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Abstract: Small time existence of a strong solution to the free surface problem of

primitive equations for the ocean with the variable turbulent viscosity terms is shown in this

paper. The turbulent viscosity coefficients, which include the Richardson number depending on

the unknown variables, are formulated explicitly. We consider the problem in the 3-dimensional

stripe-like region, and construct the strong local-in-time solution in Sobolev-Slobodetski��� spaces.

The details of the proofs will be provided in another full paper.

Key words: Primitive equations; Sobolev-Slobodetski��� space; strong solution.

1. Introduction. In the present paper, we

investigate a free surface problem of primitive

equations taking the vertical mixing into account,

and show the unique existence of a strong local-in-

time solution, which is a new result developed from

our earlier result [3]. We adopt practical boundary

conditions subject to Bryan [1], Cox [2] and

Killworth [4]. Another feature of the present work

is taking the parametrization of the vertical mixing

into account. All of the existing results in mathe-

matics ([5], for instance) regarded the turbulent

viscosity coefficients to be positive constants,

while in the parametrization of oceanography, they

often depend on the horizontal velocity and the

temperature. This leads to the difficulty in the

estimate of the principal terms. Furthermore, for

the equation of state, we adopt a general form % ¼
%ðp; �; SÞ here.

2. Formulation of the problem. Our

problem is formulated in the 3-dimensional strip-

like region. By x ¼ ðx1; x2; x3Þ, we denote an or-

thogonal Cartesian coordinate system with x3 being

the vertical direction. Let the unknown free surface

and the known bottom of the ocean be represented

by x3 ¼ F ðx0; tÞ and x3 ¼ bðx0Þ ðx0 ¼ ðx1; x2ÞÞ,
respectively. The initial value F0ðx0Þ of F ðx0; tÞ is

assumed to satisfy F0ðx0Þ � bðx0Þ > c0 with a posi-

tive constant c0 for any x0 2 R2. Then the domain

�ðtÞ of the ocean at time t is represented as

fðx0; x3Þjx0 2 R2; bðx0Þ < x3 < F ðx0; tÞg. Making use

of the Boussinesq approximation, the equations

that we consider in the present paper are as

follows:

Dv

Dt
� �1�vþ �2

@2v

@x2
3

� �
þ fAv ¼ �

1

%0
rp;

@p

@x3
¼ �%g; r � vþ

@w

@x3
¼ 0;

D�

Dt
� �3��þ �4

@2�

@x2
3

� �
¼ 0;

DS

Dt
� �5�S þ �6

@2S

@x2
3

� �
¼ 0;

% ¼ %ðp; �; SÞ x 2 �ðtÞ; t > 0:

8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:

ð2:1Þ

Here, fAv is a Coriolis force with A ¼ 0 �1
1 0

� �
and the Coriolis parameter f is a positive constant

due to the f-approximation; r and � are 2-dimen-

sional gradient and Laplacian, respectively. The

horizontal and vertical components of the velocity

are represented by v w, respectively; p, the

pressure; %, the density; %0, a positive constant;

g, the gravity force (a positive constant); �, the

temperature; S, the salinity; ð�1; �2Þ, coefficients of

the turbulent viscosity; ð�3; �4Þ and ð�5; �6Þ, scaled

sums of turbulent and molecular diffusivities,

respectively, �i ði ¼ 1; 3; 5Þ are positive constants.

In addition, we assume ([1], [4], [7])

D

Dt
ðx3 � F ðx0; tÞÞ ¼ 0;ð2:2Þ

where
D

Dt
� @

@t
þ v � r þ w @

@x3
is an operator

known as the material derivative. Following [6]

and [7],
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�i ¼ �i
@v

@x3
; %;

@%

@x3

� �
¼ �ia 1þ �iR

@v

@x3
; %;

@%

@x3

� �� ���i
þ �ib;

R ¼ R @v

@x3
; %;

@%

@x3

� �
¼ g%�1 @%

@x3

@v

@x3

���� �����2

;

where �i ¼ 2 for i ¼ 2, and �i ¼ 1 for i ¼ 4; 6, �ia,

�ib ði ¼ 2; 4; 6Þ are positive constants, and R is

the Richardson number. Conditions on the free

surface �ðtÞ ¼ fx 2 R3jx3 ¼ dðx0; tÞg and �b ¼
fx0; bðx0Þjx0 2 R2g are:

