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Some relations of Poncelet’s porism for two ellipses

By Ben T. NOHARA®"™ and Akio ARIMOTO*

(Communicated by Kenji FUKAYA, M.J.A., May 14, 2012)

Abstract:

This paper shows the necessary and sufficient condition for bicentrical polygons

which are circumscribed and inscribed by two ellipses using Jacobian elliptic functions. Moreover
the formulae for a bicentrical triangle, quadrilateral and pentagon are presented and the fact that
these formulae are the necessary and sufficient conditions for bicentrical polygons is presented.
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1. Introduction. The closure theorem of
Poncelet is one of the most beautiful one in the
mathematical science. The closure theorem had
been proven by Jacobi [5] and Griffiths [4] as well as
Poncelet himself [8]. Without saying Poncelet only
considered conics in the real plane and proven it
using projective geometry, but Jacobi and Griffiths
did by different methods: using elliptic functions for
pairs of circles in the real plane and using elliptic
curves for smooth conics in complex projective
space, respectively.

On the other hand, the relation between the
radii and the line segment joining the centers of
the circles of circumscription and inscription of a
bicentrical polygon has been studied from of old.
The relataion for a bicentrical triangle was given by
Euler (sometimes called Chappele’s formula [1]) as
follows:

2 —d® = 2rp,
where r and p are radii and d is the distance between
the centers of the circles of circumscription and
inscription. The corresponding formula for a quad-
rilateral is

202 + ) = (1 — ',

which was given by Fuss [2]. Also Steiner [9] gave
the formula for a pentagon as

plr—d)=(r+d)\/(r—p+d)(r—p—d

+(r+d)v(r—p—d)2r

2000 Mathematics Subject Classification.
Secondary 51N15.

*) Knowledge Engineering, Tokyo City University, 1-28-1,
Tamatsutsumi, Setagaya-ku, Tokyo 158-8557, Japan.

“) Qraduate School of Mathematical Sciences, The Univer-
sity of Tokyo, 3-8-1, Komaba, Meguro-ku, Tokyo 153-8914,
Japan.

Primary 33E05;

doi: 10.3792/pjaa.88.85
©2012 The Japan Academy

Poncelet’s closure theorem; bicentrical polygons; elliptic functions.

Some other fromulae were obtained for bicentrical
higher polygons such as a hexagon, heptagon, etc.

This paper treats with bicentrical polygons
for two ellipses [6]. We show the necessary and
sufficient condition for bicentrical polygons which
are circumscribed and inscribed by two ellipses.
Moreover the formulae for a bicentrical triangle,
quadrilateral and pentagon are presented and the
fact that these formulae are the necessary and
sufficient conditions for bicentrical polygons is
shown.

This paper is constructed as follows: first we
define some terminologies such as Poncelet’s tra-
verse and Poncelet’s porism in the second section.
In the third section we show the relations of the
tangent on an inner ellipse and its intersections on
an outer ellipse. The fourth section is for the
theorem. In the final section the formulae for some
bicentrical polygons are presented [7].

2. Poncelet’s traverse and porism. We
define a Poncelet’s traverse and a Poncelet’s porism
in the following definitions:

Definition 2.1 (Poncelet’s traverse). Let E,
and F; be two ellipses in a plane. Suppose that the
ellipse E; is surrounded by the ellipse E,. If from any
point @; on E, we draw a tangent to F; and extend
the tangent so that it intersects E,. Let Q3 be the
intersecting point on FE,. Again we draw a new
tangent to F; from )2 and extend this tangent
similarly to intersect F,. Let the intersecting point
taken by this procedure be @3, which is different
from @. We continue in this way and obtain a series
of points Q1Q2Q3 ... Q;Qiy1 . ... We call this a series
of points Q1Q2Q3...Q;Q;+1... a Poncelet’s tra-
verse. We obtain two different Poncelet’s traverses
depending on how to draw a tangent: clockwise or
counter-clockwise. We don’t change the direction of
rotation of a series of points created on E,.
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We can classify a Poncelet’s traverse into the

following two cases:

(1) Q1 7& Qjavz.vj eN.

(2) IneN, Q= Q, for VL e N and Q; # Qj,
1<4,j<n.

