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Abstract: In this paper we shall make complete structural elucidation of the explicit

formula for the (discrete) mean square of Dirichlet L-function at integral arguments, save for the

case s ¼ 1, this being completely settled in [1] recently. We shall treat the cases of negative and

positive integers arguments separately, the former case being a preliminary and inclusive in the

second. It will turn out that in respective cases the characteristic difference properties of

Bernoulli polynomials and of the Hurwitz zeta-function are essential and telescoping the resulting

difference equations, we obtain the results, revealing the underlying simple structure (known

before 1905 at least).
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1. Introduction. The discrete mean value

of the special values of the Dirichlet L-function

Lðs; �Þ–especially that of Lð1; �Þ in view of its

relevance to the class number of the associated

number fields–has been the subject of many re-

searches. One can consult an excellent survey of

Matsumoto [2] for the reference to [1], where the

s ¼ 1 case has been completely to structurally

settled (also cf. [15]). The discrete mean values

square of at positive integers has been also consid-

ered extensively by several authors. Katsurada and

Matsumoto [3] were the first who obtained the

result by their beta-function integral method.

Louboutin [4–6] considered the same problem by

different methods. Liu and Zhang [7] considered the

cases of the product of two Dirichlet L-functions,

which include all the above cases. Their result has

been fully generalized by [8].

However in none of these papers (save for [1]),

attention is paid on the reason why the formula is to

hold, i.e. the underlying structure that forces the

formula to hold has never been studied and only ad-

hoc methods have been adopted.

In this paper we shall concentrate on structural

side of the problem andmake amethodological taking

over of all the previous results. We shall show that

the underlying principle (which should be known to

[14] at least before 1905) is exactly the same as in [9]

if we use another basis (Hurwitz zeta-function) for

relevant periodic functions, cf. (1.4), as elucidated by

[10]. Then secondly we shall show that the character-

istic difference properties of the Hurwitz zeta-func-

tion will show its essential effect and just telescoping

gives the result, as in infinitesimal calculus–differ-

entiation and integration! However, to show some

historically interesting feature of the problem, we

treat the case of negative integer case separately in

terms of Bernoulli polynomials (using a 1923 result of

Nielsen) although this case could be included in the

positive integer case in terms of the Hurwitz zeta-

function through (1.2). We get an interesting con-

volution identity as a bonus (Proposition 1).

Notation. Let

�ðs; xÞ ¼
X1
n¼0

1

ðnþ xÞs ; Re s ¼ � > 1:ð1:1Þ

be the Hurwitz zeta-function, 0 < x � 1, whose

special case with x ¼ 1 is the Riemann zeta-function

�ðsÞ ¼
X1
n¼1

1

ns
; � > 1:

These zeta-functions have meromorphic continua-

tions over the whole s-plane with a unique simple

doi: 10.3792/pjaa.86.149
#2010 The Japan Academy

2000 Mathematics Subject Classification. Primary 11M06;
Secondary 11S40, 11M41.

�Þ
Department of Mathematics, Huizhou University,

Huizhou, Guangdong, 516015, P. R. China.
��Þ

Department of Mathematics and Computing Science,
Shangluo University, Shangluo Shaanxi 726000, P. R. China.
���Þ

Graduate School of Advanced Technology, Kinki Uni-
versity, 11-6, Kayanomori, Iizuka, Fukuoka 820-8555, Japan.

No. 9] Proc. Japan Acad., 86, Ser. A (2010) 149

http://dx.doi.org/10.3792/pjaa.86.149


pole at s ¼ 1 with residue 1. For this and other

results on those functions which we use in this

paper, we refer e.g. to [11].

For a non-negative integer k, we introduce the

kth Bernoulli polynomial by

�ð1� k; xÞ ¼ � 1

k
BkðxÞ:ð1:2Þ

Then it follows that

BkðxÞ ¼
Xk
r¼0

k

r

� �
Bk�rx

r:ð1:3Þ

Bk ¼ Bkð1Þ is the kth Bernoulli number (k � 2)

with B1 ¼ � 1
2. BkðxÞ is the period Bernoulli poly-

nomial defined by

BkðxÞ ¼ Bkðx� ½x�Þ

with ½x� designating the integral part of x.

(cf. [11, Chapter 4]).

For a Dirichlet character � to the modulus q,

let the Dirichlet L-function Lðs; �Þ associated with

� be defined by

Lðs; �Þ ¼ q�s
Xq�1

a¼1

�ðaÞ� s;
a

q

� �
ð1:4Þ

for � > 1 in the first instance. It has the Dirichlet

series expansion

Lðs; �Þ ¼
X1
n¼1

�ðnÞ
ns

; � ¼ Re s > 1ð1:5Þ

where the series on the right-hand side is uniformly

convergent in s, (for � non-trivial) so that it is

analytic in � > 0.

