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Abstract:

In this paper we show that for each formal symbol p of minimum type there is a

formal symbol ¢ of minimum type satisfying exp(: p :) =: exp(q) :.

Key words:

1. Introduction. Sato, M., T. Kawai and
M. Kashiwara won epoch-making results in the
theory of transformation of the system of linear
partial (pseudo) differential equations by using
pseudodifferential operators of infinite order (cf.
[5]). T. Aoki accomplished exponential calculus of
analytic pseudodifferential operators (see [1]). We
consider the case of a kind of the direct product
structure (see [2-4]). That is, we consider calculus
of analytic pseudodifferential operators of product
type and of minimum type and generalize the
theory of T. Aoki in some sense. The study of
minimum type is connected with exponential cal-
culus of positive definite operators of infinite order
which have deep relation to the energy method in
the hyperfunction theory (see [2]). We naturally
define an exponential function of a pseudodifferen-
tial operator of minimum type as a pseudodiffer-
ential operator of product type (see [4]). In this
paper we show that for each formal symbol p of
minimum type there is a formal symbol ¢ of
minimum type satisfying exp(: p :) =: exp(q) :. That
is, the exponential function of an operator of
minimum type has an exponential symbol.

2. Symbols of minimum type. Let X C
C" and Y € C™ be domains. Then, the cotangent
bundles T*X and T*Y are identified with X x C"
and Y x C™, respectively. We set

S*X = (T"X - X)/R", Y .= (T"Y - Y)/R"
and define the mapping v as

: ff*(X xY) 3 (z,y;€m)
— <x,£> X (y; i) € 5" X x §*Y,
[4 |
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where TH(XXY) =T (XxY)N\{(T"X xY)U
(X xT*Y)}. For dy,ds > 0 and an open subset U
of S*X x §*Y, we use the notation

v N U;dy, dy) := v H(U) N {|€] > di, |n| > do}.

(z,&,y,m) for coordinates

Hereafter we write

(x, y;€,m).

Let K be a compact subset of S*X x S*Y.
Definition 2.1. A formal series

Zﬁzo P;(x,& y,m) is called a formal symbol of

product type on K if the following hold.

(1) There are some constants d >0, 0 < A < 1, and

an open set U D K in S*X x §*Y such that Pj; is

holomorphic in v (U; (j + 1)d, (k+ 1)d) for each

j,k>0.

(2) For each € > 0, there is some constant C. >0

such that

21) | Pl & y,n)| < CLAFFe=(EHIn)

on v Y (U; (5 + 1)d, (k + 1)d) for each j, k> 0.

We denote by S(K) the set of such formal
symbols on K and often write a formal power series
> o 115 Pk (2, € y,m) with indeterminates ¢ and
ts instead of 37 o Pix(z,&,y,m). R

Definition 2.2. We denote by R(K) the set
of all P(ty,ty;2,&,y,m) := . o tits Pir(z, & y,m) in
S(K) such that there are some constants d > 0,
0< A<1, and an open set U D K in S*X x S*Y
satisfying the following: for each e > 0, there is
some constant C. > 0 such that

(22) |3 Pala,&y,m)| < CoAmmE el

0<j<s
0<k<t

on v 1 (U; (s + 1)d, (t + 1)d) for each s,t > 0.

We call an element of R(K) a formal symbol of
zero class. §(K)/§(K) becomes a commutative ring
(see [3]).
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Definition 2.3. We call an element in the
ring §(K)/I§(K) a pseudo-differential operator of
product type on K. We write : ) Pj;: for the
associated pseudodifferential operator of product
type on K using an element ) P;; in §(K)

Definition 2.4. A function A: R.y — Ry
is said to be infra-linear if the following conditions
hold:

(a) A is continuous;

(b) for each a > 1, A(at) < aA(t) on
(¢) A is increasing;

(d) lim Alt) =0.

t—oo T

(0, 00);

Hereafter we fix two infra-linear functions A, A*
and put

A(€,m) = min{A(€]), A" (Jn])}.