�2
@v

@nF
¼ �1; �4

@�

@nF
¼ �2;

�6
@S

@nF
¼ g1S; p ¼ p0 x 2 �ðtÞ; t > 0:

8>><>>:ð2:3Þ

�2
@v

@nb
¼ �4

@�

@nb
¼ �6

@S

@nb
¼ 0;

v � rbþ w ¼ 0; x 2 �b; t > 0:

8<:ð2:4Þ

Here nF ¼ ðn1; n2; n3ÞT is the unit normal vector

to �ðtÞ at time t pointing to the ocean region,

n0F ¼ ðn1; n2ÞT; �1, the wind shear due to the

movement of the atmosphere over the ocean

surface; �2, the heat flux on the ocean surface;

p0ðx; tÞ, the atmospheric pressure at the ocean

surface; g1ðx; tÞ, a given function representing the

difference of the precipitation and evaporation

rate; and nb, the unit outer normal to �b. Initial

conditions on � � �ð0Þ and R2 are

ðv; �; SÞjt¼0 ¼ ðv0; �0; S0ÞðxÞ; x 2 �;

F ðx0; 0Þ ¼ F0ðx0Þ; x0 2 R2;

�
ð2:5Þ

where v0 ¼ ðv01; v02ÞT. We apply the transform

�F : ðx; tÞ 7�! ðy; t�Þ:
y0 ¼ x0; t� ¼ t;

y3 ¼ ðbðx0Þ � F0ðx0ÞÞ
x3 � F ðx0; tÞ
bðx0Þ � F ðx0; tÞ

þF0ðx0Þ:

8>>><>>>:ð2:6Þ

Hereafter we use notations e��T � e��� ð0; T Þ, e��bT �e��b � ð0; T Þ, e��T � e��� ð0; T Þ, respectively, wheree�� ¼ fðy0; y3Þjy0 2 R2; bðy0Þ < y3 < F0ðy0Þg;e��b ¼ fðy0; y3Þjy0 2 R2; y3 ¼ bðy0Þg;e�� ¼ fðy0; y3Þjy0 2 R2; y3 ¼ F0ðy0Þg:
In the following, we denote the inverse of the

transposed matrix of the Jacobian matrix of �F by

ðJ ½ðx=yÞ�TÞ�1 ¼ ðaijÞ ¼ ðaijðF ÞÞ ði; j ¼ 1; 2; 3Þ;

and use the notations ~ff ðF Þðy; tÞ � fð��1
F ðy; tÞÞ,

rF ; rF;3

� 	T¼ ðJ½ðx=yÞ�TÞ�1 ry0 ;
@

@y3

� �T

;

A1ðy; tÞ �
@y

@t
¼

y3 � bðy0Þ
bðy0Þ � F ðy0; tÞ

@F

@t
ðy0; tÞ;

where ry0 is the derivative with respect to y0. For a

function defined in the whole space R3, we use the

same notation to the one restricted on �ðtÞ at each

t and then transfomed into the new coordinate

system.

3. Function spaces. Let G be a domain in

Rn ðn ¼ 2; 3Þ. By Wl
2ðGÞ we mean a space of

functions uðxÞ, x 2 G, equipped with the norm

kuk2
Wl

2
ðGÞ ¼

P
j�j<l
kD�uk2

L2ðGÞ þ kuk
2
_WWl

2
ðGÞ, where

kuk2
_WWl

2
ðGÞ ¼

X
j�j¼l
kD�uk2

L2ðGÞ if l is an integer;

kuk2
_WWl

2
ðGÞ ¼

X
j�j¼½l�

Z
G

Z
G

jD�uðxÞ �D�uðyÞj2

jx� yjnþ2flg dxdy

if l is a non-integer; l ¼ ½l� þ flg; 0 < flg < 1:

8>>>>>><>>>>>>:
For l < 0, we define Wl

2ðRnÞ as follows [3]:

Wl
2ðRnÞ

¼
�
u
��� kuk2

Wl
2
ðRnÞ �

Z
Rn
ð1þ j�j2Þljûuð�Þj2 d� <1



:

We also define the following function spaces:

W
m

2 ðGÞ ¼
�
uðxÞ

���� kuk2
W

m

2 ðGÞ
� sup

x2G
juðxÞj2

þ kuk2
_WW
m�½m�
2

ðGÞ þ
X
j�j¼1

kD�uk2
Wm�1

2
ðGÞ <1



(n ¼ 2; 3, m 2 R). Next we introduce [3]

W
l; l2
2 ðGT Þ � Wl;0

2 ðGT Þ \W
0; l2
2 ðGT Þ

ðGT � G� ð0; T ÞÞ, whose norms are defined by

kuk2

W
l; l

2
2
ðGT Þ
¼ kuk2

L2ðð0;T Þ;Wl
2
ðGÞÞ þ kuk

2

L2ð�;W
l
2
2
ð0;T ÞÞ

:

We also define function spaces eWWl; l2
2 ðGT Þ ¼

u 2Wl; l2
2 ðGT Þ

���� @u@x3
2Wl; l2

2 ðGT Þ
� 


, and for m > 2

W
m;m2
2 ðGT Þ ¼

�
uðx; tÞ

���� kuk2

W
m;m

2
2
ðe��T Þ
� sup

GT

juðx; tÞj2

þ sup
t2ð0;T Þ

kuð�; tÞk2
_WW
m�½m�
2

ðGÞ
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þ
X
j�j¼1

D�uk k2

W
m�1;m�1

2
2

ðGT Þ
þ

@u

@t

���� ����2

W
m�2;m�2

2
2

ðGT Þ

þ sup
x2G
kuðx; �Þk2

_WW
m�½m�

2
2

ð0;T Þ
<1



:

The n times product of a function space W is

denoted by Wn. Norms of the vector and the

product spaces are defined by the standard vector

norm and the sum of the norms of each space,

respectively.

4. Main result. Now, introduce notations

U � ðu; ~��; ~SSÞT, U0 � ðu0; ~��0; ~SS0ÞT, and denote

ðv; w; �; SÞ after the coordinate transform by

ðu; u3; ~��; ~SSÞ. Extend U0ðyÞ ¼ ðu0; ~��0; ~SS0ÞðyÞ into the

half space t > 0 preserving the regularity, which is

denoted by U0ðy; tÞ ¼ ð�uu0;
�~��~��0;

�~SS~SS0Þðy; tÞ. Introduce a

notation U 0 ¼ ðu0; ~��0; ~SS0ÞT � U � U0. We consider:

@U 0

@t
� LU;FU 0 ¼ G1;u3;FU 0 þ LU;FU0

�
@U0

@t
in e��T ;

B1ðrF;3u; ~%%;rF;3~%%ÞU 0 ¼ G2;FU 0 on e��T ;
B2ðrF;3u; ~%%;rF;3~%%ÞU 0 ¼ G3;FU 0 on e��bT ;
U 0jt¼0 ¼ ð0; 0; 0Þ

T;

8>>>>>>>>>>><>>>>>>>>>>>:
ð4:1Þ

where ~%% ¼ %ð~ppðF Þ; ~��; ~SSÞ, and

LU;FU 0 � ½L1;U;F ðu� �uu0Þ; L2;U;F ð~��� �~��~��0Þ;

L3;U;F ð ~SS � �~SS~SS0Þ�T;
B1ðrF;3u; ~%%;rF;3~%%ÞU 0

� ½�2rFu0 � nF ; �4rF
~��0 � nF ; �6rF

~SS0 � nF �T;
B2ðrF;3u; ~%%;rF;3~%%ÞU 0

� ½�2rFu0 � nb; �4rF
~��0 � nb; �6rF

~SS0 � nb�T;

Li;U;F � �2i�1r2
F þ �2i a33ðF Þ

@

@y3

� �2

ði ¼ 1; 2; 3Þ;

G1;F ðu; u3Þ � �A1
@u

@y3
� ðu � rF Þu� fAu

� u3a
33ðF Þ

@u

@y3
�

1

%0
rF ~ppðF Þ;

