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Abstract: In this paper we show that for each formal symbol p of minimum type there is a

formal symbol q of minimum type satisfying expð: p :Þ ¼: expðqÞ :.
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1. Introduction. Sato, M., T. Kawai and

M. Kashiwara won epoch-making results in the

theory of transformation of the system of linear

partial (pseudo) differential equations by using

pseudodifferential operators of infinite order (cf.

[5]). T. Aoki accomplished exponential calculus of

analytic pseudodifferential operators (see [1]). We

consider the case of a kind of the direct product

structure (see [2–4]). That is, we consider calculus

of analytic pseudodifferential operators of product

type and of minimum type and generalize the

theory of T. Aoki in some sense. The study of

minimum type is connected with exponential cal-

culus of positive definite operators of infinite order

which have deep relation to the energy method in

the hyperfunction theory (see [2]). We naturally

define an exponential function of a pseudodifferen-

tial operator of minimum type as a pseudodiffer-

ential operator of product type (see [4]). In this

paper we show that for each formal symbol p of

minimum type there is a formal symbol q of

minimum type satisfying expð: p :Þ ¼: expðqÞ :. That

is, the exponential function of an operator of

minimum type has an exponential symbol.

2. Symbols of minimum type. Let X �
Cn and Y � Cm be domains. Then, the cotangent

bundles T �X and T �Y are identified with X �Cn

and Y �Cm, respectively. We set

S�X :¼ ðT �X �XÞ=Rþ; S�Y :¼ ðT �Y � Y Þ=Rþ

and define the mapping � as

�:T �
��
ðX � Y Þ 3 ðx; y; �; �Þ

7�! x;
�

j�j

� �
� y;

�

j�j

� �
2 S�X � S�Y ;

where T �
��
ðX � Y Þ :¼ T �ðX � Y ÞnfðT �X � Y Þ [

ðX � T �Y Þg. For d1; d2 > 0 and an open subset U

of S�X � S�Y , we use the notation

��1ðU ; d1; d2Þ :¼ ��1ðUÞ \ fj�j > d1; j�j > d2g:

Hereafter we write ðx; �; y; �Þ for coordinates

ðx; y; �; �Þ.
Let K be a compact subset of S�X � S�Y .

Definition 2.1. A formal seriesP1
j;k¼0 Pj;kðx; �; y; �Þ is called a formal symbol of

product type on K if the following hold.

(1) There are some constants d > 0, 0 < A < 1, and

an open set U � K in S�X � S�Y such that Pj;k is

holomorphic in ��1ðU; ðjþ 1Þd; ðkþ 1ÞdÞ for each

j; k � 0.

(2) For each " > 0, there is some constant C" > 0
such that

jPj;kðx; �; y; �Þj 	 C"Ajþke"ðj�jþj�jÞð2:1Þ

on ��1ðU ; ðjþ 1Þd; ðkþ 1ÞdÞ for each j; k � 0.

We denote by bSSðKÞ the set of such formal

symbols on K and often write a formal power seriesP1
j;k¼0 t

j
1t
k
2Pj;kðx; �; y; �Þ with indeterminates t1 and

t2 instead of
P1

j;k¼0 Pj;kðx; �; y; �Þ.
Definition 2.2. We denote by bRRðKÞ the set

of all P ðt1; t2;x; �; y; �Þ :¼
P1

j;k¼0 t
j
1t
k
2Pj;kðx; �; y; �Þ inbSSðKÞ such that there are some constants d > 0,

0 < A < 1, and an open set U � K in S�X � S�Y
satisfying the following: for each " > 0, there is

some constant C" > 0 such that

X
0	j	s
0	k	t

Pj;kðx; �; y; �Þ

�������
������� 	 C"Aminfs;tge"ðj�jþj�jÞð2:2Þ

on ��1ðU ; ðsþ 1Þd; ðtþ 1ÞdÞ for each s; t � 0.

We call an element of bRRðKÞ a formal symbol of

zero class. bSSðKÞ= bRRðKÞ becomes a commutative ring

(see [3]).
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Definition 2.3. We call an element in the

ring bSSðKÞ= bRRðKÞ a pseudo-differential operator of

product type on K. We write :
P
Pj;k : for the

associated pseudodifferential operator of product

type on K using an element
P
Pj;k in bSSðKÞ.