Definition 2.2 (Poncelet’s porism). The
case n > 3 of the above classified type (2) is called
the Poncelet’s porism and the created polygon
Q1Q3 ... Q, is called the poristic n-gon.

The Poncelet’s closure theorem says that in
a poristic n-gon from any Q] on FE, a series of

points Q/lQIQ ce Q;L+1Q1L+2 - becomes Qll Ql? e

Q,Q\Q, ..., that is, a series of points creates the
Poncelet’s porism.
Remark 2.1. The shape of a poristic n-gon

depends on the location of the initial point @; but
doesn’t depend on the clockwise or counter-clock-
wise rotation of a Poncelet’s traverse.

3. The relations of the tangent on an
inner ellipse and its intersections on an outer
ellipse. Let A, B,a,b> 0 and two ellipses E, and
F; be written as

31 E,= {(x,y) j—i+y—2—1_o}

32) E = {(m,y) $—2+y—2—1_0}

B2
Also we let
~ 22 P
Eo:{(xvy) p+§_1<0}1
2 2
Ez-{(l’,y) . +Z—21<0}

Now we prepare two lemmas without proofs.

Lemma 3.1. E; CE, if and only if a < A
and b < B.

Lemma 3.2. IfE; C E,, then any tangent on
E; has two intersecting points with E,.

We let the two-dimensional plane except the
origin be shown by one of the following polar
coordinates:

(i) (pen(u, k), psn(u, k)) for a fixed k,

(ii) (psn(u, k), pen(u, k)) for a fixed k,

(iii) (pcoswu, psinu) or (psinu, pcosu).

Here the modulus k of Jacobian elliptic functions is

deternimed uniquely as k? = % for the coor-

*) We find a similar problem of this theorem in the reference
(Example 7, pl41, [3]) but the problem wasn’t solved
completely.
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dinate (i) and k? = LLZ(TAb) for the coordmate (ii).
The coordinate (i) and (ii) correspond to 4 > 4 and
4> %, respectively. Also The coordinate (iii) corre-
sponds to 4 = %. To avoid unnecessary annoyance
we shall omit the modulus hereinafter if nothing
intervenes. Also K(k) is the complete elliptic
integral of the first kind.

Theorem 3.1. “Let 0<a< A and 0<b<
B and two ellipses E, and E; be written as (3.1) and
(3.2). We suppose that —K(k) <wvy < K(k). The
followings are equivalent.
(1) A tangent of E; at (acnu,bsnu),u € R inter-
sects at the following two points on E,:

(3.3) (Acn(u — vg), Bsn(u — vp)),
(Acen(u + vg), Bsn(u + vp)).
(2) 4 and & are independent of u and written as
follows:
a b cnvy
3.4 & enyy, 2=
(34) AT BT Ay

Proof. (1) = (2)
First a tangent of F; at a point (acnwu,bsnu) is
presented by

(3.5)

On the other hand, the line connecting two inter-
secting points (3.3) is written by
_ Bsn(u+wvg) — sn(u —vp)
" Acn(u+ o) — cen(u— )
sn(u +vg) en(u — vp) — sn(u —vg) cn
cn(u + vg) — en(u —vg)

_5 (u+vo).

We shall write
81 =snwu, S =Snvy, ¢ = cnu,

¢y =cnvy, di =dnu, do =dnwvg

for short to avoid troublesome symbols hereafter.
Using following addition theorems [10]:
S1Cld2 + SQCle
1—k?siss 7
s1c1dy — s202dy
T%lsg
2s9c1dy
1—k%sis3’
28182d1d2
1 —k2s3s?’

sn(u + vg) en(u — vy) =
sn(u — vg) en(u + vy) = ,

sn(u+ vp) —sn(u —vg) =

en(u+vp) —en(u —vg) = —

we have
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B C1 Co
3.6 =———r+B—,
( ) Y A $1d2 $1d2
that is,
(3 7) cnu snu .
' Acny —%C“O Y
nvy

We obtain (3.
(2) = (1)

The fact that a tangent on E; has two intersecting
points on F, is guaranteed by Lemma 3.2 since a < A
and b < B. The equation of a tangent is presented by

4) from (3.5) and (3.7).

cnu snu

+ Benwy Y= 1

—_—x
Acnuy T

since we suppose (3.4). Therefore we obtain the inter-
secting points from the above equation and (3.1).
Eliminating y yields the following quadratic equation:

(s2d3 + ) — 2c1c9Ax + (3 — s2d3) A% = 0.

