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Abstract: Let n > 1 be an integer, k > 1 be an odd integer and a > 0 be an even integer.

Suppose a2 þ b2d ¼ kn, where d 6¼ 1; 3 is a positive odd square-free integer and gcdða; bdÞ ¼ 1.

In this paper, we describe imaginary quadratic fields Qð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � kn
p

Þ explicitly whose class numbers

are divisible by n if d � 1; 5; 7 mod 8 or d � 3 mod 8 with ðn; 3Þ ¼ 1 under certain conditions.

Key words: Class numbers; imaginary quadratic fields; primitive divisors of Lucas
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1. Introduction. Let n � 3, and D � 63

be a square-free integer such that t2D ¼ Kn � x2.

Here t;K; x are positive integers with ðK; 2xÞ ¼ 1.

By Mollin [Mo], Murty [Mu1], [Mu2] and

Soundararajan [So], it is known that if Kn <

ðDþ 1Þ2, then n j hð�DÞ, where hð�DÞ denotes

the class number of imaginary quadratic fields

Qð
ffiffiffiffiffiffiffiffi
�D
p

Þ. In this paper, we consider whether

n j hð�DÞ is satisfied or not without the condi-

tion Kn < ðDþ 1Þ2. By using a result on the

primitive divisors of Lucas numbers, we prove the

following.

Theorem 1.1. Let n > 1 be an integer,

k > 1 be an odd integer and a > 0 be an even

integer. Suppose a2 þ b2d ¼ kn, where d 6¼ 1; 3 is

a positive odd square-free integer, b > 0 and

gcdða; bdÞ ¼ 1. And assume b j� d. The condition

b j� d denotes all prime factors of b divide d.

(1) If d � 1; 5; 7 mod 8 and the following conditions

(i), (ii), (iii) are not satisfied, then n j hð�dÞ.

(i) ða; b; d; k; nÞ ¼ ð2759646; 1; 341; 377; 5Þ;

(ii) ða; b2d; k; nÞ ¼
m

2
� ð2m2 þ " � 3Þ;

3m2 þ " � 4
4

;m2 þ "; 3
� �

;

where m > 0 with m � 0 mod 4 and " ¼ �1,

(iii) ða; b2d; knÞ ¼
�
m

2
� j �2m2 þ " � 3lþ1 j;

32l �
3m2 � " � 4 � 3l

4
; ðm2 � " � 3lÞ3

�
;

where m > 0 with m 6� 0 mod 3 and m � 0 mod 4,

l > 0 and " ¼ �1. In the case (i), we have 5 -

hð�341Þ ¼ 28 and, in the two cases (ii) and (iii), we

have n=3 j hð�dÞ.
(2.1) If d � 3 mod 8 and ðn; 3Þ ¼ 1, then n j hð�dÞ
except the case

ða; b; d; k; nÞ ¼ ð22434; 1; 19; 55; 5Þ:

In fact, we have 5 - hð�19Þ ¼ 1.

(2.2) If d � 3 mod 8 and ðn; 3Þ 6¼ 1, then n=3 j hð�dÞ.
The method of the proof of this theorem is

based on the result of Cao [Ca2].

Remark 1. If b ¼ 1, the condition b j� d is

always satisfied. Therefore, this theorem contains

the case where a2 � kn < 0 is square-free.

The above theorem implies that we can de-

scribe imaginary quadratic fields Qð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � kn
p

Þ ex-

plicitly whose class numbers may not be divisible by

n under the conditions when b j� d, 2 j a, 2 - k and

gcdða; bdÞ ¼ 1.

Example. (A.1) For the Case (ii) and (iii) of

Theorem 1.1 (1), examples with n=3 j hð�dÞ and

n - hð�dÞ exist.

(A.1.1) For m ¼ 4 in Case (ii) of Theorem 1.1 (1),

we have

ða; b; d; k; nÞ ¼
ð70; 1; 13; 17; 3Þ if " ¼ 1

ð58; 1; 11; 15; 3Þ if " ¼ �1:

�
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In these cases, we have 1 ¼ 3=3 j hð�13Þ ¼ 2 and

3 - hð�13Þ, 1 ¼ 3=3 j hð�11Þ ¼ 1 and 3 - hð�11Þ
respectively.