Definition 2.4. A function � : R>0 �! R>0

is said to be infra-linear if the following conditions

hold:

(a) � is continuous;

(b) for each � > 1, �ð�tÞ 	 ��ðtÞ on ð0;1Þ;
(c) � is increasing;

(d) lim
t!1

�ðtÞ
t
¼ 0.

Hereafter we fix two infra-linear functions �;��

and put

~��ð�; �Þ ¼ minf�ðj�jÞ;��ðj�jÞg:

Definition 2.5.
P
Pj;k in bSSðKÞ is called a

formal symbol of minimum type of growth order

ð�;��Þ, or simply of e��-type on K if there exist some

constants C > 0, d > 0, 0 < A < 1, and an open set

U � K in S�X � S�Y satisfying the following: (1)

Pj;k is holomorphic in ��1ðU; ðjþ 1Þd; ðkþ 1ÞdÞ for

each j; k � 0,

(2) the inequality

jPj;kðx; �; y; �Þj 	 CAjþk minf�ðj�jÞ;��ðj�jÞg

holds on ��1ðU ; ðjþ 1Þd; ðkþ 1ÞdÞ for each j; k � 0.

Remark 2.6. If
P
Pj;k is a formal symbol of

minimum type on K, e
P
Pj;k is a formal symbol of

product type on K.

From now on, we use the notation t; t�; x�; ��

instead of t1; t2; y; �. Furthermore, P
t; x; �
t�; x�; ��

� �
stands for a formal symbol of product type

P ðt; t�;x; �; x�; ��Þ ¼
X
j;j��0

tjt�j
�
pj;j� ðx; �; x�; ��Þ

3. Exponential function of operators.

Suppose that

p
t; x; �

t�; x�; ��

� �
¼
X
j;j��0

tjt�j
�
pj;j�

x; �

x�; ��

� �
is a formal symbol of e��-type on K.

Then we shall define the operator

exp s : p
t; x; �
t�; x�; ��

� �
:

� �
for each complex num-

ber s.

To define the operator expðs : p :Þ (s 2 C), we

set the sequence fpðlÞgðl � 0Þ as follows by intro-

ducing copies t1; t
�
1; t2; t

�
2 of t; t�:

pð0Þ
t1; t2; x; �

t�1; t�2; x�; ��

� �
:¼ 1;ð3:1Þ

pðlþ1Þ t1; t2; x; �

t�1; t�2; x�; ��

� �
:¼ expðt2h@�; @yið3:2Þ

þ t�2h@�� ; @y� iÞp
t1; x; �

t�1; x�; ��

� �
� pðlÞ

t1; t2; y; �

t�1; t�2; y�; ��

� ����� y; �

y�; ��

� �
¼

x; �

x�; ��

� �:
By the definition of pðlÞ, we obtain

: pðlÞ
t; t; x; �

t�; t�; x�; ��

� �
: ¼ ð: p :Þl:

We put

pðlÞ
t1; t2; x; �

t�1; t�2; x�; ��

� �
:¼

X
j;k�0
j�;k��0

tj1t
k
2t
�
1
j�t�2

k�p
ðlÞ
ðj; kÞðj�; k�Þ

x; �

x�; ��

� �
:

Then by (3.1) and (3.2), we obtain the following

recursive formulas:

p
ð0Þ
ðj; kÞðj�; k�Þ

¼
1; if ðj; k; j�; k�Þ ¼ ð0; 0; 0; 0Þ
0; otherwise

�
;

p
ðlþ1Þ
ðj; kÞðj�; k�Þ

x; �

x�; ��

� �
¼

X
iþ�¼j; j�jþ�¼k

i�þ��¼j�;j��jþ��¼k�

1

�!

1

��!
@�� @

��

��

pi;i�
x; �

x�; ��

� �
� @�x @�

�

x� p
ðlÞ
ð�;�Þð��;��Þ

x; �

x�; ��

� �
:

It is clear that p
ðlÞ
ðj;kÞðj�;k�Þ is holomorphic on

��1ðU ; ðjþ 1Þd; ðj� þ 1ÞdÞ for j; j� � 0. On the other

hand, we put

E
t1; t2; s; x; �

t�1; t�2; x�; ��

� �
¼
X1
l¼0

sl

l!
pðlÞ

t1; t2; x; �

t�1; t�2; x�; ��

� �
:

Then we obtain the following proposition and

theorem in [4].