G2;F ðu; u3Þ � �A1
@

@y3
� ðu � rF Þ � u3a

33ðF Þ
@

@y3
;

G1;u3;FU 0 � ½G1;F ; G2;F ðu; u3Þ~��; G2;F ðu; u3Þ ~SS�T;

G2;FU 0 � ½~�� ðF Þ1 þ �2rF �uu0 � nF ; ~��
ðF Þ
2 þ �4rF

�~��~��0 � nF ;

~gg
ðF Þ
1

~SS þ �6rF
�~SS~SS0 � nF �T;

G3;FU 0 � ½�2rF �uu0 � nb; �4rF
�~��~��0 � nb; �6rF

�~SS~SS0 � nb�T;

LU;FU0 � ½L1;U;F �uu0; L2;U;F
�~��~��0; L3;U;F

�~SS~SS0�T;
�i ¼ �iðrF;3u; ~%%;rF;3~%%Þ ði ¼ 2; 4; 6Þ.
The problem for u3 is deduced from (2.1) and (2.4):

a33ðF Þ
@u3

@y3
¼ �rF � u in e��T ;

u3 ¼ �u � rb on e��b:
8><>:ð4:2Þ

For F 0 � F � F0, taking the horizontal divergence

of (4.1)2, and adding it with (2.2) yields:

@F 0

@t
� L4;U;FF

0 ¼ L4;U;FF0 � u � rF

þu3 þ
X2

i¼1

@

@yi

a33ðF Þ�2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jrF j2

q @ui

@y3

264
375

�r � ~�� ðF Þ1 jy3¼F0
in R2

T ;

F 0jt¼0 ¼ 0 on R2;

8>>>>>>>>>>><>>>>>>>>>>>:
ð4:3Þ

where

L4;U;FF �
X2

i¼1

�2ðrF;3u; ~%%;rF;3~%%Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jrF j2

q
� rui þ a3 @ui

@y3

� �
� r

@F

@yi
:

Now, define puðxÞ by

puðxÞ ¼ p0ðx0; F0ðx0Þ; 0Þ

þ g
Z x3

F0ðx0Þ
%ððpu; �0; S0Þðx0; z3; 0ÞÞ dz3;

We also define %u � %ðpu; �0; S0Þ and

R0 � R
@v0

@x3
; %u;

@%u

@x3

� �
:

The following is the main result:

Theorem 4.1. Let l 2 ð1=2; 1Þ, and T be an

arbitrary positive number. Assume that

(i) ðv0; �0; S0Þ 2 ðW 2þl
2 ðR3Þ

T
Ws1

2 ðR3ÞÞ�

ðW 2þl
2 ðR3Þ

T
Ws2

2 ðR3ÞÞ�

ðW 2þl
2 ðR3Þ

T
Ws3

2 ðR3ÞÞ for some si < 0 ði ¼
1; 2; 3Þ,

(ii) 0 < cu � ð1þ �iR0Þ
@v0

@x3

���� ���� ði ¼ 2; 4; 6Þ,

F0 2 W
5
2þl
2 ðR2Þ, �0 � �0ðxÞ <1, and 0 <

S0 � S0ðxÞ <1 with positive constants cu, �0

and S0, respectively;
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(iii) b 2 W
5
2þl
2 ðR2Þ and F0ðx0Þ � bðx0Þ > c0 > 0 on

R2 with a positive constant c0;

(iv) �1, �2 2W
2þl;2þl2
2 ðR3

T Þ, g1 2 W
2þl;2þl2
2 ðR3

T Þ,

p0 2W
3þl;3þl2
2 ðR3

T Þ, and the matrix Av0
�

@v0i

@xj

� �
i;j¼1;2

is positive definite;

(v) For l=2 < � < 1þ l=2, % 2 C4þ�ðGÞ on G �
fx 2 R3jx1 > c1; x2 > �0; x3 > S0g, inf

x2G
%ðxÞ 	

c1 > 0 and sup
x2G
jD�%ðxÞj �M for j�j � 4.