Definition 2.5. > P;; in S( ) is called a
formal symbol of mi~n1mum type of growth order
(A, A%), or simply of A-type on K if there exist some
constants C' > 0,d > 0,0 < A < 1, and an open set
UDK in §*X x S*Y satisfying the following: (1)
P;, is holomorphic in v 1(U; (j + 1)d, (k + 1)d) for
each 5,k >0,

(2) the inequality

| Py, & y,m)| < CA™ min{A(|€]), A*(In])}

holds on v Y(U; (5 + 1)d, (k + 1)d) for each j, k> 0.
Remark 2.6. If > P;; is a formal symbol of
minimum type on K, e~ is a formal symbol of
product type on K.
From now on, we use the notation ¢,t*, x*, &*

z, &
x*, §*

stands for a formal symbol of product type

P(t,t% 2,6, 2%,6) = Y 7 pj (@, &2, €7)

7,7*20

instead of #1, 2, y, . Furthermore, P ( tt*;

function of operators.

w2 e)
*, é‘*

3. Exponential
Suppose that

t;
P t; x*,

is a formal symbol of A—type on K.

Z 7 p

J,5* 20

Then we shall define the operator
toox, &)
exp <s p(t* ", £*> > for each complex num-
ber s.

To define the operator exp(s:p:) (s € C), we
set the sequence {p)}(I > 0) as follows by intro-

Pseudodifferential operators of minimum type 7

ducing copies t1,t],t2,t5 of t,t*:

(3.1) p(o)(tl’ o €):
3

t;a t27 x I

tl tg' X

(1) (Mt

(3.2) p (t* v
1 29

506, 0,) (t“ “ 5)

i
% p(l) <t17 tQ; Y, n )‘
O A j)
¥ 7,

By the definition of p¥), we obtain

t, t oz, £
:p ' 7 7 = :l.
'p (t*, t ot §*>' G

We put

p(l) tla t?; z, 5
iy, ty; oat, &

b . o zr, §
— Z ttht;7 e p(; k)" m(m, §*>.

7.k>0
J* k>0

Then by (3.1) and (3.2
recursive formulas:

(0)
P, ke, k)

), we obtain the following

B {1, if (j, k, j*, k) =(0, 0, 0, 0)
B 0, otherwise ’
(1+41) z, &
P, ke, k) zt, &
11 _,
= > =0 2 og

i+p=y, |a\+u:k

z, £
Pis x 0001
x*’ é‘*

It is clear that pED

Y HU; (G +1)d, (5
hand, we put

E tla t2; S, z, 5
ti, t;; z*, &

t17 t27 Zz, 6
l' ty, ty oz, &

)

z, €
bl ¢)

)( ) is holomorphic on
+ 1)d) for j,* > 0. On the other

Then we obtaln the following proposition and
theorem in [4].
Proposition 3.1.

mal series E(tt* tt*;. 5 x*, é) is a formal

For each s € C, the for-

T,
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symbol of product type of growth order A
Therefore we can define exp(s: p:) as

t, t; s, wx,
E & :.
oty 2t ¢

Theorem 3.2. Suppose that p is a formal
symbol of A-type on K. Then exp(s : p :) satisfies the
following

exp(s:p:) =

Osexp(s:p:)=:p:exp(s:p:),
(3:3) { p(s:p:) =ip:exp(s:p:)
exp(s:p )|, =1.
Moreover, the following exponential law holds:
exp(sy:p:) exp(sy:p:) =exp((s1+s2) :p:).
In particular, exp(—s : p :) is the inverse operator of
exp(s:p:).
. t;, x, &
4. Main result. Let p( ./ . | be a
] o x¥, &
formal symbol of A-type on K. Then7 we see that
exp(s:p:) (s € C) defined by

exp(s:p:)

— B tla t2; S, z, 5 .
_' t* £ z* €* (tl:tzit) :
1 2 )

