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Entire functions sharing an entire function

of smaller order with their shifts

By Xiao-Min L1, Xiao YANG*) and Hong-Xun Y1)

(Communicated by Masaki KASHIWARA, M.J.A., Jan. 15, 2013)

Abstract:

We study the growth of solutions of a certain difference equations, and study

the uniqueness question of entire functions of finite orders sharing an entire function of smaller
order with their shifts. The uniqueness results in this paper also extend and improve

Theorem 1 [11].
Key words:

1. Introduction and main results. In
1977, Rubel and Yang [20] proved that if an entire
function f shares two distinct finite values CM with
its derivative f’, then f= f. What can be said
about the relationship between f and f’, if an entire
function f shares one finite value a CM with its
derivative f'? In 1996, Briick [3] made the con-
jecture that if f is a nonconstant entire function of
hyper-order ps(f) < oo, where pa(f) is not a positive
integer, and if f and f’ share one finite value a CM,
then f—a=c(f —a) for some constant ¢ # 0. If
a = 0, the above conjecture was proved by Briick [3].
Briick [3] also proved the above conjecture is true,
provided that a # 0 and N(r,1/f) = S(r, f), where
f is a nonconstant entire function. In 2005, Al-
Khaladi [1] showed that the conjecture remains true
for a nonconstant meromorphic function f, provid-
ed that N(r,1/f") = S(r, f). But the conjecture is
still an open question by now.

Recently the value distribution theory of
difference polynomials, Nevanlinna characteristic
of f(z+m), Nevanlinna theory for the difference
operator and the difference analogue of the lemma
on the logarithmic derivative has been established
(see [4,7,8,13,14]). Using these theories, uniqueness
questions of meromorphic functions sharing values
with their shifts have been recently treated as well
(see [10,11,16,17,22]).
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Throughout this paper, by meromorphic func-
tions we will always mean meromorphic functions in
the complex plane. We adopt the standard nota-
tions of the Nevanlinna theory of meromorphic
functions as explained in [9,12,21]. Let f and g be
two nonconstant meromorphic functions, and let a
be a value in the extended plane. We say that f and
g share the value a CM, provided that f and g have
the same a-points with the same multiplicities. We
say that f and g share the value a IM, provided that
f and g have the same a-points ignoring multi-
plicities (see [21]). Suppose that b is a meromorphic
function. If f — b and g — b share 0 CM, we say that
fand gshare b CM. If f — b and g — bshare 0 IM, we
say that f and g share b IM. In addition, we denote
by 1(f). p(f); pa(f) and A(f) the lower order of f,
the order of f, the hyper-order of f and the expo-
nent of convergence of zeros of f respectively (see
[9,12,21]). If u(f) = p(f), we say that f is of regular
growth. We also need the following definition:

Definition 1.1 ([21, Theorem 2.1 and Defini-
tion 2.1]). Let f be a transcendental meromorphic
function in the complex plane such that p(f) =
p < o0o. A complex number « is said to be a Borel
exceptional value if

log™ n (7“, ﬁ)

log r

log™ N(r, ﬁ)
logr

lim sup

T—00

= lim sup

r—00

< p.

In this paper, we will consider the growth of
entire functions sharing an entire function of small-
er order with their shifts, and study the uniqueness
question of entire functions sharing an entire
function of smaller order with their shifts.
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We recall the following result which was given
by Heittokangas, Korhonen, Laine, Rieppo and
Zhang:

Theorem A ([11, Theorem 1]). Let f be a
nonconstant meromorphic function of finite order

log T'(r, f)

(1.1) <2
log r

p(f) := limsup

T—00

)

and let n be a nonzero complex number. If f(z+n)
and f(z) share a finite complex value a CM, then
flz+n)—a=c(f(z) —a) for all z€ C, where c is
some nonzero complex number.

The following example shows that the assump-
tion (1.1) of Theorem A is necessary:

Example A ([11]). Let f(2) =¢* +1, and
let n be a nonzero finite complex value. Then
it  immediately yields that f(z4+n)—1=
(f(z) = 1)e*”*" for all z e C. Moreover, we find
that N(r,1/f —1) =0 and so A(f — 1) < p(f).

