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Abstract: In this article we announce fundamental results of Selberg type zeta functions

for the Hilbert modular group of a real quadratic field; the meromorphic extension over C, its

functional equation and some arithmetic applications.
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1. Introduction. We consider Selberg type

zeta functions attached to the Hilbert modular group

of a real quadratic field. First of all, we recall the

original Selberg zeta function constructed by Selberg

in 1956. Let � be a co-finite discrete subgroup of

PSLð2;RÞ acting on the upper half plane H. Take

a hyperbolic element � 2 �, that is jtrð�Þj > 2, then

the centralizer of � in � is infinite cyclic and �

is conjugate in PSLð2;RÞ to

�
Nð�Þ1=2 0

0 Nð�Þ�1=2

�
with Nð�Þ > 1. Put Primð�Þ be the set of �-

conjugacy classes of the primitive hyperbolic ele-

ments in �. For <ðsÞ > 1, the Selberg zeta function

for � is defined by the following Euler product:

Z�ðsÞ :¼
Y

p2Primð�Þ

Y1
k¼0

ð1�NðpÞ�ðkþsÞÞ:

Selberg defined this zeta function and proved (Cf.

Selberg [8,9] and Hejhal [6]):

(a) Z�ðsÞ defined for <ðsÞ > 1 extends mero-

morphically over the whole complex plane.

(b) Z�ðsÞ has ‘‘non-trivial’’ zeros at s ¼ 1
2 � irn of

order equal to the multiplicity of the eigen-

value 1=4þ r2
n of the Laplacian �0 ¼

�y2ð @2

@x2 þ @2

@y2Þ acting on L2ð�nHÞ.
(c) Z�ðsÞ satisfies a functional equation between

s and 1� s.
The theory of Selberg zeta functions for locally

symmetric spaces of rank one is evolved by Gangolli

(compact case) and Gangolli-Warner [3] (noncom-

pact case). For higher rank cases, Deitmar [1]

defined and studied ‘‘generalized Selberg zeta func-

tions’’ for compact higher rank locally symmetric

spaces. Therefore, our concern is to define and

study ‘‘Selberg type zeta functions’’ for noncompact

higher rank locally symmetric spaces such as

Hilbert modular surfaces.

Let us introduce Selberg type zeta functions for

the Hilbert modular group of a real quadratic field.

Let K=Q be a real quadratic field with class number

one and OK be the ring of integers of K. Put D be

the discriminant of K and " > 1 be the fundamental

unit of K. We denote the generator of GalðK=QÞ
by � and put a0 :¼ �ðaÞ and NðaÞ :¼ aa0 for a 2 K.

We also put �0 ¼ a0 b0

c0 d0

� �
for � ¼ a b

c d

� �
2

PSLð2;OKÞ. Let �K :¼ fð�; �0Þ j � 2 PSLð2;OKÞg be

the Hilbert modular group of K. It is known that �K
is a co-finite (non-cocompact) irreducible discrete

subgroup of PSLð2;RÞ � PSLð2;RÞ and �K acts on

the product H2 of two copies of the upper half plane

H by component-wise linear fractional transfor-

mation. �K have only one cusp ð1;1Þ, i.e., �K-

inequivalent parabolic fixed point. XK :¼ �KnH2 is

called the Hilbert modular surface of K.

Let ð�; �0Þ 2 �K be hyperbolic-elliptic, i.e.,

jtrð�Þj > 2 and jtrð�0Þj < 2. Then the centralizer of

hyperbolic-elliptic ð�; �0Þ in �K is infinite cyclic.

Definition 1.1 (Selberg type zeta function for

�K with the weight ð0;mÞ). For an even integer

m � 2 and s 2 C with <ðsÞ > 1, we define

ZKðs;mÞ :¼
Y
ðp;p0Þ

Y1
k¼0

ð1� eiðm�2Þ! NðpÞ�ðkþsÞÞ�1:

Here, ðp; p0Þ run through the set of primitive

hyperbolic-elliptic �K-conjugacy classes of �K , and

ðp; p0Þ is conjugate in PSLð2;RÞ2 to
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ðp; p0Þ � NðpÞ1=2 0

0 NðpÞ�1=2

 !
;

cos! � sin!

sin! cos!