=ty =t

is a formal symbol of product type of growth

order e In this section, we construct

Q<tt*;_ * j*’ 5*) as a formal symbol of A-type

such that for each s € C

t; 87 x’ g
exp(s:p:) =: exp(q(t*. . 8)) i

We put
? Jj7
=t q”( ; 5)
4,i* >0 5 6
o0 T 5
=y ety ()
1,* >0 ” x*’ g*

Due to the idea in [1] we construct ¢ as the solution
of the following equation:

Dy exp(q) :=:p: :exp(q) -,
:eXpQ(t; 0. = 5) =1
t*; zt, &
where
:p:exp(q) :

X tox, &
= eXp(ta§ . 8y +1 ag* : ay*) p ot g*
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((t; 5, Y, 77))
xeXp q " " "
t*; Yy, n

Hence we introduce another formal series ¢ and ¢ by
the equation:

y=r, n=¢§
; A

Y=t =g

* ok t1; =, 5
(4.1) exp(tstad; - 0, + t3t50e - O) p( . )
t1§ € §

)

tla tZ; S, Y, n
X eXp q * * * *
t, 13 Yy, n

<t17 t?a t3a S, z, 57 Y, n >
i, 5, 3 &y, o

Xexp(q<t1, te; s, Y, n))
ty, 13 v, /)

Then, it is easy to see that i and expgq in the
right side of (4.1) need to satisfy the following
equalities:

8f:3¢ = e_qats (weq) = e_qt28§ ’ 6y<¢eq)
= t2(0¢ - Oyp + Oyq - Oe1h),
3,5;1/} = 67q8t§(1/)eq) = e t50¢ - Oy (ve?)

= ty(0e - Op+ Oy q - D)),
t t;
eqasq(t*a S, J/: 3 ) — as(: el :)

a8 z, &
=:p::el:
t, t, 1; s, =, , T,
=: el ¢ ¢ .
t* t*J 1; $*7 6*7 m*7 6*
Hence by putting
ti, to; s,
azn oy L)
t17 tQa x €
i 4 it g (1) z, &
= D S 4 ><x* 5*>’
1,3,j,8% ,5* ’

Lpi 1] phpxi® g " pxk”
st tytgty’ 17 13
Lo

1/}(l) €, ga Y, n
(4,4,k) (3%, 5* k*) 1‘*, f*’ y*7 T]* ’

we have the following recursive formulas:

(1+1) z, §
Yig e\ g« ¢

1
_ ()
=77 2 Y

0<k<j
0<k <)

(4.3)

(4.4)

"t k)

o~
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( r, & oz & >
X )
x*7 5*7 x*’ 5*

) T, 57 Y, n
(45) 0+ 00 e *

A S |
_ () z, 57 Y, n
_85'ayw(i.,j—Lk)(i*,j*,k*)(x*, P

" )
+ Z Zl'+l”:l af/l’[}(i/,j’,k)(i'*,j’*,k*>

( o & Y m )
X * * * k
&y
Q) Yy, n
: ayq(i”,j”(i”*,j”*) <y*’ ?7* ) 9

. 0 no& v
(4.6) (k +l)w(iJ’k)(i*,j*ﬁk*‘Fl)( * *)

&y, o
=3say¢§l)u»><ﬂk>(; ; zj/ :77>
+ 3"

1" Y, n
. 8U* Q(iu?ju)(iu*’ju*) ( " ) )

y,om
where 2" is the sum ranging over i’ +i" =i,
j/ _|_J'// :.]_ 17 Z'l* _|_Z'll* — Z.*, j/* _|_j//* :j* and Z//*
is the sum ranging over i +4" =1, j7+ 75 =7,

74" =4, 7+ 77 = 55 — 1. We see that
) Z, f o () Z, 5
i (x* §*> = > Gl <x* ¢ )

0<j<i
Lemma 4.1. We have the following initial

0y <i*
and boundary conditions:

z, & Yy o
47 W ( . e )
(7]:0)( 5] 70) x", g , v, n
z, &
= 010650050 P\ . ]
zt,
z, & Yy
(4.8) w(f_)_ N ( N N N *) =0
GIRETRIN g ey,

(j<lorj<korj <lorj <k,
(4.9) ¢ =0 I>j+1orl>5 +1.