Regarding Theorem A and Example A, we now
consider the growth of solutions of the difference
equation

(1.2)  f(z+m) —a(2) = (f() — a(2))e"?,

where a and a are entire functions, a is such that
pla) < p(f) and A(f —a) < p(f)? In this direction,
we will prove the following result:

Theorem 1.1. Suppose that f is a noncon-
stant entire solution of the difference equation

(13)  flz+n) —a(z) = (f(z) = a(2))e",

where a is an entire function such that p(a) < p(f
P is a nonconstant polynomial. If \(f —a) < p(f)
then p(f) =1+ deg(P).

We also get the following result to improve
Theorem A:

Theorem 1.2. Let f be a nonconstant entire
function such that p(f) <2, let a 20 be an entire
function such that p(a) < p(f), and let n be a
nonzero complex number. If f(z) —a(z) and
f(z+n) —a(z) share 0 CM, then f(z+n) —a(z) =
c(f(2) — a(z)) for some nonzero constant c.

Proceeding as in the proof of Theorem 1.2, we
can get the following result:

Theorem 1.3. Let f be a transcendental
entire function such that p(f) < 2, let n be a nonzero
complex number, and let Q be a nonzero polynomial.
If f(z) — Q(2) and f(z+n) — Q(z) share 0 CM, then
flz+n) — Q) =c(f(z) — Q(z)) for some nonzero

constant c.

~

7

)
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2. Some lemmas. The following lemmas

will be used in the proof of main results in this
paper:

Lemma 2.1 ([4, Theorem 2.1]). Let f be a
transcendental meromorphic function of a order

p(f) < oo, and let n be a nonzero complex number.
Then

T(r, f(z+n)) = T(r, f(2)) + O("D71+%) 4+ O(log ),

as r — 00, where € is any positive number.

Lemma 2.2 ([21, Theorem 2.11]). Let f be a
transcendental meromorphic function in the com-
plex plane such that p(f) > 0. If [ has two distinct
Borel exceptional values in the extended complex
plane, then u(f) = p(f) and p(f) is a positive integer
or o0.

Lemma 2.3 ([5, Theorem 2.1]). Let f be a
nonconstant meromorphic function of an order
p(f) =p < oo, and let Ay and Xy be, respectively,
the exponent of convergence of the zeros and poles of
f- Then for any e > 0, there exists a set E C (1,00)
of || = of a finite logarithmic measure, such that

fletm) _ { f'(2)
e e
holds for r ¢ EU0,1], where 8 = max{p — 2,2\ —
2V if A< 1 and p=max{p—2,A—1} if A\ >1 and
A =max{\;, A\ }.

Lemma 2.4 ([6, Corollary 1]). Let f be tran-
scendental entire function of finite order p, let I’ =
{(k1,71), (k2,42), -+, (km,Jm)} denote a finite set of
distinct pairs of integers that satisfy k; > j; for
1=1,2,---,m, and let € >0 be a given constant.
Then, there exists a subset E C (1,00) that has a
finite logarithmic measure, such that for all z
satisfying |z| € EU[0,1] and for all (k,j) €T, we
have

+ 0(rﬂ+f)}

M)
f9(z)

Lemma 2.5 ([18]). Let Q(2) = a,2" + a,_12"!
+---+ a1z + ag, where n is a positive integer and
a, = anew“, a, >0, 0, € [0,2m). For any given
positive number € satisfying 0 <e < -, consider
2n angles:

< |7 (k=) (p=1+e)

O,
Sii— o (2—1) —+e<d
' n 2n

0, ) T
<——+2j+1)——¢,
n 2n
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where j =0,1,---,2n — 1. Then there exists a posi-
tive number R = R(e) such that for |z| =1 > R,
Re{Q(2)} > a,,(1 — e)r"sin(ne) if z € S; where j is
even, while Re{Q(2)} < —a,(1 — &)r"sin(ne) if z €
S; where j is odd.

Lemma 2.6 ([15, Lemma 2.5]). Suppose that
f is a transcendental entire function of a finite order
p(f) = p < oo, and that a set E. C R" has a finite
logarithmic measure. Then, there exists a sequence
of positive numbers r, & E,., ry — oo such that
for given € >0, as 1 sufficiently large, we have
<y, f) <™ and  expr © < M(ry, f) <
expri .

Lemma 2.7 ([19, Corollary 1]). Let f be an
entire function of finite order and Oloet {w,} be
an unbounded sequence. Assume that |J{z: f(z) =

n=1
wy } has only k < oo distinct limiting directions, then
f(2) is a polynomial of degree at most k.