Proposition 3.1. For each s 2 C, the for-

mal series E
t; t; s; x; �
t�; t�; x�; ��

� �
is a formal
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symbol of product type of growth order e
~��.

Therefore we can define expðs : p :Þ as

expðs : p :Þ :¼ : E
t; t; s; x; �

t�; t�; x�; ��

� �
: :

Theorem 3.2. Suppose that p is a formal

symbol of e��-type on K. Then expðs : p :Þ satisfies the

following

@s expðs : p :Þ ¼: p : expðs : p :Þ;
expðs : p :Þjs¼0 ¼ 1:

�
ð3:3Þ

Moreover, the following exponential law holds:

expðs1 : p :Þ expðs2 : p :Þ ¼ expððs1 þ s2Þ : p :Þ:

In particular, expð�s : p :Þ is the inverse operator of

expðs : p :Þ.
4. Main result. Let p

t; x; �
t�; x�; ��

� �
be a

formal symbol of ~��-type on K. Then, we see that

expðs : p :Þ ðs 2 CÞ defined by

expðs : p :Þ

¼: E
t1; t2; s; x; �

t�1; t�2; x�; ��

 !���� t1 ¼ t2 ¼ t
t�1 ¼ t�2 ¼ t�

 ! :

is a formal symbol of product type of growth

order e
~��. In this section, we construct

q
t; s; x; �
t�; x�; ��

� �
as a formal symbol of ~��-type

such that for each s 2 C

expðs : p :Þ ¼: exp q
t; s; x; �

t�; x�; ��

� �� �
: :

We put

q :¼
X
i;i��0

tit�i
�
qi;i�

s; x; �

x�; ��

� �
¼
X
i;i��0

tit�i
�X1
l¼1

slq
ðlÞ
i;i�

x; �

x�; ��

� �
:

Due to the idea in [1] we construct q as the solution

of the following equation:

@s : expðqÞ :¼: p : : expðqÞ :;

: exp q
t; 0; x; �

t�; x�; ��

� �
:¼ 1

8<: ;

where

: p : : expðqÞ :

¼: exp t@� 
 @y þ t�@�� 
 @y�
� �"

p
t; x; �

t�; x�; ��

� �

� exp q
t; s; y; �

t�; y�; ��

� �� �#����� y¼x; �¼�
y�¼x�;��¼��

: :

Hence we introduce another formal series  and q by

the equation:

exp t3t2@� 
 @y þ t�3t�2@�� 
 @y�
� �"

p
t1; x; �

t�1; x�; ��

� �
ð4:1Þ

� exp q
t1; t2; s; y; �

t�1; t�2; y�; ��

� �� �#

¼  
t1; t2; t3; s; x; �; y; �

t�1; t�2; t�3; x�; ��; y�; ��

� �
� exp q

t1; t2; s; y; �

t�1; t�2; y�; ��

� �� �
:

Then, it is easy to see that  and exp q in the

right side of (4.1) need to satisfy the following

equalities:

@t3 ¼ e�q@t3ð eqÞ ¼ e�qt2@� 
 @yð eqÞ
¼ t2ð@� 
 @y þ @yq 
 @� Þ;

@t�
3
 ¼ e�q@t�

3
ð eqÞ ¼ e�qt�2@�� 
 @y� ð eqÞ

¼ t�2ð@�� 
 @y� þ @y�q 
 @�� Þ;

8>>><>>>:
: eq@sq

t; t; s; x; �

t�; t�; x�; ��

� �
:¼ @sð: eq :Þ

¼: p : : eq :

¼: eq 
t; t; 1; s; x; �; x; �

t�; t�; 1; x�; ��; x�; ��

� �
: :

Hence by putting

q
t1; t2; s; x; �

t�1; t�2; x�; ��

� �
ð4:2Þ

¼
X

l;i;j;i�;j�
slti1t

j
2t
�
1
i�t�2

j�q
ðlÞ
ði;jÞði�;j�Þ

x; �

x�; ��

� �
;

 ¼
X

l;i;j;k;i�;j�;k�
slti1t

j
2t
k
3t
�
1
i�t�2

j�t�3
k�ð4:3Þ

 
ðlÞ
ði;j;kÞði�;j�;k�Þ

x; �; y; �

x�; ��; y�; ��

� �
;

we have the following recursive formulas:

q
ðlþ1Þ
ði;jÞði�;j�Þ

x; �

x�; ��

� �
ð4:4Þ

¼
1

lþ 1

X
0	k	j

0	k�	j�

 
ðlÞ
ði;j;kÞði�;j�;k�Þ
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�
x; �; x; �

x�; ��; x�; ��

� �
;