From this we obtain z-coordinates of the intersect-
ing points as follows:

AL A\/s%d%(c% — 3+ sid3)

- S?di + C%

(3.8)

ClCQA +A
N 1- k;25152
since ¢ —02—|—s%d2 -t —1+s3+s5(1—Kks3) =
sasd? and sid3 + ¢} =1 — k%s?s3. On the other hand,
y—coordlnates of the intersecting points are easily
obtained by the fact that (3.8) lie on E,. O

We show the following corollaries when we take
the polar coordinates (ii) or (iii). The proofs are
similar so that we omit them.

Corollary 3.1. Let0<a< Aand0<b< B
and two ellipses E, and E; be written as (3.1) and
(3.2). We suppose that —K(k) <wvy < K(k). The
followings are equivalent.

(1) A tangent of E; at (asnu,benu),u € R inter-
sects at the following two points on E,:

(Asn(u —vy), Ben(u — vy)),
(Asn(u+ vy), Ben(u + vp)).

= Acn(u Fvy)

(2) 4 and & are independent of u and written as

follows:
a cnvyg b
—=——, — =cnuy.

A dnw B

Corollary 3.2. Let0<a<Aand0<b< B
and two ellipses E, and E; be written as (3.1) and
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(3.2). We suppose that — 5 < vy < 5. The followings
are equivalent.

cos sin
(1) A tangent of E; at (a( sin )u,b( cos )u),

u € R intersects at the following two points on E,:

(A( :: )<U_UO)’B( :z; >(U—1}0)>7
(a2 Yoo e (2 ),

](02) G and % are independent of u and written as
ollows:

a
— = — = cos .
1B 0

4. The necessary and sufficient condition

for a poristic n-gon in two ellipses. Now we
write two ellipses E, and E; as follows:

(41) E,= {(x,y) $—2+%22— 1= 0},

A2
1,’2 yQ
(4.2) Ei:{(x,y) +b—2—1—0
B
a=Acnvy,b= CHUO}.
dl’lU()

Here —K < vy < K. In this situation, the intersect-
ing points of F, and a tangent of FE; at a point
(acnu,bsnu) are presented by

(4.3) (Acen(u — vg), Bsn(u — vp)),
(Acen(u +vg), Bsn(u + vp))
for Vu € R.
Theorem 4.1. The following two statements

are equivalent for two ellipses E, (4.1) and E; (4.2).

(1) A Poncelet’s traverse creates a poristic n-gon in

the sense of Definition 2.2.

(2) vo =22 K, m e Z\{0},]2m| <n,n = 3,4,.
Remark 4.1. We easily find that the theo—

rem holds even when E; is presented by

2 P
an  B={w| G+ -1-0
B

a:ﬂ,b:Acnvo}
dn vy
or
2 ¢

a= Acosvy, b= Bcosvo}.
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Remark 4.2. m presents the number of
revolution of a series of points of Poncelet’s
traverse, that is, a series of points rotates m-
revolutions on an outer ellipse. Also sgn(vy) shows
the direction of revolution.

Proof of Theorem 4.1. (2) = (1).

The two intersecting points of E, (4.1) and a
tangent of E; (4.2) at a point (acnwu,bsnu) are
presented by

(Acen(u — vg), Bsn(u — vp)),
(Acen(u + vg), Bsn(u + vp)).
By taking a point (acn(u + 2vp),bsn(u + 2vg)) on
E;, the intersecting points become
(Acen(u + vg), Bsn(u + vp)),
(Acn(u + 3vg), Bsn(u + 3wp)).
Moreover by taking a point (acn(u+ 4vy),
bsn(u + 4vg)), the intersecting points become
(Acen(u + 3vg), Bsn(u + 3uvp)),
(Acn(u + 5vg), Bsn(u + 5uvp)).

In this way we obtain a series of points on F, as
follows:

(4.6)

(Acen(u — vp), Bsn(u — wvy)),

(Acn(u+ vg), Bsn(u + v)), .. .,

(Acen(u+ (2n — 1)vg), Bsn(u + (2n — 1)wy)), . . .
Since vy = 2 K,

(4.7) "
() ewvor= () w20 = )

)00 )

= (o) (=5 ) = (@) (s i 5 )
0.