(A.1.2) For m ¼ 16, l ¼ 2, " ¼ 1 in Case (iii) of

Theorem 1.1 (1), we have

ða; b; d; k; nÞ ¼ ð3880; 9; 183; 247; 3Þ:

In this case, we have 1 ¼ 3=3 j hð�183Þ ¼ 8 and

3 - hð�183Þ. For m ¼ 4, l ¼ 2, " ¼ �1, k ¼ 5 in

Case (iii) of Theorem 1.1 (1), we have

ða; b; d; k; nÞ ¼ ð118; 9; 21; 5; 6Þ:

In this case, we have 2 ¼ 6=3 j hð�21Þ ¼ 4 and

6 - hð�21Þ.
(A.2) For the Case (ii) and (iii) of Theorem 1.1 (1),

examples with n j hð�dÞ exist.

(A.2.1) For m ¼ 12 in Case (ii) of Theorem 1.1 (1),

we have

ða; b; d; k; nÞ ¼
ð1746; 1; 109; 145; 3Þ if " ¼ 1

ð1710; 1; 107; 143; 3Þ if " ¼ �1:

�

In these cases, we have 3 j hð�109Þ ¼ 6 and 3 j
hð�107Þ ¼ 3 respectively.

(A.2.2) For m ¼ 32, l ¼ 2, " ¼ 1 in Case (iii) of

Theorem 1.1 (1), we have

ða; b; d; k; nÞ ¼ ð32336; 9; 759; 1015; 3Þ:

In this case, we have 3 j hð�759Þ ¼ 24. For m ¼ 16,

l ¼ 2, " ¼ �1 in Case (iii) of Theorem 1.1 (1), we have

ða; b; d; k; nÞ ¼ ð4312; 9; 201; 265; 3Þ:

In this case, we have 3 j hð�201Þ ¼ 12.

(B.1) For Theorem 1.1 (2.2), an example with n=3 j
hð�dÞ and n - hð�dÞ exists. For the case when

ða; b; d; k; nÞ ¼ ð4; 1; 11; 3; 3Þ, we have 3=3 j hð�11Þ ¼
1 and 3 - hð�11Þ.
(B.2) For Theorem 1.1 (2.2), an example with n j
hð�dÞ exists. For the case when ða; b; d; k; nÞ ¼
ð2; 1; 339; 7; 3Þ, we have 3 j hð�339Þ ¼ 6.

2. Preliminaries.

Lemma 2.1. Let k > 1, y be odd integers and

x > 0 be an even integer. Suppose x2 þ y2D ¼ kz,
where D 6¼ 1; 3 is a positive square-free integer,

gcdðD; kÞ ¼ gcdðx; yÞ ¼ 1 and z > 1.

(1) If �D � 3 mod 4, then we have

xþ y
ffiffiffiffiffiffiffiffi
�D
p

¼ �ðX1 þ Y1

ffiffiffiffiffiffiffiffi
�D
p

Þt;
z ¼ z1t ðz1 > 0Þ;

where X1; Y1; z1 are integers such that X2
1 þDY 2

1 ¼
kz1 , gcdðX1; Y1Þ ¼ 1 and hð�DÞ � 0 mod z1.

(2) If �D � 1 mod 4, then we have

xþ y
ffiffiffiffiffiffiffiffi
�D
p

¼ �
X1 þ Y1

ffiffiffiffiffiffiffiffi
�D
p

2

 !t

;

z ¼ z1t ðz1 > 0Þ;
where X1; Y1; z1 are integers such that X2

1 þDY 2
1 ¼

4kz1 , X1 � Y1 mod 2 and hð�DÞ � 0 mod z1.