Lemma 2.8 ([4, Theorem 8.2]). Let f be a
meromorphic function, let n be a nonzero complex
number, and let v>1 and € >0 be given real
constants, then there exists a subset E C (1,00) of a
finite logarithmic measure, such that for all |z| &
EuU|0,1] we have

‘bg‘w
f(2)

SA(Twnfx+nwm
r

r

log(vr)log*n(vr)>,

where A is a positive constant which depends only on
v and n, n(t) =n(t, f) +n(t, 1/f).

Lemma 2.9 ([21, Theorem 2.1]). Let f be a
transcendental meromorphic function with infinitely
many zeros and let A be the exponent of convergence
of zeros of f. Then

log N(r,1/f)
logr

logn(r,1/f)

= lim sup 1
ogr

r—00

lim sup =\

r—00

3. Proof of theorems.

Proof of Theorem 1.1. First of all, by (1.3)
and the assumption p(a) < p(f) < oo we deduce
p(ef’) < p(f) < oo. Therefore P is a polynomial with
degree deg(P) < p(f). Next we set

(3.1)  P(2) =pn2™ +pm12™ '+ +prz+ po,

where py,, Pm_1, -+, D1, Po are complex numbers and
Pm = e £0, a,, >0, 6, €[0,21), m>1 is a
positive integer. From (1.3), (3.1) and Lemma 2.1
we can deduce p(f) > p(e”) =m > 1. From p(a) <

[Vol. 89(A),

p(f) we have p(f) = p(f — a). Suppose that p(f) >
1. Then, by Lemma 2.2, the assumption A\(f —a) <

p(f) <oo and p(f) >2 implies that p(f—a)
p(f) =:1>2 is a positive integer. By Lemma 2.3
and p(f) > 2 we know that there exists some set
E C RY of finite logarithmic measure such that

fz+n) —alz+n)

[EETE R
_ f'(z) —d(2) Bie }

{1 g5 O}

as |zl =r ¢ E and r — oo, where [ is a constant

satisfying 8 = max{p(f —a) — 2, \(f —a) — 1}. Let

21,29, -+, 2, be nonzero zeros of f(z) —a(z), and

each zero is repeated as many times as its multi-

plicity. Then

(3.3) f(2) — a(z) = 92 gm0 H E,, (5) =: h(z)ed?,

(3.2)

o0
where my >0 is an integer, [[ En, (f) is the
n=1 "

canonical product of f(z) (see [12, pp. 6-7]), g(2)

Zn

o0
is an entire function, h(z) = 2™ [[ En, (i) From
n=1

Ash [2, Theorem 4.3.6] we have A(h)=p(h) =
A(f — a). This together with (3.3) and the assump-
tions A(f —a) < p(f) < 0o and p(a) < p(f) implies
that p(f) = p(f —a) = p(e?) = 1. Therefore, g(2)
is a nonconstant polynomial with degree deg(g) =
l. Let

(34) g9()=qd +q 12"+ +qaz+q,

where ¢, q_1,--+,q1,q are complex numbers and
q # 0. From (3.3) and (3.4) we have

f'(z) —d(z) _N(z)
B e e )
as |z| — oo, h(z) #0 and |2| € E. From (3.2) and
(3.5) we have

f(z+mn) —a(z+n)
f(2) —a(2)

= exp{n }ilzl((j)) + Ing 2711 + 0(1))},

as |z = oo, h(z2) #0 and |z| € E. Noting that
p(h) = A(h) = A(f —a) < p(f) =1, we can see from
Lemma 2.4 that there exists some subset E C (1, 00)
that has finite logarithmic measure, we assume
w. 1. 0. g. ECE such that for all z satisfying
|z| ¢ EUJ0,1], we have

+lgZ (14 0(1)),

(3.6) {1+0(1)}
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W(z)
h(2)
From (3.7) we can see that (3.2) can be rewritten as
f(z+n) —a(z+n)
{1+0(1)}
f(z) —a(2)
= exp{lng2""' (1 + (1))},

as |z| € EU0,1]. Next we set ng = B #0,
08 > 0. For given sufficiently small positive number
e satisfying 0 < e < 5, we consider 2/ angles:

(3.7) ‘n ‘ < [nll2M7OTE = o{ingi 1)

(3.8)