In the remaining region, the functional equa-

tion for the Dirichlet L-function gives its analytic

continuation over the whole plane ([11, (8.17),

p. 171]), and we can speak of their special values

at integer points n � 1. We assume throughout that

q � 3.

JkðqÞ ¼
X
djq

�
q

d

� �
dkð1:6Þ

is the Jordan totient function, where the summation

is extended over all positive divisors of q and � is

the Möbius function. Note that

J1ðqÞ ¼ �ðqÞ ¼
X�

1ð1:7Þ

is the Euler function, where � on the summation

sign means that it is extended over those natural

numbers relatively prime to q.

We are in a position to state our results.

Theorem 1. For a non-negative integer n,

we haveX
�mod q

Lð�n; �Þj j2¼ �ðqÞq2n B2nþ2

ðnþ 1Þ2
J�2n�1ðqÞð1:8Þ

þ
2�ðqÞq2n

nþ 1

Xn�1

r¼0

nþ 1

r

� �
Bn�rþ1Bnþrþ1

nþ rþ 1
J�n�rðqÞ

þ ð�1Þn�2ðqÞq2n
1

ðnþ 1Þ2
B2nþ2

2nþ2

nþ2

� � :

Substituting (1.2), we may express (1.8) asX
�mod q

Lð�n; �Þj j2ð1:9Þ

¼
2

nþ 1
�ðqÞq2n�ð�2n� 1ÞJ�2n�1ðqÞ þ �ðqÞ

� q2n
Xn�1

r¼0

n

r

� �
�ð�nþ rÞ�ð�n� rÞJ�n�rðqÞ

þ
2ð�1Þn

nþ 1
�2ðqÞq2n

1

2nþ2

nþ1

� � �ð�2n� 1Þ;

which is Theorem 6 of Katsurada and

Matsumoto [3].

We now turn to the positive integer case s ¼
k > 1 treated by Katsurada and Motsumoto [3],

Louboutin [5], Liu-Zhang [7] and Kanemitsu-Ma-

Zhang [8]. The following result amounts to the

Katsurada-Matsumoto Theorem in the spirit of [3].

Theorem 2. For integers N; k > 1 we haveX
�mod q

Lðk; �Þj j2¼
�ðqÞ
q2k

J2kðqÞ�ð2kÞ

þ
2�ðqÞ
q2k

XN
r¼0
r 6¼k�1

kþ r� 1

r� 1

� �
�ðkþ rÞ�ðk� rÞJk�rðqÞ

þ 2ð�1Þk�1

q2k
2k� 2

k� 1

� �
�ð2k� 1Þ�ðqÞ2

� log q þ
X
pjq

log p

p� 1
�
�0

�
ð2k� 1Þ þ � �

X2k�2

n¼k

1

n

0
@

1
A

þ
�ðqÞ
q2k

RNðqÞ;

where � is the Euler constant and RNðqÞ is defined by

RNðqÞ ¼
X
djq

�
q

d

� �
ð1:10Þ

�
Xk�1

r¼0

kþ r� 1

r

� �
r� k

N � kþ 1

� �
1

dN�k
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X1
m¼1

1

mkþN

Z 1

1

BN�kþ1ðdmzÞzr�N�1 dz:

2. Proof of Theorem 1.

Lemma 1.

For s 6¼ 1,

X
�

Lðs; �Þj j2¼
�ðqÞ
q2�

X
djq

�
q

d

� �Xd
a¼1

� s;
a

d

� �����
����
2

:ð2:1Þ

Proof easily follows from (1.4).

Lemma 2 (Nielsen [13, p. 76, (10)]). For each

n � 1,

BnðxÞ2 ¼ B2nðxÞ þ
ð�1Þn�1B2n

2n
n

� �ð2:2Þ

þ 2n
Xn�2

k¼0

n

k

� �
Bn�k

BnþkðxÞ
nþ k

:

Proof. We give a proof independent of Nielsen’s,

which helps to understand the characteristic differ-

ence property of the Bernoulli polynomials. We apply

the method of undetermined coefficients. First we

have the Bernoulli polynomial expansion

BnðxÞ2 ¼
X2n
k¼1

akBkðxÞ þ a0;ð2:3Þ

where ak’s are to be determined (ak ¼ akðnÞ). To

this end we compare the two expressions for the

difference

�B2
nðxÞ ¼ Bnðxþ 1Þ2 � BnðxÞ2:

On one hand, by the characteristic difference

equation

Bnðxþ 1Þ � BnðxÞ ¼ nxn�1;ð2:4Þ

we obtain

�B2
nðxÞ ¼ nxn�1 nxn�1 þ 2BnðxÞ

� �
:ð2:5Þ

Hence by (1.3)

�B2
nðxÞ ¼ n2x2n�2 þ 2n

Xn
r¼0

n

r

� �
Bn�rx

nþr�1:ð2:6Þ

On the other hand, by (2.4) again,

�B2
nðxÞ ¼

Xn�1

k¼1

kakx
k�1 þ

Xn
r¼0

ðnþ rÞanþrxnþr�1:ð2:7Þ

Comparing the coefficients in (2.6) and (2.7), we

establish (2.2) up to the value of a0 ¼ a0ðnÞ. Inte-

grating (2.2) and using the orthogonality, we obtain

a0 ¼ a0ðnÞ ¼
Z 1

0

BnðxÞ2dx

(cf. e.g. [12] or [13]), and the value of the last

integral is known to be

Z 1

0

BnðxÞ2dx ¼ ð�1Þn�1 B2n

2n
n

� � ; ðn ¼ 1; 2; � � �Þ

whence (2.2) follows. �

As a bonus (2.2) with x ¼ 1 deserves mention-

ing.

Proposition 1. For n � 2, we have

B2
n � B2n � 2n

Xn�2

r¼0

n

r

� �
Bn�r

Bnþr

nþ r
¼ ð�1Þn�1 B2n

2n
n

� � :

Proof of Theorem 1.

By (1.2),

SðdÞ :¼
Xd
a¼1

� �n;
a

d

� �����
����
2

¼
1

ðnþ 1Þ2
Xd
a¼1

Bnþ1
a

d

� �2

:

Substituting (2.2) and using the Kubert rela-

tion for the Bernoulli polynomial (cf. [11, p. 4 (1.8)])

BsðdxÞ ¼ ds�1
Xd�1

a¼0

Bs xþ
a

d

� �
;ð2:8Þ

we obtain

SðdÞ ¼ 1

ðnþ 1Þ2
B2nþ2d

�2n�1ð2:9Þ

þ
d

ðnþ 1Þ2
ð�1Þn

B2nþ2

2nþ2

nþ1

� �

þ
2

nþ 1

Xn�1

r¼0

nþ 1

r

� �
Bn�rþ1

�
Bnþrþ1

nþ rþ 1
d�n�r:

Now substituting (2.9) in the formula of

Lemma 1, we complete the proof of Theorem 1.

3. Proof of Theorem 2. The main ingre-

dient in the proof is the following Lemma 4 in the

proof of which we need the integral representation

and estimate for sums of powers LuðN; xÞ ¼PN
n¼0ðxþ nÞu. We recall the following from [11].

Lemma 3. For any l 2 N with l > Re uþ 1

and for any x � 0, we have the integral representa-

tion
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LuðN; xÞ

¼
Xl
r¼1

�ðuþ 1Þ
�ðuþ 2� rÞ

ð�1ÞrBrðNÞ
r!

ðN þ xÞu�rþ1

þ
ð�1Þl

l!

�ðuþ 1Þ
�ðuþ 1� lÞ

Z 1

N

BlðtÞ ðtþ xÞu�l dt

þ
1

uþ 1
ðN þ xÞuþ1 þ �ð�u; xÞ; u 6¼ �1

logðN þ xÞ �  ðxÞ; u ¼ �1,

8<
:

where  ðxÞ is the Euler digamma function.

We can now prove a lemma corresponding to

Lemma 2.

Lemma 4. For any integer k � 2, we have

�ðk; xÞ2 ¼ �ð2k; xÞ þ 2
Xk�2

r¼0

kþ r� 1

r

� �
ð3:1Þ

� ðð�1Þk þ ð�1ÞrÞ�ðkþ rÞ�ðk� r; xÞ

þ 2ð�1Þk�1
Xk�1

r¼0

kþ r� 1

r

� �

�
X1
m¼1

X
n�m

1

mkþrðxþ n� 1Þk�r
:

Proof. We consider the difference equation for

fkðxÞ ¼ �ðk; xÞ2 corresponding to (2.5):

�fk ¼ fkðxþ 1Þ � fkðxÞ :¼ gkðxÞ;ð3:2Þ

where

gkðxÞ ¼ �
2

xk
�ðk; xþ 1Þ �

1

x2k
:ð3:3Þ

This follows from the difference equation

�ðk; xþ 1Þ � �ðk; xÞ ¼ �
1

xk

corresponding to (2.4).