Proof. We can prove this in a way similar to

the proof of [Ca1, Lemma 1]. (1) Since x2 þ y2D ¼
kz, we have

ðxþ y
ffiffiffiffiffiffiffiffi
�D
p

Þðx� y
ffiffiffiffiffiffiffiffi
�D
p

Þ ¼ kz:

From gcdðD; kÞ ¼ gcdðx; yÞ ¼ 1, xþ y
ffiffiffiffiffiffiffiffi
�D
p

and x�
y
ffiffiffiffiffiffiffiffi
�D
p

are coprime integers of OQð
ffiffiffiffiffiffi
�D
p

Þ. Then, we

can write

ðxþ y
ffiffiffiffiffiffiffiffi
�D
p

Þ ¼ Az

for some ideal A of the field Qð
ffiffiffiffiffiffiffiffi
�D
p

Þ. Let z1 :¼
gcdðhð�DÞ; zÞ. We can write z1 ¼ ihð�DÞ þ jz for

some i, j 2 Z and we have

Az1 ¼ ðAhð�DÞÞi � ðAzÞj � ð1Þi � ð1Þj � ð1Þ:

This implies that Az1 is a principal ideal and we

obtain

Az1 ¼ ðX1 þ Y1

ffiffiffiffiffiffiffiffi
�D
p

Þ

for some X1, Y1 2 Z. Since gcdðhð�DÞ; zÞ ¼ z1, we

have z ¼ z1t for some t 2 Z. Then, we obtain

ðxþ y
ffiffiffiffiffiffiffiffi
�D
p

Þ ¼ ðAz1Þt ¼ ðX1 þ Y1

ffiffiffiffiffiffiffiffi
�D
p

Þt:

The assumption D 6¼ 1; 3 implies O	
Qð
ffiffiffiffiffiffi
�D
p

Þ ¼ f�1g.
Therefore, we have

xþ y
ffiffiffiffiffiffiffiffi
�D
p

¼ �ðX1 þ Y1

ffiffiffiffiffiffiffiffi
�D
p

Þt:

(2) We can obtain a proof in a way similar to

the above case. Since �D � 1 mod 4, we have

OQð
ffiffiffiffiffiffi
�D
p

Þ ¼ Z½1þ
ffiffiffiffiffiffi
�D
p

2 
. Then, we obtain

Az1 ¼
X1 þ Y1

ffiffiffiffiffiffiffiffi
�D
p

2

 !

for some X1, Y1 2 Z with X1 � Y1 mod 2. From this

and O	
Qð
ffiffiffiffiffiffi
�D
p

Þ ¼ f�1g, we have

xþ y
ffiffiffiffiffiffiffiffi
�D
p

¼ �
X1 þ Y1

ffiffiffiffiffiffiffiffi
�D
p

2

 !t

:

�

Lemma 2.2 (C. Ko [Ko] and V. A. Lebesgue

(cf. [Ca2, Lemma 3.7])). The equation x2 � � ¼
yn, n > 1, � ¼ �1 has the only positive integer

solution ðx; y; n, �Þ ¼ ð3; 2; 3; 1Þ.

152 A. ITO [Vol. 87(A),



Lemma 2.3 (R. Stanley [St, Theorem 8a,

Theorem 14a]).

(1) The equation y2 � 3m ¼ x3, ðx; 3Þ ¼ 1, m; y � 0

has just five integer solutions ðm;x; yÞ ¼ ð0;�1; 0Þ,
ð0; 2; 3Þ, ð1; 1; 2Þ, ð2;�2; 1Þ and ð2; 40; 253Þ.
(2) The equation y2 þ 3m ¼ x3, ðx; 3Þ ¼ 1, m, y � 0

has just three integer solutions ðm;x; yÞ ¼ ð0; 1; 0Þ,
ð4; 13; 46Þ and ð5; 7; 10Þ.

A Lucas pair is a pair ðA;BÞ of algebraic

integers such that AþB and AB are non-zero

coprime rational integers and A=B is not a root of

unity. Given a Lucas pair ðA;BÞ, the corresponding

sequence of Lucas numbers is defined by

un ¼ unðA;BÞ ¼
An � Bn

A� B
;

where n 2 N [ f0g. Let ðA;BÞ be a Lucas pair. A

prime number p is a primitive divisor of the Lucas

number unðA;BÞ if p divides un but does not divide

ðA�BÞ2u1 � � �un�1. We say that a Lucas number is

an n-defective Lucas number if unðA;BÞ has no

primitive divisor.