Moreover, compatibility conditions up to the order 1

are satisfied. Then, there exists T � 2 ð0; T � such

that (4.1)–(4.3) has a unique solution ðU 0; u3; F
0Þ 2

W0ðT �Þ � eWW 2þl;2þl2
2 ðe��T � Þ �W

5
2þl;

5
4þ

l
2

2 ðR2
T � Þ satisfying

0 <
�0

2 � ~�� and 0 <
S0

2 � ~SS on e��T � , where W0ðT �Þ �

ðW 3þl;3þl2
2 ðe��T � ÞÞ3.

5. Auxiliary lemmas. We introduce some

lemmas used in the proof of Theorem 4.1, whose

proofs will be provided in a full paper published

later. Hereafter, C’s stand for positive constants

depending on kbk
W

5
2
þl

2
ðR2Þ

, kF 0k
W

5
2
þl

2
ðR2Þ

and

kp0k
W

3þl;3þl
2

2
ðR3

T Þ
, and 	ð�Þ’s for increasing positive

functions of their arguments which include con-

stants depending on the same amounts as C’s. We

assume the following assumption:

A number T > 0 and a function F� satisfy F� 2

W
5
2þl;

5
4þ

l
2

2 ðR2
T Þ; F�ðy0; tÞ � bðy0Þ > c0 for t 2 ½0; T � and

F�ðy0; 0Þ ¼ F0ðy0Þ. We shall call this assumtion as

assumption ðAF� Þ. The transform (2.6) is executed

with F replaced by F�, and by e��T , we denote

the region mapped from
S
t>0

�ðtÞ � ftg with this

transform. b 2W
5
2þl
2 ðR2Þ, F0 2W

5
2þl
2 ðR2Þ, F0ðy0Þ �

bðy0Þ > c0. Hereafter, D� stands for the usual

multi-index of the derivative. In addition, we use

notations

D3
i;j;k ¼

@3

@xi@xj@xk
;

eDD
½f �ðy; tÞ �X
j�j¼


jD�fðy; tÞj þ
Z F0ðy0Þ

bðy0Þ
jD�fðy0; z3; tÞj dz3

 !
;

for simplicity.

Lemma 5.1. For T > 0 and F� satisfying the

assumption ðAF� Þ, let us assume the same conditions

as in Theorem 4.1. In addition, let us define

M� � ð~���; ~SS�Þ 2WMðT Þ � ðW
3þl;3þl2
2 ðe��T ÞÞ2,

ð~���; ~SS�Þjt¼0 ¼ ð~��0; ~SS0Þ 2 ðW
2þl
2 ðR3ÞÞ2,

N � � ðM�; F�Þ, V� � ð~ppðF�Þ;M�Þ, where

~ppðF�Þðy; tÞ ¼ ~pp
ðF�Þ
0 ðy0; F0ðy0Þ; tÞ þ

g

a33ðF�Þðy0; tÞ

�
Z y3

F0ðy0Þ
%ðð~ppðF�Þ; ~���; ~SS�Þðy0; z3; tÞÞ dz3:

Then, we have:

jD3
i;j;kV�ðy; tÞj � 	ðkN �kWN ðtÞÞ

�
(X3

j�¼2j
jD�p0ðy; tÞj þ D3

i;j;kF0ðy0Þ
��� ���þ eDD2½N ��ðy; tÞ

þ
Z F0ðy0Þ

bðy0Þ
D3
i;j;kM�ðy0; z3; tÞ

��� ��� dz3 þ 1

)

� 1þ exp C 1þ kF �k
W

5
2
þl;5

4
þ l

2
2

ðR2
T Þ

� �� �� 

þD3

i;j;kM�ðy; tÞ ði; j; k ¼ 1; 2Þ; 8ðy; tÞ 2 e��T ;

where

WN ðtÞ � ðW
3þl;3þl2
2 ðe��tÞÞ2 �W

5
2þl;

5
4þ

l
2

2 ðR2
t Þ:

Next, assume ð~��ðiÞ; ~SSðiÞ; FðiÞÞ ði ¼ 1; 2Þ satisfy

ð~��ðiÞ; ~SSðiÞ; FðiÞÞjt¼0 ¼ ð~��0ðyÞ; ~SS0ðyÞ; F0ðy0ÞÞ;