Furthermore,

(4.8) <Z;1> (u 1 (20— 1) %mK)

—<$D<u+(%—4)%7K)¢n,

i1£5,1<i,j<n
because letting the Lh.s. =0 in (4.8) yields the
difference of arguments must be 4qK,q € Z since

[Vol. 88(A),

the period of functions of cn and sn are 4K but the
difference does not equal 4¢K. Therefore (4.7) and
(4.8) show that the initial and n-th point of a series
of points (4.6) overlap and simultaneously points
less than the n-th point doesn’t overlap each other.
So a series of points (4.6) creates a poristic n-gon
under the condition of (2).

(1) = ()

If a series of points (4.6) creates a poristic n-gon,
then it follows

(4.9) (Cn> (1 — ) = (C”> (u+ (20 — 1)wy).

sn sn
From this we obtain vy = %K,q € Z. Since —K <
vy < K, the theorem follows. O

5. The poristic relations between the
quantities: semi-major and semi-minor axes
of two ellipses [7]. The fact that the necessary
and sufficient condition to create a poristic n-gon in
E, (4.1) and E; (4.2) (or (4.4) or (4.5)) is vy =
n [ om e Z\ {0},]2m| < n,n = 3,4,... is stated at
the previous section. In this section the relations
between semi-major and semi-minor axes of two
ellipses when a poristic n-gon is created are shown
for n =3,4,5, that is, triangle, quadrilateral and
pentagon.

Theorem 5.1 (poristic triangle). A series of
points of Poncelet’s traverse creates a poristic
triangle in E, (4.1) and E; (4.2) (or (4.4) or (4.5))
if and only if

a
5.1 —+—=1

B
Proof. We have only a case: (n,m) = (3,1) for
a poristic triangle from Theorem 4.1. Then we only
need to prove

=+t —<«<= —+=-=1
WEEF T ATE
(=) The necessary part is easy as follows:
a+b i2K +cn(:|:%)
—+—==cn|+— —
A B 3 dn(+2K)
2K {1+dn %
3 dDT
since cn 28 = L

3 1+dn%'
(<=) The sufficient part is performed by leading

vy = £ % from



No. 6]

cn vy

cnvy + —1=0.

(5.2)

1Yy

Let the left-hand side of (5.2) be

cn vy

(5.3) f3(vo) = cnwy +

1 Vg
We check the shape of the function f;3 in
—K <wvy < K. Since f3 is an even function so
that it is enough to check it in 0 < vy < K. First
we have

d K i

(54) ﬁ:—snvgdnvo—snv()'i'w
% dn” vy

= (k¥ — 1+ dnvg(k*sn® vy — 1)) SHQUO

dn” vy

<0, for 0 <oy < K.

In the above inequality an equal sign holds only
when vy = 0, so that the function f3; is a monotone
decreasing function in 0 < vy < K. Moreover there
exists a unique point in 0<wvy < K where v
satisfies f3(vg) = 0 since f3(0) =1 >0 and f3(K) =
—1 < 0. Therefore we obtain vy = % from the proof
of the necessary part. f3 is a monotone increasing
function in —K <wvy <0 since f3 is an even
function, so that in a similar way we also obtain
vg = — 2. Thus the theorem follows. O

We obtain the following corollary:

Corollary 5.1 (poristic triangle). In Theorem
5.1 when an outer ellipse changes into a circle,
i.e., A= B = R (R is a radius of an outer circle), we
have the following relation:

(5.5) a+b=R.

Also when an inner ellipse changes into a circle, i.e.,
a=>b=r (ris a radius of an inner circle), we have
the following relation:

(5.6) 1 N I
’ A B r
Remark 5.1. When both ellipses change

into circles, i.e., A=B=R,a=b=r, the well
known relation: % = £ (= cos ) is obtained.
Theorem 5.2 (poristic quadrilateral). A
series of points of Poncelet’s traverse creates a
poristic quadrilateral in E, (4.1) and E; (4.2) (or

(4.4) or (4.5)) if and only if
a® b

(5.7) P +§ =

1.
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Proof. We have only a case: (n,m) = (4,1) for
a poristic quadrilateral from Theorem 4.1. Then
from Theorem 4.1 we only need to prove
a> b

W=t st =

5 ye 1.