9
(3.9) Sj:—Tl+(2j—1)%+s<9
< Uil
TR
where j=0,1,---,21 —1. Then, from (3.9) and

Lemma 2.5 we can see that there exists some
positive number Ry = Ry(e) such that for every z
satisfying z € S}, and |z| > Ry, where and in what
follows, j; € {0,1,---,2l — 1} denotes an even inte-
ger, we have

(3.10) Re{g(2)} > Bi(1 — e)r! sin(le),

and such that for every z satisfying z € S;, and

|z| > Ry, where and in what follows, js€
{0,1,---,2] — 1} denotes an odd integer, we have
(3.11) Re{g(2)} < —Bi(1 — &)r! sin(le).

Noting that a is an entire function, we can get from
Lemma 2.1 that p(a(z+ 1)) = p(a(2)) < p(f). Com-
bining this with p(f) =1 > 2, we have

pla(z+n) —a(2)) < pla(z)) <l—e,

where ¢ is a sufficiently small positive number.
Hence
M(|z], a(z)) + M(|z|, a(z + 1))

(3.12)  lim o = 0.
‘275;: exp |Z| -

From (3.10) and (3.12) we have

(3.13) fletm) —alz)  flz4n) —alztm) o1),

f(z) —a(2) f(z) —a(2)
as z € S;, and |z| — oo. From (1.3), (3.8) and (3.13)
we deduce
P(z) _ fz+n) —al?)
f(z) —a(2)
= exp{lng2"' (1 + o(1))} + o(1),
as z € 8, |2l € EU0,1] and |z| — co. Next we let

(3.14) e
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nq = ﬂl_leml*', where §;_1 > 0. For given sufficient-
ly small positive number ¢ satisfying 0 < € <
we consider 2(I — 1) angles S;:

T
41-4?

Uiy (25— Dm
(3.15) —l_l-l- YD) +e< b
- U1 (2j+ 1)71’ e
-1 20—2

where 0<j<2l—3. Then, from (3.15) and
Lemma 2.5 we can see that there exists some
positive number Ry = Ry(e) such that for every z
satisfying z € Sy, and |2| > Ry, where and in what
follows, k; € {0,1,---,2] — 3} denotes an even in-
teger, we have

(3.16)  Re{ngz '} > Bi1(1 —e)r' 'sin((l - )e),

and such that for every z satisfying z € S’kz and
|z > Ry, where and in what follows, kg€
{0,1,---,20 — 3} denotes an odd integer, we have

(3.17) Re{ng2 '} < —B1(1 —e)r'sin((I — 1)e).

We discuss the following two cases:

Case 1. Suppose that there exist some j; €
{0,1,---,21— 1} and some ¥k €{0,1,---,2]— 3}
such that
(3.18) S, 0 S, # 0.

Then, from (3.10) and (3.16) we deduce from (3.14)
and | > 2 that deg(P) > 1 — 1. On the other hand,
from (3.1), (3.10), (3.14) and (3.16) we have

(319) |eP(z)| — ‘eRan<1+0(l))|

— eom™ cos(0,+mb)(1+o(1)) _, 0,
as r—oo and z€S) ﬂS’kl, where z=re’ €
S; NSy,. Then, for fixed § such that z=re” €
Sj, NSk, as r — oo, we have

a1 cos(0,, +mb)

(3.20) e 2 < [ef?)
< 2exp{llnllall= " (1 +o(1))}
< 2exp{2lnl|qll2"}.

From (3.20) we have m <[ — 1. This together with
m = deg(P) and deg(P) > 1 — 1 reveals the conclu-
sion of Theorem 1.1.

Case 2. Suppose that for every j; satisfying
j1€40,1,---,21—1} and every Kk €{0,1,---,
2] — 3} we have
(3.21) S 0 Sy, = 0.

Then, it follows from (3.21) that for every j;
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satisfying j; € {0,1,---,2] — 1}, there exists some

ks €{0,1,---,20 — 3} such that
(3.22) S, C S,
By (3.9), (3.10), (3.14), (3.15), (3.17) and

Phragmén-Lindelof principle (see [18, p. 270]) we
can deduce that Ingz~' is a constant, which is
impossible. Finally we suppose that p(f) =1=1.
Then, in the same manner as in the proof of
Theorem 1.1 we have (3.2)—(3.8). From (1.3),
(3.8) and p(f) =1=1 we can find that e’ is a
nonzero constant, which reveals the conclusion of
Theorem 1.1. This proves Theorem 1.1.