Lemma 2.4 (Y. Bilu, G. Hanrot and P. M.

Voutier [BHV]). For any integer n > 30, every

Lucas number is no n-defective. Further, for any

positive integer n � 30, all n-defective Lucas num-

bers are explicitly determined.

All n-defective (n > 1) Lucas numbers are

given in [BHV, Table 1, 3] and [Mou, Theorem 4.1].

By [BHV, Remark 1.1, Proposition 2.1(i) and

Corollary 2.2], we also obtain the following (cf.

[Ca2, Lemma 3.4]).

Lemma 2.5. If p is a primitive divisor of the

Lucas number unðA;BÞ, then n � �1 mod p.

We use these results for the proof of

Theorem 1.1 mainly.

3. Proof of Theorem 1.1.

Case 1 (d � 1 mod 4). By Lemma 2.1 (1), we have

aþ b
ffiffiffiffiffiffiffi
�d
p

¼ �ðx1 þ y1

ffiffiffiffiffiffiffi
�d
p

Þr; n ¼ z1r;

where x1, y1, z1 are integers such that x2
1 þ y2

1d ¼
kz1 , gcdðx1; y1dÞ ¼ 1, z1 > 0 and hð�dÞ � 0 mod z1.

If r is even, we can write r ¼ 2r0 (r0 2 Z). We

have

aþ b
ffiffiffiffiffiffiffi
�d
p

¼ �ð�2 � d�2Þ � 2��
ffiffiffiffiffiffiffi
�d
p

;

where ðx1 þ y1

ffiffiffiffiffiffiffi
�d
p

Þr
0
¼ �þ �

ffiffiffiffiffiffiffi
�d
p

(�, � 2 Z). This

is a contradiction with 2 - b. Then, we obtain 2 - r.

Let " :¼ jx1j þ jy1j �
ffiffiffiffiffiffiffi
�d
p

and " :¼ jx1j � jy1j �
ffiffiffiffiffiffiffi
�d
p

.

Then, we have

b ¼
"r � "r

"� "

����
���� � jy1j:

Let

b1 :¼
"r � "r

"� "

����
����:

By b ¼ b1 � jy1j and b j� d, we have b1 j� d. We obtain

that "r�"r
"�" satisfies the definition of the r-th Lucas

number. We have

b1 ¼
���� r

1

� �
jx1jr�1 þ r

3

� �
jx1jr�3 � ðjy1j �

ffiffiffiffiffiffiffi
�d
p

Þ2 þ � � �

þ
r

r

� �
ðjy1j �

ffiffiffiffiffiffiffi
�d
p

Þr�1

����:
For any prime number q with q j b1, we have q j d
by b1 j� d. Then, we obtain b1 � rxr�1

1 � 0 mod q.

Since ðx1; y1dÞ ¼ 1, we have q - x1, that is, q j r. By

Lemma 2.5, this implies that "r�"r
"�" has no primitive

divisors. By Lemma 2.4, [BHV, Table 1, 3] and

[Mou, Theorem 4.1], we have r ¼ 1; 3; 5. For r ¼ 5,

we obtain ð2jx1j;�4y2
1dÞ ¼ ð12;�1364Þ, that is,

ða; b; d; k; nÞ ¼ ð2759646; 1; 341; 377; 5Þ. For r ¼ 3,

we obtain (I) ð2jx1j;�4y2
1dÞ ¼ ðm;�4� 3m2Þ, (II)

ð2jx1j;�4y2
1dÞ ¼ ðm; 4� 3m2Þ with m > 1, (III)

ð2jx1j;�4y2
1dÞ ¼ ðm; 4 � 3l � "� 3m2Þ with m > 0,

m 6� 0 mod 3, l > 0, " ¼ �1 and ð"; k;mÞ 6¼
ð1; 1; 2Þ. For the case (I), we have m2 þ 1 ¼ kz1 . By