(=) Using the half-period formulae [10]: cn?4 =
dnK_ and dn? % = dn K, we obtain

14+dn K
a? N v, :I:K N cn?(£ L)
27T\ T2 Ty

e Y 1+dn*§ _
—CHE dT =1.
ny

(«<=) The equation: j—z + %22 — 1 =01is equivalent to

(5.8) cn® vo(1 + dn? vy) — dn? vy = 0.

From this we only need to have vy = j:%. In the
same manner of the proof of a poristic triangle, let

the left-hand side of (5.8) be
(5.9)  fu(v) = en® vo(1 4 dn’ vy) — dn? vy.

Since f; is an even function so that it is enough to
check it in 0 < vy < K. First we have

(5.10) i = —2cnwvysn vy dnvg(1 4 dn? vy)
dvy
— 2k snvg en® vy dn vy
+ 2k% sn vy cn vy dn vy
= 4snvycnvgdn ’U(](k2 snvy — 1)
<0, for0<9yy< K.

In the above inequality an equal sign holds only
when vy = 0, so that the function f; is a monotone
decreasing function in 0 < vy < K. Moreover there
exists a unique point in 0<wvy < K where v
satisfies fi(vg) = 0 since f4(0) =1 > 0 and fy(K) =
—k? < 0. Therefore we obtain vy = % from the proof
of the necessary part. f; is a monotone increasing
function in —K <wvy <0 since f; is an even
function, so that in a similar way we also obtain
vy = — % Thus the theorem follows. O

We obtain the following corollary:

Corollary 5.2 (poristic quadrilateral). In
Theorem 5.2 when an outer ellipse changes into a
circle, we have the following relation:

(5.11) a® +v* = R%.

Also when an inner ellipse changes into a circle, we
have the following relation:
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1 1 1
Remark 5.2. When both ellipses change
into circles, the well known relation: % =

\/Li (= cos %) is obtained. 8

There exist two cases: (n,m)=(5,1) and
(5,2) when a series of points of Poncelet’s traverse
creates a poristic pentagon in E, and E; from
Theorem 4.1. We call the former an ordinary
porism and the latter a two-laps porism since
m =1 and m = 2 mean that a series of points of
Poncelet’s traverse rotates one-revolution and two-
revolutions on an outer ellipse, respectively. The
proof can be performed in the same manner so
the necessary and sufficient conditons(relations) for
ordinary and two-laps, poristic pentagons are only
shown.

The relations for a poristic pentagon.
(al) An ordinary, poristic pentagon which is cir-
cumscribed and inscribed by two ellipses

a3+b3+ a+b2_1+ a+b 1+ab
A3 B3 A B) A B AB)’

(a2) An ordinary, poristic pentagon which is cir-
cumscribed by a circle and inscribed by an ellipse

a® +b° + R(a+b)* = R® + (a + b)(R? + ab).

(a3) An ordinary, poristic pentagon which is cir-
cumscribed by an ellipse and inscribed by a circle

1+1+1 1+12
A3 B r\A B

_ L (L 1y
s A BJ\r? AB)

(a4) An ordinary, poristic pentagon which is cir-
cumscribed and inscribed by two circles

The well known relation: 5= ﬁ (=cos%) is
obtained.

(b1) A two-laps, poristic pentagon which is circum-
scribed and inscribed by two ellipses

a3+3+1_ a+b 1+a+b+ab

A3 p T \A B A B AB)
(b2) A two-laps, poristic pentagon which is circum-
scribed by a circle and inscribed by an ellipse

[Vol. 88(A),

>+ b+ R = (a+b)(R*+ (a+b)R+ ab).

(b3) A two-laps, poristic pentagon which is circum-
scribed by an ellipse and inscribed by a circle

_1+1 1+1+1 1+1
~\4 B)\s2 A B)r AB

(b4) A two-laps, poristic pentagon which is circum-
scribed and inscribed by two circles

r 1 ( 2 )
—=——|(=cos-m
R 145 5
We can also obtain the relations for n-
gon(n > 6) in the same manner.
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