Proof of Theorem 1.2. By the assumptions
of Theorem 1.2 we have (1.2). From (1.2),
Lemma 2.1 and the assumption p(a) < p(f) < o0
we can deduce p(e®) < p(f) < oo, which implies
that o =: P is a polynomial, and so (1.2) can be
rewritten as (1.3). From (1.3) and Lemma 2.1 we
have

(3.23) T(r el

( f(2) +T(r, f(z+mn)) + 2T (r, a(2))
o(1)
( f(2)) +T(r, (Z +)) + 207V
< QT(T» F(2)) + O@PI715e) 4 gprle)e
+ O(logr),
as r — oo. Noting that p(a) < p(f), we can get
from (3.23) that p(e”) < p(f) < oo, which implies
that P is a polynomial. If P is a constant, from (1.3)
we get the conclusion of Theorem 1.2. Next we
suppose that P is a nonconstant polynomial. Then
we have (3.1). By Lemma 2.6 we know that there
exist some infinite sequence of points z,, = re,
where 6, € [0,27), such that |f(z,,)| = M(rg, f), and
such that for any given positive number ¢, as r, —
oo and r, € E, where E C R is a subset with finite
logarithmic measure, we have

< |f(zn)] < exprfDTe,

Noting that p(a) < p(f) < 00, we can get from
(3.24) that

f)—e
(3.24)  exp T‘Z( )

(3.25) lim 209 _

nap Gl
From (1.3), (3.24) and (3.25) we have

f(zr, +1) —alz)
f(ZT‘/.-,) - a(ZTk)

(3.26) ) =

[Vol. 89(A),

_ fGn + )
f(zr,)

as 1, € E and 1, — oo. Given a positive number &,
we set

{1+o(1)},

m—1

(3.27) T. = U {z:|argz —0;| < e},
=0

where
29 1 0,

(3.28) 9j=<—3+—>77——, 0<j<m-1.
m  2m m

Next we let w; = f(2,), k=1,2,---. Then {w;} is
an unbounded sequence. We discuss the following
two cases:

Case 1. Suppose that 7. are the only m

f(z) = wi}.
Then, from Lemma 2.7 and the aésumption p(f) <
oo we can see that f is a nonconstant polynomial,
which contradicts the assumption p(f) > 0.

Case 2. Suppose that there exists some suf-
ficiently small positive number &, and there exist

some infinite subsequence of the points z,,, say itself
such that

(3.29)

o0
distinct limiting directions of |J{z:

{ZTI«} C C \ TEO'

Noting that cos(f,, +mb;) =0 for 0 <j<m—1,
we can deduce from (3.26)—(3.29) that there exists
a positive number B(m,ep) € (0,04,) that depends
only upon m and ¢; such that

(3.30) [Re P(z,)| > B(m,eo)r
or
(3.31) [Re P(z,)] < —B(m, o)y,

as z, € C\ T, r. € E and r, — oo. Noting that
p2(f) =0, we can get from (3.26), (3.30), (3.31),
Lemmas 2.8 and 2.9 that

B(m, e)ri < [logle”= ||

‘ ‘f ﬁﬂ?HH(l)
and
'lo ’JP(Z#:)M)HJM(U
4 L
- )] log(7ri) log” n (W L)
- f(2)
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+ AlT("YTk, f)
Tk

< Ay(p(f) + )y D=t D 1062 (4
+ Al’yp<f>+€7‘ﬁ<f)_l+8

)

as z,, € C\ T, r; € E and r, — oo, where v > 1 is
some positive number, A; is some positive constant
that depends on 7 and 7. Combining this with (1.3),
we deduce

(3.32) ple”) =m < p(f) — 1.

From (3.32) and p(f) <2 we can see that P is a
constant, which contradicts the above supposition.

Theorem 1.2 is thus completely proved.

4. Concluding remarks. Regarding Theo-
rem 1.1, we now give the following question:

Question 4.1. What can be said about
the relationship between f(z) and f(z+n), if
we remove the assumption “A(f —a) < p(f)” in
Theorem 1.17

Remark 4.1. If the assumption “A(f —a) <
p(f)” in Theorem 1.1 can indeed be removed, then
Theorem 1.2 follows directly from Theorem 1.1.
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