In the following we shall show that we do can

telescope (3.2).

We recall the following 1905 result from

[14, p. 48, (9)]

1

xk
�ðk; xþ 1Þð3:4Þ

¼ ð�1Þk
Xk�1

r¼0

kþ r� 1

r

� �X1
m¼1

1

mkþrðxþmÞk�r

þ
Xk�1

r¼0

kþ r� 1

r

� �
ð�1Þr�ðkþ rÞ

1

xk�r
:

First we telescope first N terms in (3.2) to get:

� ð�ðk; xþN þ 1Þ2 � �ðk; xÞ2Þ

¼ �
XN
n¼0

�fkðxþ nÞ

¼ �
XN
n¼0

gkðxþ nÞ :¼ SN;

say. To compute the sum SN we substitute (3.4) in

(3.3), substitute xþ n; 0 � n � N for x and sum

over n; 0 � n � N . We then obtain

SN ¼ 2ð�1Þk
Xk�1

r¼0

kþ r� 1

r

� �X1
m¼1

1

mkþrð3:5Þ

� ðLr�kðN þm;xÞ � Lr�kðm� 1; xÞÞ

þ 2
Xk�1

r¼0

kþ r� 1

r

� �
ð�1Þr�ðkþ rÞLr�kðN; xÞ

þ L�2kðN; xÞ:
Those terms in SN with r ¼ k� 1 contribute:

2ð�1Þk 2k� 2

k� 1

� �X1
m¼1

1

m2k�1
ð3:6Þ

� ðL�1ðN þm;xÞ � L�1ðN; xÞÞ

þ 2ð�1Þk�1 2k� 2

k� 1

� �

�
X1
m¼1

1

m2k�1
L�1ðm� 1; xÞ:

By Lemma 3 we see that the first term in (3.6) ! 0

as N ! 1, so that (3.6) tends to

2ð�1Þk�1 2k� 2

k� 1

� �X1
m¼1

1

m2k�1
L�1ðm� 1; xÞ;

which is the term with r ¼ k� 1 (without the

term Lr�kðN þm;xÞ) in the first sum in (3.5). By

Lemma 3, other terms Lr�kðN; xÞ tend to �ðk� rÞ as
N ! 1, whence taking the limits

�
X1
n¼0

�fkðxþ nÞ ¼ �
X1
n¼0

gkðxþ nÞ ¼ lim
N!1

SN;

we conclude (3.1), completing the proof. �

We further need the following combinational

identities which are interesting in their own right.

Lemma 5.

Xk�1

r¼0

k� 1þ r

r

� �
¼ 1

2

2k

k

� �
:ð3:7Þ

Xk�1

�¼0

rþ � � 1

�

� �
1

k� �
ð3:8Þ
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¼
rþ k� 1

k

� �
ð ðrþ kÞ �  ðrÞÞ:

Xk�1

r¼0

kþ r� 1

r

� �
r� k

j

� �
ð�1Þjð3:9Þ

¼
2kþ j� 1

k� 1

� �
:

Proof follows by generating functionology and

is omitted.

Now we may turn to

Completion of Proof of Theorem 2. We

use Lemma 1 with s ¼ k,

X
�

Lðk; �Þj j2¼
�ðqÞ
q2k

X
djq

�
q

d

� �Xd
a¼1

� k;
a

d

� �2

:

Noting that the sum over 1 � a � d of the third

term on the right of (3.1) with x ¼ a
d, S3, say, is

2ð�1Þk�1
Xk�1

r¼0

kþ r� 1

r

� �
dk�r

X1
m¼1

1

mkþr Lr�kðdmÞ;

we substitute Lemma 3 to deduce that

ð�1Þk�1

2
S3 ¼

Xk�2

r¼0

kþ r� 1

r

� �

� �
1

k� r� 1
�ð2k� 1Þdþ �ðkþ rÞ�ðk� rÞdk�r

� 	

þ
2k� 2

k� 1

� �

� d log d�ð2k� 1Þ � d�0ð2k� 1Þ þ d��ð2k� 1Þð Þ

þ
Xk�1

r¼0

kþ r� 1

r

� �Xl
j¼1

ð�1Þj�1 r� k

j� 1

� �

��ð1� jÞ�ð2kþ j� 1Þd1�j

þð�1Þl
Xk�1

r¼0

kþ r� 1

r

� �
r� k

l

� �
dk�r

�
X1
m¼1

1

mkþr

Z 1

dm

�BBlðtÞtr�k�l dt;

on separating the case r ¼ k� 1. Substituting this

in (3.1) completes the proof. �
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