ð~��ðiÞ; ~SSðiÞÞ ¼ ð�~��~��0;
�~SS~SS0Þ þ ð~��0ðiÞ; ~SS0ðiÞÞ;

ð~��0ðiÞ; ~SS0ðiÞÞ 2 ðW
3þl;3þl2
2 ðe��T ÞÞ2;

ð~��ðiÞ; ~SSðiÞ; FðiÞÞ 2WN ðT Þ

and ~ppðiÞ satisfies

~ppðiÞðy; tÞ ¼ ~pp
ðFðiÞÞ
0 ðy0; F0ðy0Þ; tÞ þ

g

a33ðFðiÞÞðy0; tÞ

�
Z F0ðy0Þ

y3

%ðð~ppðiÞ; ~��ðiÞ; ~SSðiÞÞðy0; z3; tÞÞ dz3 ði ¼ 1; 2Þ:

Introducing notations VðiÞ � ð~ppðiÞ; ~��ðiÞ; ~SSðiÞÞ ði ¼ 1; 2Þ,

we then estimate eVV � Vð2Þ � Vð1Þ � ð~~pp~pp; ~~��~��;
~~SS~SSÞ.

Lemma 5.2. Let T > 0 satisfy FðiÞðy0; tÞ �
bðy0Þ > c0 ði ¼ 1; 2Þ for t 2 ½0; T �. For this T , under

the same assumptions as in Lemma 5.1, the follow-

ing estimates hold for t 2 ð0; T �:
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jD3
i;j;k
eVVðy; tÞj � 	 X2

i¼1

kN ðiÞkWN ðT Þ

 !

�
X3


¼2

eDD
 eNN ðy; tÞ þ Ck eNN kWeNN ðT Þ
�
(X3


¼2

j eDD
 ½p0�ðy; tÞj þ
X2

k¼1

eDD2½N ðkÞðy; tÞ�

þ
X
j�j¼3

ðjD�F0ðy0Þj þ jD�Fð1Þðy0; tÞjÞ þ 1

)
þ jD3

i;j;k
fMMðy; tÞj ði; j; k ¼ 1; 2Þ; 8ðy; tÞ 2 e��T ;

with fWWN ðT Þ � ðW 3þl;3þl2
2 ðe��T ÞÞ2 �W

5
2þl;

5
4þ

l
2

2 ðR2
T Þ.

6. Proof of Theorem 4.1. First, we con-

struct the following successive approximation of the

nonlinear problem for U 0ðmþ1Þ with m 	 0:

@U 0ðmþ1Þ

@t
� LUðmÞ;FðmÞU 0ðmþ1Þ

¼ G1;FðmÞU 0ðmÞ þ LUðmÞ;FðmÞU0 �
@U0

@t

� EðmÞ1 in e��T ;

B1ðrFðmÞ;3uðmÞ; ~%%ðmÞ;rFðmÞ;3~%%ðmÞÞU 0ðmþ1Þ

¼ G2;FðmÞU 0ðmÞ � E
ðmÞ
2 on e��T ;

B2ðrFðmÞ;3uðmÞ; ~%%ðmÞ;rFðmÞ;3~%%ðmÞÞU 0ðmþ1Þ

¼ G3;FðmÞU 0ðmÞ � E
ðmÞ
3 on e��bT ;

U 0ðmþ1Þjt¼0 ¼ ð0; 0; 0Þ on e��:

8>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>:

ð6:1Þ

For m ¼ 0, we define

ðU 0ðmÞ; u3ðmÞ; F
0
ðmÞ; ~%%ðmÞÞ � ð0; 0; 0; 0; 0; %ð~pp0;

�~��~��0;
�~SS~SS0ÞÞ;

ðUðmÞ; FðmÞÞ ¼ ðU0; F0Þ ¼ ð�uu0; ���0; �SS0; F0Þ;

RðmÞ ¼ gð~%%ðmÞa33ðF0ÞÞ�1 @~%%ðmÞ

@y3

@�uu0

@y3

���� �����2

;

and let us ~ppðmÞ and ~%%ðmÞ � %ðð~ppðmÞ; ~��ðmÞ; ~SSðmÞÞðy; tÞÞ �
%ðVðmÞÞ satisfy for m 	 0

a33
ðmÞ

@~ppðmÞ

@y3
¼ �g~%%ðmÞ in e��T ;

