of minimal type. (We see that dð1Þ ¼ 71,

dð3Þ ¼ 503 and the class numbers of real quadratic

fields Qð
ffiffiffiffiffi
71
p
Þ and Qð

ffiffiffiffiffiffiffiffi
503
p

Þ are both equal to 1.)

Finally, we give the factorization of fðxÞ. We

will use it to construct systematically such fields

as in Example 2 for any even period ð� 6Þ.
Proposition. Put ‘ ¼ 2L. Then fðxÞ can be

factored into two polynomials of degree 1:

fðxÞ ¼ fq2
Lx� r2

LðqLR� ð�1ÞLÞg
	 fQ2x� R2ðQrL þ ð�1ÞLÞg;

where Q :¼ qLþ1 þ qL�1, R :¼ rLþ1 þ rL�1.

Proof. By the definition of fðxÞ, we have

fðxÞ ¼ ðAx� BCÞ2 þ 4ðBx� C2Þ
¼ A2x2 � 2ðAC � 2ÞBxþ ðB2 � 4ÞC2:

On the other hand, since it follows from (2.14) and

Lemma that

qLR� ð�1ÞL ¼ QrL � ð�1ÞL3

¼ Bþ ð�1ÞL � ð�1ÞL3

¼ B� ð�1ÞL2;

QrL þ ð�1ÞL ¼ Bþ ð�1ÞL2;

we obtain

fq2
Lx� r2

LðqLR� ð�1ÞLÞg
	 fQ2x� R2ðQrL þ ð�1ÞLÞg
¼ q2

LQ
2x2

� fq2
LR

2ðBþ ð�1ÞL2Þ þQ2r2
LðB� ð�1ÞL2Þgx

þ r2
LR

2ðB� ð�1ÞL2ÞðBþ ð�1ÞL2Þ
¼ A2x2

� fq2
LR

2ðBþ ð�1ÞL2Þ þQ2r2
LðB� ð�1ÞL2Þgx

þ C2ðB2 � 4Þ:
Here, as B2 ¼ AC þ 1 by Lemma, we have

q2
LR

2ðBþ ð�1ÞL2Þ þQ2r2
LðB� ð�1ÞL2Þ

¼ ðB� ð�1ÞLÞ2ðBþ ð�1ÞL2Þ
þ ðBþ ð�1ÞLÞ2ðB� ð�1ÞL2Þ
¼ ðB2 � ð�1ÞL2Bþ 1ÞðBþ ð�1ÞL2Þ
þ ðB2 þ ð�1ÞL2Bþ 1ÞðB� ð�1ÞL2Þ
¼ ð2B2 þ 2ÞBþ ð�ð�1ÞL4BÞð�1ÞL2

¼ 2ðB2 � 3ÞB ¼ 2ðAC � 2ÞB:

The proof is completed. �
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Table III

n 0 1 2 3 4 5

qn 0 1 2 5 7 49tþ 5

rn 1 0 1 2 3 21tþ 2
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