� � !
:

Here, NðpÞ > 1, ! 2 ð0; �Þ and ! =2 �Q. The product

is absolutely convergent for <ðsÞ > 1.

2. Analytic properties of ZKðs;mÞ. We

state our main theorems on analytic properties of

ZKðs;mÞ.
Theorem 2.1. For an even integer m � 2,

ZKðs;mÞ a priori defined for <ðsÞ > 1 has a mero-

morphic extension over the whole complex plane.

Our Selberg zeta functions ZKðs;mÞ have also

‘‘non-trivial’’ zeros or poles and they have connec-

tions with the eigenvalues of two Laplacians. Let

�
ð1Þ
0 :¼ �y2

1ð @
2

@x2
1

þ @2

@y2
1

Þ and �
ð2Þ
m :¼ �y2

2ð @
2

@x2
2

þ @2

@y2
2

Þ þ
im y2

@
@x2

be the Laplacians of weight 0 and m for

ðz1; z2Þ 2 H2. Two Laplacians �
ð1Þ
0 and �

ð2Þ
m act on

L2ðmÞ :¼ L2
disð�KnH2; ð0;mÞÞ

: the space of Hilbert Maass forms of weight ð0;mÞ.
For an even integer q, we consider the subspaces of

L2ðqÞ and L2ðq � 2Þ given by

V ð2Þq :¼ f 2 L2ðqÞ
���� �ð2Þq f ¼

q

2
1� q

2

� �
f

� �
;

W
ð2Þ
q�2 :¼ f 2 L2ðq � 2Þ

���� �
ð2Þ
q�2f ¼

q

2
1�

q

2

� �
f

� �
:

Theorem 2.2 (Zeros and poles of ZKðs;mÞ).
Let m � 4 be an even integer.

. ZKðs;mÞ has zeros at s ¼ 1
2 � i�jðmÞ of order

equal to the multiplicity of the eigenvalue
1
4 þ �jðmÞ

2 of �
ð1Þ
0 acting on V

ð2Þ
m and has simple

zeros at s ¼ 1� m
2 þ �ik

log " for k 2 Z.

. ZKðs;mÞ has poles at s ¼ 1
2 � i�jðm� 2Þ of

order equal to the multiplicity of the eigen-

value 1
4 þ �jðm� 2Þ2 of �

ð1Þ
0 acting on V

ð2Þ
m�2

and has simple poles at s ¼ 2� m
2 þ �ik

log " for

k 2 Z.

. ZKðs;mÞ has zeros or poles (according to their

orders are positive or negative) at s ¼ �k
ðk 2 N [ f0gÞ of order ð2kþ 1ÞEðXKÞ þ
2
PN

j¼1½k=�j� �
PN

j¼1 �k;jðmÞ.
. If m ¼ 4, ZKðs;mÞ has additional simple zeros

at s ¼ 0 and s ¼ 1.

Here, EðXKÞ denotes the Euler characteristic of

XK, natural numbers �1; �2; � � � ; �N denote the orders

of primitive elliptic conjugacy classes of �K and

�j;kðmÞ are explicitly given integers. When the

location of two zeros or poles coincide, the orders

of them are added.

On the contrary to the case of m � 4, ZKðs; 2Þ
has no ‘‘non-trivial’’ poles.

Theorem 2.3 (Zeros and poles of ZKðs; 2Þ).
. ZKðs; 2Þ has a double pole at s ¼ 1.

. ZKðs; 2Þ has zeros at s ¼ 1
2 � i�jð2Þ of order

equal to the multiplicity of the eigenvalue
1
4 þ �jð2Þ

2 of �
ð1Þ
0 acting on V

ð2Þ
2 and has zeros

at s ¼ 1
2 � i�jð�2Þ of order equal to the multi-

plicity of the eigenvalue 1
4 þ �jð�2Þ2 of �

ð1Þ
0

acting on W
ð2Þ
�2 .