ðkþ 1Þ ðlÞði;j;kþ1Þði�;j�;k�Þ
x; �; y; �

x�; ��; y�; ��

� �
ð4:5Þ

¼ @� 
 @y ðlÞði;j�1;kÞði�;j�;k�Þ
x; �; y; �

x�; ��; y�; ��

� �
þ
P00P

l0þl00¼l @� 
ðl0Þ
ði0;j0;kÞði0�;j0�;k�Þ

�
x; �; y; �

x�; ��; y�; ��

� �

 @yqðl

00Þ
ði00;j00Þði00�;j00�Þ

y; �

y�; ��

� �
;

ðk� þ 1Þ ðlÞði;j;kÞði�;j�;k�þ1Þ
x; �; y; �

x�; ��; y�; ��

� �
ð4:6Þ

¼ @�� 
 @y� ðlÞði;j;kÞði�;j��1;k�Þ
x; �; y; �

x�; ��; y�; ��

� �
þ
P00�P

l0þl00¼l


 @�� ðl
0Þ
ði0;j0;kÞði0�;j0�;k�Þ

x; �; y; �

x�; ��; y�; ��

� �

 @y�ql

00

ði00;j00Þði00�;j00�Þ
y; �

y�; ��

� �
;

where
P00 is the sum ranging over i0 þ i00 ¼ i,

j0 þ j00 ¼ j� 1, i0� þ i00� ¼ i�, j0� þ j00� ¼ j� and
P00�

is the sum ranging over i0 þ i00 ¼ i, j0 þ j00 ¼ j,
i0� þ i00� ¼ i�, j0� þ j00� ¼ j� � 1. We see that

q
ðlÞ
i;i�

x; �

x�; ��

� �
¼

X
0	j	i

0	j�	i�

q
ðlÞ
ði�j;jÞði��j�;j�Þ

x; �

x�; ��

� �
:

Lemma 4.1. We have the following initial

and boundary conditions:

 
ðlÞ
ði;j;0Þði�;j�;0Þ

x; �; y; �

x�; ��; y�; ��

� �
ð4:7Þ

¼ �l;0�j;0�j�;0 
 pi;i�
x; �

x�; ��

� �
;

 
ðlÞ
ði;j;kÞði�;j�;k�Þ

x; �; y; �

x�; ��; y�; ��

� �
¼ 0ð4:8Þ

ðj < l or j < k or j� < l or j� < k�Þ;
q
ðlÞ
ði;jÞði�;j�Þ ¼ 0 if l > jþ 1 or l > j� þ 1:ð4:9Þ

Proof. The first equation directly follows from

(4.1). Further, the second equation is also clear

from (4.1) when j < k, or j� < k�. On the other

hand, using the recursive formulas above, we can

prove the second equation for j < l or j� < l, and the

third equation for jþ 1 < l or j� þ 1 < l simulta-

neously by double mathematical induction on l, and

kþ k�, that is, the main induction on l and the

supplementary induction on kþ k�. �

Therefore, we have the following:

qi;i�
s; x; �

x�; ��

� �
¼ pi;i�

x; �

x�; ��

� �
ð4:10Þ

þ
X

0 	 j 	 i

0 	 j� 	 i�

ðj; j�Þ 6¼ ð0; 0Þ

Xminfj;j�gþ1

l¼1

slq
ðlÞ
ði�j;jÞði��j�;j�Þ

�
x; �

x�; ��

� �
:

Theorem 4.2. For each s 2 C, the formal

series q is a formal symbol of ~��-type on K satisfying

the following:

: exp q
t; t; s; x; �

t�; t�; x�; ��

� �
:¼ exp s : p :ð Þ:

5. Outline of the proof of Theorem 4.2.

Suppose that p satisfies the following: there exist

some constants �0, d > 0, 0 < A < 1, and an open set

Uð� KÞ in S�X � S�Y such that

pi;i�
x; �

x�; ��

� ����� ���� 	 ðiþ 1Þ�2ði� þ 1Þ�2Aiþi� ~��ð�; ��Þ

on ��1ðU; ðiþ 1Þd�0 ; ði� þ 1Þd�0 Þ, where d�0 :¼
dð1� �0Þ. We introduce some notations:

V :¼ ��1ðUÞ � ��1ðUÞ;

Z�0 :¼
(

x; �; y; �

x�; ��; y�; ��

� �
2 V ;

j�0 � �j 	 �0j�j; jy0 � yj 	 �0;
j��0 � ��j 	 �0j��j; jy�0 � y�j 	 �0;
j�0 � �j 	 �0j�j; jx0 � xj 	 �0;
j��0 � ��j 	 �0j��j; jx�0 � x�j 	 �0

¼)
x0; �0; y0; �0

x�0; ��0; y�0; ��0

 !
2 V

)
;

Z�0

ð	1;	2Þð	�1;	�2Þ
:¼
(

x0; �0; y0; �0

x�0; ��0; y�0; ��0

 !
;

9
x; �; y; �

x�; ��; y�; ��

� �
2 Z�0 such that

j�0 � �j 	 	1j�j; jy0 � yj 	 	2;

j��0 � ��j 	 	�1j��j; jy�
0 � y�j 	 	�2;
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j�0 � �j 	 	1j�j; jx0 � xj 	 	2;

j��0 � ��j 	 	�1j��j; jx�
0 � x�j 	 	�2

)

Z�0

ð	1;	2Þð	�1;	�2Þ
ðd1; d2; d�1; d

�
2Þ :¼ Z�0

ð	1;	2Þð	�1;	�2Þ
\

fj�j � d1; j�j � d2; j��j � d�1; j��j � d�2g;

DZ�0

	;	� ðd; d�Þ :¼
(

x; �

x�; ��

� �
;

x; �; x; �

x�; ��; x�; ��

� �
2 Z�0

ð	;	Þð	�;	�Þðd; d; d�; d�Þ
)
;

Cj1;


;jm :¼
Ym
�¼1

1

ðj� þ 1Þ2
;

where j� is a nonnegative integer for each natural

number �. Then, we can prove the theorem using

the following lemma.

Lemma 5.1. There exist N > 1, C > 1,

� 2 ð0; �0Þ such that the following ð1Þ and ð2Þ hold:

(1) For any 	1, 	2, 	�1, 	�2 2 ð0; �Þ and any 	02 2 ð0; 	2Þ,
	02
� 2 ð0; 	�2Þ

 
ðlÞ
ði;j;kÞði�;j�;k�Þ

x; �; y; �

x�; ��; y�; ��

� ����� ����ð5:1Þ

	
1

l!ðlþ 1Þ2
~��ð�; ��Þ~��ð�; ��Þlj�j�kj��j�k

�

� j�j�jþkj��j�j
�þk�

� j!Cijk½ð� � 	1Þ�kð� � 	2Þ�2jþk�N

� ½A�2Nð� � 	02Þ
�2N �i

� j�!Ci�j�k� ½ð� � 	�1Þ
�k� ð� � 	�2Þ

�2j�þk� �N

� ½A�2Nð� � 	02
�Þ�2N �i

�
ðl � 0Þ

on Z�0

ð	1;	2Þð	�1;	�2Þ
ððiþ 1Þd	1 ; ðiþ 1Þd	2 ; ði� þ 1Þd	�

1
; ði� þ

1Þd	�
2
Þ.

(2) For any 	0 2 ð0; 	Þ, 	0� 2 ð0; 	�Þ

q
ðlþ1Þ
ði;jÞði�;j�Þ

x; �

x�; ��

� ����� ����ð5:2Þ

	
C

ðlþ 1Þ!ðlþ 2Þ2
~��ð�; ��Þ~��ð�; ��Þl

� j!Cijð� � 	Þ�2jN ½A�2Nð� � 	0Þ�2N �ij�j�j

� j�!Ci�j� ð� � 	�Þ�2j�N

� ½A�2Nð� � 	0�Þ�2N �i
�
j��j�j

�

ðl � 0Þ on DZ�0
	;	� ððiþ 1Þd	; ði� þ 1Þd	� Þ.

Detailed proofs of the above lemma and

Theorem 4.2 will be published elsewhere.

Acknowledgements. The author would like

to thank the anonymous referee for the careful

reading of the paper and would like to express his

sincere gratitude to Prof. Kiyoomi Kataoka for his

guidance and warm encouragement.

References

[ 1 ] T. Aoki, Calcul exponentiel des opérateurs micro-
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