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Abstract:

In this paper we derive some elements of the rings of integers in the cubic fields

of the form Q(\B/E), where d is even, which cannot be written as a difference of two squares in the
considered ring. We show that corresponding Diophantine quadruples do not exist for such
elements, what supports the hypothesis mainly proved for the ring of integers and for certain

quadratic fields.
Key words:

1. Introduction. A problem of proving the
existence of Diophantine quadruples can be placed
among the most interesting ancient problems in the
number theory. It was first considered by the Greek
mathematician Diophantus of Alexandria in the
third century, who has discovered beautiful proper-
ties of the set {1,33,68,105}. Originally, a problem
of finding the Diophantine quadruple with a prop-
erty D(w), or the D(w)—quadruple for short, con-
sisted of deriving a set {w1,ws, w3, w,} of four non-
zero integers with the property that w;-w;+ w
is a perfect square, for 4,j € {1,2,3,4}, i # j, and
Diophantus observed that the mentioned set is a
D(256)—quadruple.

Many authors have studied this problem since
then and it has been shown by Dujella in [3] that if
w# 2 (mod 4) and w¢ {—4,-3,-1,3,5,8,12,20}
then there exists a D(w)-quadruple. He has
also derived many useful polynomial formulas for
Diophantine quadruples, which can be found in [4].
The fact that there are no D(4k + 2)—quadruples,
where k € Z, is a consequence of work of some other
authors ([1,9,10]).

Analogous problem can also be studied in other
rings, especially in rings of integers of number fields.
In particular, in a series of papers [6], [7] and [8],
Franusi¢ mainly solved this problem for non-
imaginary quadratic number fields of the form
Q(+/d). She showed that for an integer w in such
quadratic field there exists a Diophantine quadruple
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with the property D(w) if and only if w can be
represented as a difference of squares of two
integers, up to finitely many exceptions. One may
ask whether this is still true if the ring of integers in
Q(V/d) is replaced by the ring of integers in other
number fields and this question is at present far
from being solved. The purpose of this paper is to
provide some results in that direction for cubic
number fields.

The results in [6-8] are based on the descrip-
tion of differences of two squares in non-imaginary
quadratic number fields, given in [5]. Description
given there relies on the solvability of Pellian
equations which arise as determinants of systems
of certain linear equations. This also presents a
main advantage of the quadratic number field case.
Namely, analogous systems of linear equations that
appear in the case of higher dimensional number
fields lead to equations that are more complicated
than Pellian’s. We will restrict our attention to
finding elements in the rings of integers of pure
cubic number fields Q(v/d), where d is even, that
cannot be written as a difference of two squares.
Depending on the structure of the ring of integers
in Q(v/d) there are two possibilities, which are
considered separately. In each case we determine
certain classes of elements that cannot be written as
a difference of squares and show the non—existence
of related Diophantine quadruples.

Non—existence of such Diophantine quadruples
follows from the fact that systems of congruences
which we obtain do not have a solution and is
proved using case—by—case consideration.


http://dx.doi.org/10.3792/pjaa.88.163

164 L. JUKI¢ MATIC

As a consequence, we prove that there exist no
D(4k + 2)-quadruples, k € Z, in the ring of integers
in Q(v/d) for even d, that is different from the case
Q(i) or Q(V2).

We now describe the content of the paper in
more detail. In the following section we recall basic
facts related to the structure of rings of integers
in pure cubic fields, while in the third section we
derive some elements of such rings that cannot be
written as a difference of squares and consider
related Diophantine quadruples.

2. Preliminaries. First we describe the
rings of integers in the numbers fields which we
consider. We will study the rings of integers in
the cubic number fields of the form Q(v/d), where
d € Z. Such cubic number fields are usually called
pure cubic number fields. Clearly, we may suppose
that d is cube-free integer greater than 1. We
now recall the description of the rings of integers
in pure cubic number fields, which goes back as far
as [2].

It is easy to see that there exist unique
relatively prime positive integers a and b such that
d = ab? and ab is square-free. Next, we define a =
Vd and 8 = Va2b (note that a2 = bg).

If a®> #b* (mod 9), then the ring of integers
in Q(v/d) equals Z[1,a, 8]. Otherwise, the ring of
integers in Q(¥/d) is given by Z[a,(,7], where
v = H‘"giﬂ’d We take a moment to verify the form of
perfect squares in mentioned rings of integers.

First we consider the case a? # b? (mod 9).
Obviously, 3 =acand a- 3=a-b. For z,y, 2 € Z,
it can be directly verified that the following holds

(z+ya+ 28)" = 2% + 2yzab + (2zy + Fa)a + (222 +y°b) 3.