. ZKðs; 2Þ has double zeros at s ¼ � k�i
log " ðk 2 NÞ.

. ZKðs; 2Þ has a zero at s ¼ 0 of order EðXKÞ.

. ZKðs; 2Þ has zeros or poles (according to their

orders are positive or negative) at s ¼ �k ðk 2
NÞ of order ð2kþ 1ÞEðXKÞ þ 2

PN
j¼1½k=�j� �

2kN.

When the location of two zeros or poles coincide,

the orders of them are added.

Actually ZKðs;mÞ has infinite ‘‘non-trivial’’

zeros by the following ‘‘Weyl’s law’’.

Theorem 2.4. For an even integerm � 2, let

NþmðT Þ :¼ #fj j 1=4þ �jðmÞ2 	 Tg

for T > 0. Then we have

NþmðT Þ � ðm� 1Þ
volð�KnH2Þ

16�2
T ðT !1Þ:

Our ZKðs;mÞ also satisfy a symmetric func-

tional equation.

Theorem 2.5 (Functional equation). The

Selberg type zeta function ZKðs;mÞ satisfies the

functional equation

ẐZKðs;mÞ ¼ ẐZKð1� s;mÞ:

Here the completed zeta function ẐZKðs;mÞ is given by

ẐZKðs;mÞ :¼ ZKðs;mÞZidðsÞZellðs;mÞ
� Zpar/sctðs;mÞZhyp2/sctðs;mÞ

with

ZidðsÞ :¼ ð�2ðsÞ�2ðsþ 1ÞÞ2 	Kð�1Þ

Zellðs;mÞ :¼
YN
j¼1

Y�j�1

l¼0

�ðsþl
�j
Þ
�j�1�
lðm;jÞ�
lðm;jÞ

�j

Zpar/sctðs;mÞ :¼
1 ðm � 4Þ
"�2s ðm ¼ 2Þ

�
Zhyp2/sctðs;mÞ

:¼
	"ðsþ m

2
� 1Þ 	"ðsþ m

2
� 2Þ�1 ðm � 4Þ

	"ðsÞ2 ðm ¼ 2Þ

(
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where, �2ðsÞ is the double Gamma function (Cf.

[5, Definition 4.10, p. 751]), 	KðsÞ is the Dedekind

zeta functions of K and 
lðm; jÞ, 
lðm; jÞ 2
f0; 1; � � � ; �j � 1g are explicitly given integers and

	"ðsÞ :¼ ð1� "�2sÞ�1.

3. Ruelle type zeta functions. We consid-

er the Ruelle type zeta function of �K .

Definition 3.1 (Ruelle type zeta function for

�K). For <ðsÞ > 1, the Ruelle type zeta function

for �K is defined by the following absolutely

convergent Euler product:

RKðsÞ :¼
Y
ðp;p0Þ
ð1�NðpÞ�sÞ�1:

Here, ðp; p0Þ run through the set of primitive hyper-

bolic-elliptic �K-conjugacy classes of �K , and ðp; p0Þ
is conjugate in PSLð2;RÞ2 to

ðp; p0Þ � NðpÞ1=2 0

0 NðpÞ�1=2

 !
;

cos! � sin!

sin! cos!

� � !
:

Here, NðpÞ > 1, ! 2 ð0; �Þ and ! =2 �Q.

By the relation

RKðsÞ ¼
ZKðs; 2Þ

ZKðsþ 1; 2Þ

and Theorem 2.3, we have

Theorem 3.2. The Ruelle type zeta function

RKðsÞ has a meromorphic continuation to the whole

complex plane. RKðsÞ has a double pole at s ¼ 1 and

nonzero for <ðsÞ � 1.

As a byproduct of Theorem 2.5, we obtain a

simple functional equation for RKðsÞ and an explicit

formula of the coefficient of the leading term of

RKðsÞ at s ¼ 0.

