No. 10]

Proc. Japan Acad., 89, Ser. A (2013) 129

Generalizations of the Farkas identity for modulus 4 and 7

By Kazuhide MATSUDA

Department of Engineering Science, Nithama National College of Technology,
7-1 Yagumo-chou, Niithama, Ehime 792-8580, Japan

(Communicated by Masaki KASHIWARA, M.J.A., Nov. 12, 2013)

Abstract:

In this paper, we express the generating functions of the partion numbers of

certain kinds by theta constants with rational characteristics. Our result is the generalizations of

the result of Farkas [1] for modulus 4 and 7.
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Introduction.
express the generating functions of the partion
numbers of certain kinds by theta constants with
rational characteristics. Our concern is with the

The aim of this paper is to

infinite product given by

(0.1) ! 7

xlerl)(l _ xlm+2) . (1 _ l,k‘ﬂ“r(k*l))

n=0
where k is a positive integer with k> 3. The
coefficient of z" in the power series expansion is
the number we can write n using summands that
are congruent to 1,2,...(k—1) mod k.
Following Farkas and Kra [2], we first intro-
duce the theta function with characteristic, which is
defined by

a[ ) ](c,f) :=;exp<2m’ E <”+;>QT
¥ (n+ )(c+ )D

where €, € € R, ¢ € C, and 7 € H?, the upper half
plane. The theta constants are given by

{:)=4 2o

€ 0 €
4 =—0 , .
o=l o Jenl
For the basic properties of the theta functions, see
Farkas and Kra [2, pp. 72-80].
Farkas [1] treated equation (0.1) for k = 3 and
proved that for every 7 € H?,
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where z = exp(2mit) and w = exp(%).

In this paper, we treat the case where k =4, 7.
Our main theorem is as follows:

Theorem 0.1. For every T € H?, we have
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where (14 = exp(¥%) and x = exp(2mir).
1. Theta functional formula. The results
in this section can be proved in the same way as
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equation (0.2). For the detailed proof, see Farkas [1].
Lemma 1.1.
] €7
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where ¢(7) is a constant independent of C.

Proof. By the basic properties of the theta
functions, we can show that the both sides have the
same zeros. The quotient is then an elliptic function
with no poles and hence constant, which proves the
lemma. (I

Proposition 1.2. For every ((,7) € C x H?,
we have

40 ! 0,7)¢ ! 0,7)0 > 0 2 :
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Proof. From Lemma 1.1, it follows that
e(7)
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If we now differentiate both numerator and denom-
inator and set ¢ = 7/4, we obtain

c(7)
b Gl Y
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Using the basic properties of the theta func-
tions, we can show that ¢(7) becomes
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Using Jacobi’s derivative formula,
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we obtain the following corollary:
Corollary 1.3.

.

ey

o
| —
ML D=
| I
v

| S

.
POl N | NI =

0
1
1
2
1
2

JeHIHI

In the same way as Proposition 1.2, we can
prove the following proposition:

Proposition 1.4. For every (¢,7) € C x H?,
we have
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Remark. We note that
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7 5T
cos’ 3} 14

= —7 x 18.89184837... # 0,
which imply that
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Corollary 1.5. For every T € H?, we have
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2. Proof of the main theorem.

2.1. The Jacobi triple product identity.

For the proof of the main theorem, we use the
Jacobi triple product identity, which is given by

9{ 6, }((, T) = exp (WZ.GE/):L'%Z
€ 2

XH

where & = exp(miT), z = exp(2mi¢). For the proof of
this identity, see Farkas and Kra [2,p. 141].
2.2. Proof of equation (0.3).
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Proof. We set y=exp(miT/2). The Jacobi
triple product identity yields
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It then follows that
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Furthermore, the Jacobi triple product identity
yields
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Finally, we obtain
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2\/_7Ty% exp( Z) We recall from Farkas and Kra [2, p. 289] that
4
= . 1 I " .
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=t Therefore, it follows that
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2.3. Proof of equation (0.3). {9'{ . }(0,7‘)}

Proof. We set y = exp(QMT) and w= exp(m)
The Jacobi triple product identity then yields

(2m’)71711
1 . oo
7 T\ 1 = ,
H 0 [ 2[7_1 ‘| (0’ 7—) = exp <?> 8 H(l _ y7n)7 H(l 21— 2T (1 — @Y (1 — 2T (1 — 2T (1 — 2T
=1 7 n=1 n=0
w / 6 where x = exp(2mir). O
m, \Tn—3 m, \Tn—4
X 1_[1 (1_[0(1 (w™y) )1 = (w™"y) )>’ References
n= m=
7 3 3 o [ 1] H.M. Farkas, Theta functions in complex analysis
Hg 7 (0,7) = exp m y% H(l _ y7n)7 and number theory, in Surveys in number
] L;l ’ 2 i theory, Dev. Math., 17, Springer, New York,
6 2008, pp. 57-87.
(o)
Tn—2 Tn—5 [ 2] H. M. Farkas and 1. Kra, Theta constants,
X H (H(l = (w"y)" ) (A = (w"y)™ ))a Riemann surfaces and the modular group,
n=1 \m=0

Graduate Studies in Mathematics, 37, Amer.
Math. Soc., Providence, RI, 2001.



	c_rf1
	c_rf2