Thus, each element of Z[l,a,(] which can be
written as a difference of two squares is of the form
mf — x% + 2ab(y121 — Yaz2)+
(1) 2(z1y1 — 222) + a(F — 7))o+
(2(z121 — m222) + b(y} — 13))B
for some x1,y1, 21, T2, Y2, 22 € Z.

Now we consider more complicated case a?> =
b?> (mod 9). Observe that in this case 1 =3y —
aa — bfB. 1t is not hard to see that a -0 = 3aby —
a’ba — ab?B. The proof of the following relations
is straightforward:

a’h? —1 -1

———a—ab
3 3

ay = ab*y — B

[Vol. 88(A),
2 272
9 a®—1 a’b® —1
= a2y — ab -
py=aby—a 7 3 B
, 14 2a%0 a(b® + 1 — 2a%b?)
Y= v+ «
3 9
b(a® + 1 — 2a*b?)

9

Note that since a and b are relatively prime and a* =
b? (mod 9) it follows that 3 does not divide d. Thus,
a’=1 (mod 3) and b*> =1 (mod 3), and we obtain
that 3 divides all of a®b? — 1,a%> — 1,0* — 1,1 + 2a°b°.
Furthermore, (a?,b%) mod 9 € {(1,1),(4,4),(7,7)}.
Now a direct verification shows that 9 divides both
a’ +1—2a%b® and b% + 1 — 2402,

Using previous formulas we obtain that for
x,y, z € Z the following holds:

272
(za+yB+ 27)* = <ay2 — 2a%bxy — 2x2$
-1 ,a(b*+1-2a%?)

a
— 2yzab
yza 3 + z 9 >a

2

+ (bx2 — 2ab’xy — 2xzab

221, b(a? + 1 — 202
,Qyza ; 4 22 (a—|—9 a )>ﬂ

1+ 2a%b?
+ (Gabzy + 2ab*rz + 2a*byz + ey 22> 5.

Similarly as in the first case, each element of
Z[a, 8,~] that can be written as a difference of two
squares is of the form

<a (y% — y3 — 2ab(z1y1 — Tayp)

a® —1

b + 1 — 2a%b?
—2b (y121 — y222) + — 9 (22 — z%))
a’b? —
-2 —5 (x121 — x222)>a

(2) + (b (x% — x% — 2ab(z1y1 — TaY2)

v —1 a?+1-2a%" 2)>

— 2a 2] —Z
9 (1 2

(121 — @229) +

a2b? —1
-2 3 (Y121 — y?@))ﬂ
+ (2ab(3(x1y1 — Toys) + b(x121 — X229)

1+ 2a%b?
+a(iz1 — y222)) + 3 (2'% - z%))*y,

where x1, Y1, 21, T2, Y2, 22 € Z.
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3. Non-existence of some Diophantine
quadruples. In this section we will derive the
non-existence of some Diophantine quadruples
under the assumption that d is even. As before,
we write d=ab’> where ab is square-free and
(a,b) = 1. Note that the assumption that d is even
implies that exactly one of the positive integers a
and b is even.

Again, we will discuss case a®# b* (mod 9)
first. Since 2ab=0 (mod 4), it follows from (1)
that each element z+ ya+ 208 € Z[1,a,§] which
can be written as a difference of squares satisfies
=z} — 23 (mod 4), for some z1,z9 € Z. It is well
known that z? — 23 #2 (mod 4), so an element
of the form 4z 4+ 2 + ya + 208, x,y,z € Z cannot be
written as a difference of two squares in the ring
Z[1, o, f].

The first result on the non-existence of some
Diophantine quadruples in the pure cubic fields is
given by the following lemma:

Lemma 3.1. Letw=2x+ ya+ 20 € Z[1,a, ]
denote an element of the ring of integers in a pure
cubic field Q(v/d).

(4) If a is even and y is odd, then there is no D(w)—
quadruple in Z[1, a, ).
(ii) If b is even and z is odd, then there is no D(w)-
quadruple in Z[1, o, 0).

Proof. We comment only the part (i) because
(#i) can be proved in a completely analogous way.

Suppose, on the contrary, that the set {z; +
yiao+2z;5:1=1,2,3,4} is a D(w)-quadruple in
Z[1,a, f].

Using the formulas obtained in the previous
section, we deduce that for all ,j € {1,2,3,4},
i # j, there exist integers c;;, d;j, e;; such that

iy + iy azizp +y = 2¢di; + ael).

Since a is even and y is odd, it follows that x;y; +
x;y; is an odd integer for all ¢,j € {1,2,3,4}, ¢ # j.
Now one can get a contradiction in the same way as
in the proof of Proposition 1 in [11]. O

Observe that if a is even then (1) implies that
x+ 2y + 1)a + 28, where z,y, z € Z, is not a differ-
ence of two squares in Z[1, a, §]. Also, if b is even
then = 4+ ya + (224 1)8, where z,y,2 € Z, is not a
difference of two squares in Z[1, a, g].