Theorem 3.3 (Functional equation of

RKðsÞ). Let D be the discriminant of K and

D � 13. Then, the function RKðsÞ satisfy the func-

tional equation

RKðsÞRKð�sÞ
¼ ð�1ÞEðXKÞ 22EðXKÞ sinð�sÞ2EðXKÞ�2a2ð�Þ�2a3ð�Þ

� sin
�s

2

� �2a2ð�Þ
sin

�s

3

� �2a3ð�Þ�	"ðs� 1Þ 	"ðsþ 1Þ
	"ðsÞ2

�2

:

Let R
Kð0Þ be the leading coefficient of the Laurent

expansion of RKðsÞ at s ¼ 0, that is

R
Kð0Þ :¼ lim
s!0

RKðsÞ
sEðXKÞþ2

:

Then we have

jR
Kð0Þj ¼
ð2�ÞEðXKÞ

2a2ð�Þ 3a3ð�Þ
ð2" log "Þ2

ð"2 � 1Þ2
:

Here, EðXKÞ denotes the Euler characteristic of

XK, " is the fundamental unit of K, 	"ðsÞ ¼ ð1�
"�2sÞ�1 and arð�Þ is the number of elliptic fixed

points in XK for which corresponding points have

isotropy groups of order r.

4. Differences of the Selberg trace for-

mulas and class numbers of binary quadratic

forms over OK. Analytic properties and func-

tional equations of ZKðs;mÞ and RKðsÞ are ob-

tained by using the ‘‘differences’’ of the Selberg

trace formula for Hilbert modular surfaces. The

key point is considering the differences between

two Selberg trace formulas with different weights.

For this we shall extend the Selberg trace formula

for Hilbert modular group �K with trivial weight

(Cf. Efrat [2] and Zograf [10]) to that with non-

trivial weights. Based on our Selberg trace for-

mula for �K with weight ð0;mÞ, we can treat and

obtain the differences and double differences of

the Selberg trace formula. The details of proofs are

given in [4].

As an application of ‘‘Double differences of the

Selberg trace formula’’, we obtain a prime geodesic

type theorem. Let P�HE be the set of primitive

hyperbolic-elliptic �K-conjugacy classes of �K .

Theorem 4.1 (Prime geodesic type theo-

rem). For X � 2, we haveX
ðp;p0Þ2P�HE

NðpÞ	X

1 ¼ 2 LiðXÞ �
X

1=2<sjð2Þ<1

LiðXsjð2ÞÞ

�
X

1=2<sjð�2Þ<1

LiðXsjð�2ÞÞ

þOðX3=4=logXÞ:

Here, sjð2Þð1� sjð2ÞÞ and sjð�2Þð1� sjð�2ÞÞ are

eigenvalues of the Laplacian �
ð1Þ
0 acting on V

ð2Þ
2 and

W
ð2Þ
�2 respectively and LiðxÞ :¼

R x
2 1=log t dt.

Besides, we have a generalization of Sarnak’s

theorem [7] on class numbers of indefinite binary

quadratic forms over Z to that for class numbers

of indefinite binary quadratic forms over OK .

Put Dþ� :¼ fd 2 OK j 9b 2 OK s.t. d � b2 (mod 4Þ;
d nota square in OK; d > 0; d0 < 0g. For each d 2
Dþ�, let hKðdÞ denote the number of inequivalent

primitive binary quadratic forms over OK of

discriminant d, and let ðxd; ydÞ 2 OK �OK be

the fundamental solution of the Pellian equation
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x2 � dy2 ¼ 4. Put "KðdÞ :¼ ðxd þ
ffiffiffi
d
p

ydÞ=2. By

Theorem 4.1, we obtain

Theorem 4.2. For x � 2, we haveX
d2Dþ�
"KðdÞ	x

hKðdÞ ¼ 2 Liðx2Þ �
X

1=2<sjð2Þ<1

Liðx2sjð2ÞÞ

�
X

1=2<sjð�2Þ<1

Liðx2sjð�2ÞÞ

þOðx3=2=logxÞ ðx!1Þ:
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