Lemma 2.2, we get z1 ¼ 1, that is, n ¼ 3. Since

aþ b
ffiffiffiffiffiffiffi
�d
p

¼ �ðx1 þ y1

ffiffiffiffiffiffiffi
�d
p

Þ3 and y2
1d ¼ 1þ 3

4 m
2,

we obtain b1 ¼ 1, that is, b2d ¼ y2
1d ¼ 1þ 3

4 m
2. By

a ¼ �x1ðx2
1 � 3y2

1dÞ, jx1j ¼ m
2 > 0, we obtain a ¼

m
2 ð2m2 þ 3Þ. For the case (II), (III), we can obtain

a, b2d, kz1 in a way similar to the case (I) by using

Lemma 2.2. Since a is even and

a ¼ m

2
� ð2m2 þ " � 3Þ or

m

2
� j �2m2 þ " � 3lþ1 j;

we have m � 0 mod 4. Therefore, the condition

ð"; k;mÞ 6¼ ð1; 1; 2Þ of the case (III) is not needed.

For r ¼ 1, we have n ¼ z1. From this and hð�dÞ �
0 mod z1, we obtain n j hð�DÞ.
Case 2 (d � 7 mod 8). We use the following result.

Lemma 3.1 (Y. Kishi [Ki] and A. Ito [It]).

(1) If d � 3 mod 8, for any integer s > 0,

uþ v
ffiffiffiffiffiffiffi
�d
p

2

 !s

2 Z½
ffiffiffiffiffiffiffi
�d
p


 , 3 j s;

where u � v � 1 mod 2.

(2) If d � 7 mod 8, for any integer s > 0,
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uþ v
ffiffiffiffiffiffiffi
�d
p

2

 !s

62 Z½
ffiffiffiffiffiffiffi
�d
p


;

where u � v � 1 mod 2.

Proof. The statement (1) is contained in [Ki,

p.190]. The proof is easy. To show (2), it is enough

to show that

1

2

uþ v
ffiffiffiffiffiffiffi
�d
p

2

 !s

þ
u� v

ffiffiffiffiffiffiffi
�d
p

2

 !s( )
62 Z

for any integer s > 0. The following argument is

contained in [It], but we reproduce it here for the

convenience of readers. Since �d � 1 mod 8, we can

consider
ffiffiffiffiffiffiffi
�d
p

2 Z	2 , where Z	2 denotes the unit

group of the ring Z2 of 2-adic integers. Then, to

show the above statement is equivalent to show that

1

2

uþ v
ffiffiffiffiffiffiffi
�d
p

2

 !s

þ
u� v

ffiffiffiffiffiffiffi
�d
p

2

 !s( )
62 Z2:

Since
ffiffiffiffiffiffiffi
�d
p

� 1 mod 2Z2 and v is odd, we have

v
ffiffiffiffiffiffiffi
�d
p

� 1, 3 mod 4Z2. By checking four cases

ðu; v
ffiffiffiffiffiffiffi
�d
p

Þ ¼ ð�11; �11Þ, ð�11; �33Þ, ð�33; �11Þ, ð�33; �33Þ, where u ¼ �jj
denotes u � j mod 4Z2, we obtain uþv

ffiffiffiffiffi
�d
p

2 6�
u�v

ffiffiffiffiffi
�d
p

2 mod 2Z2. Then, we have

uþ v
ffiffiffiffiffiffiffi
�d
p

2

 !s

þ
u� v

ffiffiffiffiffiffiffi
�d
p

2

 !s

� 1 mod 2Z2;

that is,

1

2

uþ v
ffiffiffiffiffiffiffi
�d
p

2

 !s

þ
u� v

ffiffiffiffiffiffiffi
�d
p

2

 !s( )
62 Z2:

�

Since d � 7 mod 8, we have �d � 1 mod 4. By

Lemma 2.1 (2), we can write

aþ b
ffiffiffiffiffiffiffi
�d
p

¼ �
x1 þ y1

ffiffiffiffiffiffiffi
�d
p

2

 !r

for some x1; y1 2 Z with x1 � y1 mod 2. From this

and Lemma 3.1 (2), we obtain x1 � y1 � 0 mod 2.