The following theorem provides a non—exis-
tence of D(w)—quadruples for a class of elements w
that are not representable as a difference of squares
in Z[1, e, f3].
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Theorem 3.2. Let w=4x+ 2+ ya+ 20,
x,y,z € Z, denote an element of the ring of integers
Z(1,a,0] in a pure cubic field Q(v/d), where d
is even. Then there exist no D(w)—quadruples in
Z[1,a, ).

Proof. Suppose that the set {z; + y;a+ 2,0 :
i =1,2,3,4} has the property D(4z + 2 + ya + 203).
Then for all i,j€ {1,2,3,4}, i #j, there exist
cij,dij,e;j € Z such that the following equalities
hold:

zixj + ab(y;iz; + y;z) + 4 +2 = c?j + 2abd;je;;
Ty + Xy + aziz; +y = 2¢di; + ae?j
xiz]- + "E]'Zi + by7y] +z= QCijeij + bd?]
Exactly one of the numbers a and b is even, and let
us first assume that a is even. The previous lemma
implies that y is even and consequently z;y; + x;y;
is even for all 4,5 € {1,2,3,4}, i # j.

On the other hand, since ab is even and square-
free, from the first equality we deduce that for
all 4,7 €{1,2,3,4}, i#j, one of the following
holds:

zix; + 2(yizj + y;zi) =2 (mod 4),

3
®) z;ixj; + 2(yizj + yj2) =3 (mod 4).

We will show that there do not exist integers
iy Ui, Ziy ¢ = 1,2, 3,4, such that the above conditions
are fulfilled.

There are several cases to discuss:

e Suppose that z; is even for i = 1,2,3,4.

It follows that 2(yizj +yjzi) =2 (mod 4) for all
i,j € {1,2,3,4}, i # j, and consequently v;z; + y;2;
is odd for 4,j € {1,2,3,4}, i # j. It can be seen that
this is impossible in the same way as in the proof of
the previous lemma.

e Suppose that there exist i € {1,2,3,4} such
that z; is odd and j, k € {1,2,3,4}, j # k, such
that z; and xj are even.

We may assume that x; is odd and x9, x5 are even.
Then, z1y; + z;y1n =0 (mod 2), i € {2,3}, implies
that both g, and ys3 are even and hence, xoxs+
2(y223 + y322) =0 (mod 4), a contradiction.

e Suppose that there exists at most one i€
{1,2,3,4} such that x; is even.

We may assume that 1, 2, 23 are odd. Since z;y; +
zjy; =0 (mod 2) for 4,j€{1,2,3,4}, i#j, we
obtain either y; =0 (mod 2) for i € {1,2,3} or y; =
1 (mod 2) for i € {1,2,3}.

Let us first assume y; =0 (mod 2) for i€
{1,2,3}. It follows directly from (3) that z;z; =
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3 (mod 4) holds for i,j € {1,2,3}, i #j. On the
other hand, there exist 4,5 € {1,2,3}, i #j such
that z; = z; (mod 4), leading to z;z; =1 (mod 4),
which is impossible.

Now we assume y; =1 (mod 2) fori € {1,2,3}.
If 21 = 29 = 23 (mod 2), then we again obtain from
(3) that x;z; =3 (mod 4) holds for i,j € {1,2,3},
1 # j, a contradiction.

It remains to consider the case z; = z;
z (mod 2), where {i,j,k} ={1,2,3}. Using (3),
we get wzx; =3 (mod4) and wizp = xjTE =
1 (mod 4). The last congruences yield ;=
z; (mod 4) and, in consequence, z;z; =1 (mod 4),
which is impossible.

Let us now assume that b is even. By the
previous lemma, z is even and it directly follows
that x;z; + x;2; is even for i,j € {1,2,3,4}, ¢ # j.
Also, in the same way as before we obtain
that for all 4,7 € {1,2,3,4}, i # j, one of (3) holds.
Using the same procedure, it can be concluded
that there is no solution. This completes the
proof. O

In the rest of this section we study the
remaining case a®> = b*> (mod 9). If a is even, it is
a direct consequence of the formula (2) that
an element of the form (24 1)a+yB8+ 2y €
Z[a, B,v], where z € Z, is not representable as
a difference of two squares in the ring Z[w, 5,7].
On the other hand, if b is even then the same can
be concluded for an element of the form za +
(2y+ 1)B+ 2y € Z[a, B,7], where y € Z.

The following lemma is an analogue of
Lemma 3.1 for the pure cubic fields of a different
type.