~ppðmÞjy3¼F0ðy0Þ ¼ ~pp0ðy0; F0ðy0Þ; tÞ on e��bT ;
8><>:

where a33
ðmÞ ¼ a33ðFðmÞÞ. We also consider:

a33
ðmÞ

@u3ðmþ1Þ

@y3
¼ �rFðmÞ � uðmÞ in e��T ;

u3ðmþ1Þ ¼ �euuðmþ1Þ � rb on e��bT ;
8><>:ð6:2Þ

@F 0ðmþ1Þ

@t
� L4;UðmÞ;FðmÞF

0
ðmþ1Þ

¼ L4;UðmÞ;FðmÞF0 � uðmÞ � FðmÞ þ u3ðmþ1Þ

þ
X2

i¼1

@

@yi

a33
ðmÞ�2ðmÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jrFðmÞj2
q @uiðmÞ

@y3

264
375

�r � � ðFðmÞÞ1 � EðmÞ4 in R2
T ;

F 0ðmþ1Þjt¼0 ¼ 0 on R2:

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

ð6:3Þ

Here �2ðmÞ ¼ �2ðrFðmÞ;3uðmÞ; ~%%ðmÞ;rFðmÞ;3~%%ðmÞÞ. The

unique solvability of (6.1)–(6.3) is guaranteed by

the result of the linear problem. Making use of the

interpolation and Young’s inequalities and the esti-

mate of the solution to the linear problem, we show

the well-definedness of the successive sequence.

Hereafter RðmÞ �
g~%%�1
ðmÞ

a33
ðmÞ

@~%%ðmÞ
@y3

@uðmÞ
@y3

���� �����2

ðm 	 1Þ.

We also introduce following function spaces:

W1ðT Þ � ðW
1þl;1þl2
2 ðe��T ÞÞ3;

W2ðT Þ � ðW
5
2þl;

5
4þ

l
2

2 ðe��T ÞÞ3
W3ðT Þ � ðW

5
2þl;

5
4þ

l
2

2 ðe��bT ÞÞ3:
Lemma 6.1. Assume F0 2 W

5
2þl
2 ðR2Þ, U0 �

ðu0; ~��0; ~SS0Þ 2W0 � W 2þl
2 ðe��Þ �W 2þl

2 ðe��Þ � W
2þl
2 ðe��Þ,

ð1þ �iR0Þ
@v0

@x3

���� ���� 	 cu > 0 ði ¼ 2; 4; 6Þ and there

exists T60 > 0 satisfying FðmÞðy0; tÞ � bðy0Þ > c0 > 0

and ð1þ �iRðmÞÞ
@uðmÞ
@y3

���� ���� > cu > 0 ði ¼ 1; 2; 3Þ for

t 2 ð0; T60�. Then, following estimates hold for ar-

bitrary small � > 0 and t 2 ð0; T60�:X2

i¼1

kEðmÞi kW1ðtÞ � ð�þ C�tÞð1þ kg1k
W

2þl;2þl
2

2
ðR3

t Þ
Þ

� 	ðkFðmÞk
W

5
2
þl;5

4
þ l

2
2

ðR2
t Þ
ÞkU 0ðmÞkW0ðtÞ

þ
X2

i¼1

k�ik
W

2þl;2þl
2

2
ðR3

t Þ
þ kU0kW0

;

X4

i¼3

kEðmÞi kW3ðtÞ � ð�þ C�tÞð1þ kbkW 5
2
þl

2
ðR2Þ
Þ

� kU 0ðmÞkW0ðtÞ þ kU0kW0
þ kF 0k

W
5
2
þl

2
ðR2Þ

;

where C� is a positive constant depending on �.
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This lemma is proved with the aid of Lemma

5.1. Introduce notations E0mðtÞ � kU 0ðmÞkW0ðtÞ and

EmðtÞ � kðU 0ðmÞ; u3ðmÞ; FðmÞÞkWðtÞ.
Take T61 such that FðmÞðy0; tÞ � bðy0Þ > c0 and