This case is reduced to considering the same power

root of aþ b
ffiffiffiffiffiffiffi
�d
p

in Z½
ffiffiffiffiffiffiffi
�d
p


 as in Case 1 and we

may check the case r ¼ 1; 3; 5 in the same way to

Case 1.

Case 3 (d � 3 mod 8). Since d � 3 mod 8, we

obtain �d � 1 mod 4. By Lemma 2.1 (2), we have

aþ b
ffiffiffiffiffiffiffi
�d
p

¼ �
x1 þ y1

ffiffiffiffiffiffiffi
�d
p

2

 !r

;

n ¼ z1r ðz1 > 0Þ;

where x1; y1; z1 are integers such that x2
1 þ dy2

1 ¼
4kz1 , x1 � y1 mod 2 and hð�dÞ � 0 mod z1. We

consider two cases when 3 - r or 3 j r respectively.

Case 3-1 (d � 3 mod 8 and 3 - r). Form x1 �
y1 mod 2 and Lemma 3.1 (1), we obtain x1 � y1 �
0 mod 2. This case is reduced to considering the

same power root of aþ b
ffiffiffiffiffiffiffi
�d
p

in Z½
ffiffiffiffiffiffiffi
�d
p


 as in

Case 1 and we may check the case r ¼ 1; 3; 5 in the

same way to Case 1.

Case 3-2 (d � 3 mod 8 and 3 j r). From Lemma 3.1

(1) and x1 � y1 mod 2, two cases when x1 � y1 �
0 mod 2 and x1 � y1 � 1 mod 2 are possible. We

consider these cases respectively. If x1 � y1 �
0 mod 2, this case is reduced to considering the

same power root of aþ b
ffiffiffiffiffiffiffi
�d
p

in Z½
ffiffiffiffiffiffiffi
�d
p


 as in

Case 1. We may check the case r ¼ 1; 3; 5 in the

same way to Case 1. Next, we consider the case

when x1 � y1 � 1 mod 2. By the assumption 3 j r,
we have r ¼ 3r0 for some integer r0. Therefore, we

obtain

aþ b
ffiffiffiffiffiffiffi
�d
p

¼ �
x1 þ y1

ffiffiffiffiffiffiffi
�d
p

2

 !3r0

:

By Lemma 3.1 (1), we can write

x1 þ y1

ffiffiffiffiffiffiffi
�d
p

2

 !3

¼ � þ �
ffiffiffiffiffiffiffi
�d
p

for some integers � and �. This implies that

aþ b
ffiffiffiffiffiffiffi
�d
p

¼ �ð� þ �
ffiffiffiffiffiffiffi
�d
p

Þr
0
;

n ¼ 3r0z1:

This case is reduced to considering the same power

root of aþ b
ffiffiffiffiffiffiffi
�d
p

in Z½
ffiffiffiffiffiffiffi
�d
p


 as in Case 1 and we may

check the case r0 ¼ 1; 3; 5. If r0 ¼ 1, z1 ¼ n=3 j hð�dÞ.
If r0 ¼ 5, we have k3z1 ¼ 55. This is impossible. Next,

we consider when r0 ¼ 3. In the cases (I), (II) of

Case 1, we have m2 � 1 ¼ k3z1 . By Lemma 2.2 and

2 - k, this is impossible. In the case (III) of Case 1,

we have m2 � 3l ¼ k3z1 . By Lemma 2.3 (1), l > 0,

k > 1 and 2 - k, m2 � 3l ¼ k3z1 is impossible. By

Lemma 2.3 (2) and l > 0, the equation m2 þ
3l ¼ k3z1 has two integer solutions ðl; kz1 ;mÞ ¼
ð4; 13; 46Þ; ð5; 7; 10Þ. We obtain b2d ¼ 32l �

�
3m2�4�3l

4

�
in a way similar to the case (I) of Case 1. If

ðl; kz1 ;mÞ ¼ ð4; 13; 46Þ; ð5; 7; 10Þ, b2d is even. This is

a contradiction with 2 - b2d. Then, these cases are

impossible. The proof of Theorem 1.1 is completed.
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