Lemma 3.3. Letw=za+yp+ zy € Z[o, 3,7]
denote an element of the ring of integers in a pure
cubic field Q(¥/d), with even d = ab®, where ab is
square-free and a®> = b* (mod 9).

(i) If a is even and x is odd, then there is no D(w)-
quadruple in Zla, B,7].
(ii) If b is even and y is odd, then there is no D(w)—
quadruple in Zla, 5,7].

Proof. We will again comment only the part
(). Suppose the assertion of the lemma is false. Then
there exists a set {xja+y;8+2zv:i=1,2,3,4}
which is a D(w)-quadruple in Z[a,3,7]. Using
formulas obtained in the previous section, it may
be concluded that there exist integers c;;,d;;,e;;
such that equality

AL

[Vol. 88(A),

9 9 a?b* — 1
ay;y; — a“bry; — a”bxjy; — X%
a?h? — 1 a®—1
-y wE—ab Yizj
a’®—1 a(t? + 1 — 2a°b?)
—ab Yz + zizj+x =
3 9

9 9 a’h? — 1 a’?—1

adi]- — 2a bcijdz-j -2 T Cij€ij — 2ab dijeij

a(b* +1 —2a%?) ,
9 i
holds for i,5 € {1,2,3,4}, i # j.

Since a is even and z is odd, we conclude that
xizj + xj7; has to be an odd integer for ,j€
{1,2,3,4}, i # j, and it can be seen in the same
way as in the proof of Lemma 3.1 that this is
impossible. (I

It is not hard to see, using the Chinese
remainder theorem, that 1+ 24%0* =9 (mod 24)
holds and consequently % =3 (mod 4). Since
ab is even, formula (2) shows that element za +
yB+ (42 +2)vy € Z[w, B,7], for z,y,z € Z, cannot
be represented as a difference of two squares
in Zla, 8,7] (note that %azbz (22—-22)=0, 1 or
3 (mod 4)).

The non-existence of D(w)-quadruples for
such w is established by the following theorem:

Theorem 3.4. Letw=xa+yl+ (4z+ 2)7,
x,y,z € Z, denote an element of the ring of integers
Zlo, B,7] in a pure cubic field Q(¥/d), where d
is even. Then there exist no D(w)—quadruples in
Zla, B,].

Proof. Let us first consider the case when a is
even. Suppose that the set {z;a+y;8+z7vy:i=
1,2,3,4} has the property D(za + y8 + (42 + 2)7).

Lemma 3.3 shows that x is also even, and that
xizj + x;z; is even for all 4,5 € {1,2,3,4}, i # j.

Further, for all i,5 € {1,2,3,4}, i # j, there
exist ¢;j, dij, e;j € Z such that the following equality
holds:

3ab(z;y; + zjy;) + ab*(wiz; + xj2:) + a®b(yiz; + yj2:)
1+ 2a2b?
3

Zizj+ 4z + 2

1+ 2a%b*
= 6abciljdij + 2ab20ijeij + 2a? bdi]‘ei]‘ + T €?j.

Since both a and x;2; + z;2; are even, we obtain the
following congruence:

2(ziy; + zjyi) + 32izj + 2 = 3627 (mod 4).
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Multiplying both sides of the previous congruence
by 3, we have

zizj + 2(zy; + xjy) + 2 = e?j (mod 4),
which shows that one of the following holds:
zizj+ 2(zy; + xjy;) =2 (mod 4),
2z + 2(xy; + xjy;) =3 (mod 4)

for i,5 € {1,2,3,4}, i # j.

These congruences are obtained just by replac-
ing x;,y;, z; in (3) with z;, x;, y;, respectively. Thus,
the proof of Theorem 3.2 immediately leads us to a
contradiction.

The assumption that b is even leads to
Yizj +y;2: =0 (mod 2), for i # j, and to the fact
that one of the following

ZiZj + Z(Izyj —+ :E]y7) =2 (HlOd 4),
zizj + 2(xiy; + x;y;) = 3 (mod 4)

holds for i,j € {1,2,3,4}, i # j. Clearly, the rest of
the proof follows in the same way as in the previous
case. 0

We also note the following corollary, which can
be regarded as a generalization of the result due to
Brown et al.

Corollary 3.5. Ifn and d are even integers
withn =2 (mod 4) and d cube-free, then there exist
no D(n)—quadruples in the ring of integers in the
field Q(Vd).

Proof. We again write d = ab® where ab is
square-free and (a,b) = 1. Further, let n = 4k + 2,
for some k€ Z. If a®> #b* (mod 9), claim of the
corollary follows directly from Theorem 3.2.

Otherwise, we have 4k + 2 = xa + yB + zy for
some x,y,z € Z. It is not hard to see that z =
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3(4k+2) =4(3k+ 1)+ 2 and Theorem 3.4 com-
pletes the proof. O
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