ð1þ �iRðmÞÞ
@uðmÞ

@y3

���� ���� > cu > 0

hold for t 2 ð0; T61�. The estimate of the solution to

the linear problem and Lemma 6.1 yields:

E0ðmþ1ÞðtÞ � C½ð�þ C�tÞf	61ðEðmÞðtÞÞ
þ 	62ðEðmÞðtÞÞE0ðmÞðtÞg þ 1�;

ku3ðmþ1Þk eWW 3þl;3þl
2

2
ðe��tÞ
þ kF ðmþ1Þk

W
5
2
þl;5

4
þ l

2
2

ðR2
t Þ

� 	63ðkF 0ðmÞk
W

5
2
þl;5

4
þ l

2
2

ðR2
t Þ
Þ þ C

� 

� kuðmþ1Þk

W
3þl;3þl

2
2

ð~��tÞ

þ C ð�þ C�tÞ	64ðEðmÞðtÞÞ þ 1
 �

:

Here 	6ið�Þ ði ¼ 1; 2; 3; 4Þ are homogeneous polyno-

mials. From these, we arrive at:

Eðmþ1ÞðtÞ � CðtÞ½ð�þ C�tÞf	61ðEðmÞðT ÞÞ
þ 	62ðEðmÞðT ÞÞE0ðmÞðT Þ
þ 	64ðEðmÞðT ÞÞg þ 1�ð6:4Þ

with some CðtÞ 	 0 depending on t monotonically

and increasingly. From this, we obtain Eðmþ1ÞðT61Þ <
M from the assumption EðmÞðT61Þ < M by taking

� and T61 small enough. With the aid of the follow-

ing lemma, it is shown that T61 does not depend

on m.

Lemma 6.2. Let M > 0 be provided as

above. Then, there exists a constant C60 > 0 in-

dependent of EðmÞ such that

ð1þ �iRðmÞðy; tÞÞ
@uðmÞ

@y3
ðy; tÞ

���� ���� > cu

2
ði ¼ 2; 4; 6Þ

hold for t 2 0;
cu

C60M

� �
.

Next, we prove the convergence of the se-

quence. Subtract (6.1)–(6.3) with m replaced by

m� 1 from itself. DenotingeUU 0ðmÞ � U 0ðmþ1Þ � U 0ðmÞ; ~uuðmÞ � uðmþ1Þ � uðmÞ;

~uu3ðmÞ � u3ðmþ1Þ � u3ðmÞ; eFF 0ðmÞ � F 0ðmþ1Þ � F 0ðmÞ;
we consider the similar problem for these variables.

Lemma 6.3. Under the same assumptions as

in Lemma 6.1, following estimate holds for �, t > 0:

X3

i¼1

kEðmÞi � Eðm�1Þ
i kWiðtÞ

þ kEðmÞ4 � Eðm�1Þ
4 k

W
1
2
þl;1

4
þ l

2
2

ðR2
t Þ

� ð�þ C�tÞ	
Xm
i¼m�1

EiðtÞ
 ! eEEmðtÞ;

where C� is a potisive constant depending on �.

This lemma is proved with the aid of

Lemma 5.2. From Lemma 6.3, we obtaineEEðmþ1ÞðtÞ � r eEEðmÞðtÞ; r 2 ð0; 1Þ;
where eEEmðtÞ � kðeUU 0ðmÞ; ~uu3ðmÞ; eFF 0ðmÞÞkWðtÞ. Then we

can verify that fðeUU 0ðmÞ; ~uu3ðmÞ; eFF 0ðmÞÞg1m¼0 is a Cauchy

sequence in WðT62Þ. Therefore the limit

ðeUU 0; ~uu3; eFF 0Þ � lim
m!1

ðeUU 0ðmÞ; ~uu3ðmÞ; eFF 0ðmÞÞ
exists in WðT62Þ, which is our desired solution.

Finally we shall show that 0 < �0=2 � ~��ðy; tÞ <1
and 0 < S0=2 � ~SSðy; tÞ <1 hold by taking the time

interval small enough again. This is achieved in the

similar manner as in [3]. Uniqueness of the solution

can be proved by virtue of an analogous inequality to

(6.4). This completes the proof of the main theorem.
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