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Abstract: We give �brewise mod p decompositions of the adjoint bundle of a principal
G-bundle P when the topological group G has mod p decompositions by automorphisms as in [5],

which imply mod p decompositions of the gauge group of P .
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1. Introduction and statement of the result.

We will always assume that spaces have the homo-

topy types of CW-complexes.
Let G be a connected topological group, and let

P be a principal G-bundle over a space B. The gauge

group of P , denoted GðP Þ, is the topological group of
G-equivariant self-maps of P covering the identity of

B with the compact open topology, where the group

structure is given by the composite of maps. For an
action � of G on a space F , we denote by P �� F the

�bre bundle associated to P with the action �. In the

special case that � is the adjoint action of G onto G
itself, we put adP ¼ P �� G and call it the adjoint

bundle of P . Note that adP is a �brewise topological

group in the sense of [3]. Then if we denote the space
of sections of a �brewise space E ! B by �ðEÞ, we

have that �ðadP Þ is a topological group. It is shown

in [1] that there is a natural isomorphism of topolog-
ical groups:

GðP Þ ffi �ðadP Þ
Thus a �brewise decomposition of the adjoint bundle

adP yields a decomposition of the gauge group GðP Þ.
The gauge group GðP Þ, of course, inherits the

structures of the topological group G. Then if we
have a decomposition of G, GðP Þ may have a decom-

position. In fact, Theriault [11] showed that mod p

decompositions of G induce those of GðP Þ when the
base space B is S4. Other decompositions of gauge

groups are discussed in [7] and [8]. The aim of this

note is to produce a �brewise mod p decomposition
of the adjoint bundle adP for yielding a mod p de-

composition of the gauge group GðP Þ when G has a

mod p decomposition by an automorphism as in [5].

In order to state the result, we need some nota-

tion. Let P be a set of primes. We denote by �P

the localization away from P in the sense of Hilton,
Mislin and Roitberg [6]. We also denote by �fP the

�brewise localization away from P in the sense of

May [9].
Suppose G has an automorphism � with the sub-

group of �xed points H. We de�ne a map � : G=H !
G by

�ðgHÞ ¼ g�ðgÞ�1

for g 2 G. We also de�ne a map � : H �G=H ! G by

�ðh; gHÞ ¼ h � �ðgHÞ

for h 2 H and g 2 G. Let � be the action of H upon

G=H de�ned by

�ðh; gHÞ ¼ hgH

for h 2 H and g 2 G. Now we give the main theorem

whose proof will be given in the next section where

we also give some examples.
Theorem 1.1. Let G;H ; � and � be as above.

Suppose that the localized map �P is a homotopy

equivalence for some set of primes P. Then there is

a �brewise homotopy equivalence:

ðadEGjBHÞ
f
P ’BH ðadEHÞfP �BH ðEH �� G=HÞ

f
P

Let E ! B be a �bration whose �bre is connected

and nilpotent. It follows from the result of M¿ller

[10] that the induced map �ðEÞ ! �ðEf
PÞ from the

�brewise localization E ! Ef
P is the localization

�ðEÞ ! �ðEÞP. Obviously, we have �ðE1 �B E2Þ ffi
�ðE1Þ � �ðE2Þ for �brewise spaces E1 and E2 over
B. Then we obtain:

Corollary 1.1. Let G;H ; � and � be as in

Theorem 1.1. Suppose that the localized map �P is a
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homotopy equivalence for some set of primes P.

Then there is a homotopy equivalence:

GðEGjBHÞP ’ GðEHÞP � �ðEH �� G=HÞP
2. Proof of Theorem 1.1 and examples.

We �rst give a proof of Theorem 1.1. Let adH denote
the adjoint action of H onto G. Then we have a com-

mutative diagram

H �G=H
�����!�

G=H

1��

?

?

?

y

?

?

?

y

�

H �G
�������!adH

G

which induces a �brewise map � �tting into the fol-

lowing commutative diagram of �bre sequences.

H �G=H
�������������!�

G
?

?

?

y

?

?

?

y

adEH �BH ðEH �� G=HÞ ���!
�

adEGjBH
?

?

?

y

?

?

?

y

BH BH

Thus Theorem 1.1 follows from Dold’s theorem

together with the assumption that the localized map

�P is a homotopy equivalence.
Next, we give some examples to which we can

apply Theorem 1.1 and Corollary 1.1. The following

special gauge groups are of our main interesting. Let
G be a connected simple Lie group. Then the princi-

pal G-bundle over S4 is classi�ed by �3ðGÞ ffi Z.

De�nition 2.1. We denote by GkðGÞ the gauge
group of principal G-bundle classi�ed by k 2 Z ffi
�3ðGÞ.

Example 2.1. Let G;H; p; d and � be as in

Table I. Here the matrix J is
O En

�En O

� �

. Then

each � is an automorphism of G with the subgroup

of �xed points H. Note that the order of � equals
p. In [5], Harris showed that the localized map �1

p
is

a homotopy equivalence, where �1
p

stands for the

localization away from the set of all primes but
p, that is, inverting p. Then we can apply Theorem

1.1 and Corollary 1.1. Moreover, since the inclu-
sion H ! G induces d-multiplication in �3, we have

obtained:

Proposition 2.1. Let G;H ; p; d and � be as

above. Then we have a homotopy equivalence

GdkðGÞ1
p
’ GkðHÞ1

p
� �ðEÞ1

p
;

where E is the pullback of EH �� G=H by the map

S 4 ! BH representing k 2 Z ffi �4ðBH Þ.
Example 2.2. In [2], an involution of Spinð2nÞ

whose �xed points subgroup is Spinð2n� 1Þ is con-

structed. Harris [5] also showed that the localized

map �1
2

is a homotopy equivalence for this involution.
Then we can apply Theorem 1.1 and Corollary 1.1.

For this example, we can re�ne Proposition 2.1 a lit-

tle. Put n � 3. Let E be the pullback of the bundle
E Spinð2n�1Þ��S 2n�1 by the map S4!B Spinð2n�
1Þ representing k 2 Z ffi �4ðB Spinð2n� 1ÞÞ, where �

is the restriction of the canonical action of Spinð2nÞ
on S2n�1 to Spinð2n� 1Þ. Note that the composite

�3ðSpinð2n� 1ÞÞ ! �3ðSpinð2nÞÞ ! �2nþ2ðS 2n�1Þ

is the quotient map Z! Z=24, where the �rst

arrow is induced from the inclusion Spinð2n� 1Þ !
Spinð2nÞ and the second arrow is the J-homomor-
phism. Now we know that E is �brewise homotopy

equivalent to a �bre space Ek over S4 with �bre

S 2n�1 classi�ed by ½k�2Z=24 ffi �2nþ2ðS 2n�1Þ. In par-
ticular, if k is a multiple of 3, Ef

1
2

is �brewise homo-

topy equivalent to the trivial bundle S4 � S 2n�1
1
2

. In

this case, we have

�ðEkÞ1
2
’ mapðS 4; S 2k�1

1
2
Þ ’ S 2n�1

1
2

� �4S 2n�1
1
2

;

since S 2n�1
1
2

is an H-space. Thus we have established:

Proposition 2.2 (cf. [11]). Let Ek be as above.

Then we have a homotopy equivalence

GkðSpinð2nÞÞ1
2
’ GkðSpinð2n� 1ÞÞ1

2
� �ðEkÞ1

2
:

Moreover, if k is a multiple of 3, we have

�ðEkÞ1
2
’ S 2n�1

1
2

� �4S 2n�1
1
2

:
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