Proof. The first equation directly follows from
(4.1). Further, the second equation is also clear
from (4.1) when j <k, or j* < k*. On the other
hand, using the recursive formulas above, we can
prove the second equation for j < [ or % < [, and the
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third equation for j+ 1 <1 or 5754+ 1 < simulta-

neously by double mathematical induction on [, and

k+ k*, that is, the main induction on [ and the

supplementary induction on k + k*. (I
Therefore, we have the following:

37 'T’ § _ . x’ 5

min{j,j*}+1
+ >

0<j<i =1
0< " <"

(4,5%) # (0,0)

X .
$*, €*

Theorem 4.2. For each s € C, the formal
series q is a formal symbol of A-type on K satisfying
the following:

t, t s =z & ( )
. ex = ex S . o).
e plosp

1 ()
S i—j )i =5 5

5. Outline of the proof of Theorem 4.2.
Suppose that p satisfies the following: there exist
some constants &', d > 0,0 < A < 1, and an open set
U(D K) in S*X x S*Y such that

€, - =2/ % —2 qi+it X *
(2 &)@y syt ie e
on o (Us (i + V)dy, (i + 1)),
d(1 — ¢'). We introduce some notations:

V=1 (U) xy 1 (U),

y/ Jf, ’ )
7% = (* i y* Z)GV;
&y, o

& =& <8y —yl <6,
& =1 <Ny -y <8
I =l <&l |2’ — 2| <&,
" =0 <&, |2 — a2t <6

o, &y,
! ! ! s/ EV ’
A S T

Z(S, L 1./’ 5’7 y’? 77/ .
(51752)(5}5;) T x*/7 5*/7 y*/, ,,7*/ ’

EI( n &y 77) € 7% such that

where dg :=

x*7 E*, y*’ n*
I& =€ < elel, v —yl < e,
& =& < €1, Iy -y < 6,
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o =l < all, 2 —a] < e,
! =l < el o — o] sé}

7z (1, dos di dy) = Z, N

(e1,€2)(€1,63) €n,€e2)(€]:6)

{lgl = du, Inl = da, |] = dy, In°| = ds},

DZ% .(d;d*) == {( n & >;
X I*, E*
< &b m g > € ZES/ e e (ds & d*,d*)},
zt, &, 1, & oo

ﬁ 1

vt Gy +1)°
where j, is a nonnegative integer for each natural
number v. Then, we can prove the theorem using
the following lemma.

Lemma 5.1. There exist N >1, C>1,
6 € (0,8) such that the following (1) and (2) hold:
(1) For any €1, €2, €;, €5 € (0,6) and any €, € (0,¢€2),
¢ € (0,6)

Ciy v =

*

0 z, & Yy, N

(51) ‘¢(i7j,k)(i*,,j¥,k*)<x*, 6*7 y*’ TI )

1 < 7 U | =F) x| =k
A : A 7 * *
i MO
|| Ty
x J1C3 (6 — e1) (8 —
x [A8*N (5 — &) N’
X F1C o [(6 — €)7F (6 — e5) ¥ TF Y
X[A62N((S—€/2*)72N}i* (ZZO)
on Z, ey (i Ddey, (4 1)dey; (07 + 1)deg, (7 +

(‘l ,€2

1)d€;).

62)72j+k]]\f
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(2) For any € € (0,¢), € € (0,€")

(1+1) z, §
(5:2) ‘qu,ww( . 5)’

T,

A £\ A x\(

x J1C3;(8 — €) IV AN (5 — &) 2V g~
X ]*'CZ*J* (6 - 6*)_2j*N
X [ASN (5 — &) 2N g

(1>0) on DZ°.((i + 1)d; (i* + 1)d.).

Detailed proofs of the above lemma and
Theorem 4.2 will be published elsewhere.
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