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Abstract: We consider the initial value problem for the reduced fifth order KdV type

equation: @tu� @5xu� 10@xðu3Þ þ 5@xð@xuÞ2 ¼ 0 which is obtained by removing the nonlinear

term 10@xðu@2xuÞ from the fifth order KdV equation. We show the existence of the local solution

which is real analytic in both time and space variables, if the initial data � 2 HsðRÞ ðs > 1=8Þ
satisfies the condition X1

k¼0

Ak
0

k!
kðx@xÞk�kHs <1;

for some constant A0ð0 < A0 < 1Þ. Moreover, the smoothing effect for this equation is obtained.

The proof of our main result is based on the argument used in [5].
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1. Introduction. The KdV hierarchy is well

known as the series of the Lax pair formulation

[7,8], which are presented as

@tu� @xu ¼ 0;(1.1)0

@tuþ @3xu� 6u@xu ¼ 0;(1.1)1

@tu� @5xu� 10@xðu3Þ þ 5@xð@xuÞ2(1.1)2

þ 10@xðu@2xuÞ ¼ 0:
..
.

We are interested in the existence theory of the

analytic solution and the smoothing effect of the

KdV hierarchy. T. Kato-Masuda [6] proved the

existence of the analytic solution in the space

variable for the generalized KdV equation. K.

Kato-Ogawa [5] proved that (1.1)1 has the real

analytic solution in both time and space variables

and the smoothing effect. Recently, it is shown that

the nonlinear dispersive equations including the

KdV hierarchy has the local analytic solution in the

space variable (see [4]). However, neither the

existence of the real analytic solution in both time

and space variables nor the smoothing effect is

obtained for (1.1)2.

On the other hand, we may expect that the

method used in [5] can work for the reduced

equations given by removing some nonlinear terms

from the higher order KdV equations (1.1)j with

j � 2.
In this paper, as a starting point for this at-

tempt, we consider the following initial value prob-

lem of the reduced fifth order KdV type equation:

@tu� @5xu ¼ @xðu3Þ þ @xð@xuÞ2; t; x 2 R;

uð0; xÞ ¼ �ðxÞ; x 2 R;

(
(1.2)

where we may take all coefficients of the nonlinear

terms to be equal to 1 without loss of generality.

This equation is obtained by removing the non-

linear term 10@xðu@2xuÞ from the original fifth order

KdV equation (1.1)2. Our main purpose is to prove

not only the existence of a local real analytic

solution of (1.2) in both time and space variables

but also the smoothing effect.

Before stating the main result precisely,

we introduce the function space introduced by

Bourgain (see [2]). For s; b 2 R,

Xs
b ¼ ff 2 S0ðR2Þ; kfkXs

b
<1g;

where

kfk2Xs
b
¼
Z Z

R2
1þ j� � �5j
� �2b

1þ j�jð Þ2sj ^̂ff̂ffð�; �Þj2d�d�;

and
^̂
ff̂ff (or F t;xf) is the Fourier transform of f in

both x and t variables; that is,

^̂
ff̂ffð�; �Þ ¼ 2�ð Þ�1

Z Z
R2
fðt; xÞe�it��ix�dtdx:
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Our main result is described in the following

Theorem 1.1. Let s > 1=8 and let b 2
ð1=2; 23=40Þ. Then for any �ðxÞ 2 HsðRÞ such that

ðx@xÞk�ðxÞ 2 HsðRÞ ðk ¼ 0; 1; 2; � � �Þ;X1
k¼0

Ak
0

k!
kðx@xÞk�kHs <1

for some constant A0 ð0 < A0 < 1Þ;

8>>>><>>>>:(1.3)

there exist a constant T ¼ T ð�Þ > 0 and a unique

solution u 2 Cðð�T; T Þ; HsÞ \Xs
b of (1.2) satisfying

Pku 2 Cðð�T ; T Þ; HsÞ \Xs
b;X1

k¼0

Ak
0

k!
kPkukXs

b
<1;

8><>:
where P ¼ 5t@t þ x@x is the generator of dilation for

the linear part of the equation of (1.2).

Moreover, this solution becomes real analytic in

both time and space variables; that is, there exist the

positive constants C and A1 such that

j@mt @lxuðt; xÞj � CAmþl
1 ðmþ lÞ!(1.4)

holds for all ðt; xÞ 2 ð�T; 0Þ [ ð0; T Þ �R and l;m ¼
0; 1; 2; � � �.

The proof of this theorem is given in Sections 2

and 3. The detailed version of this paper will be

submitted for publication elsewhere [9].

Notations. Let F x be the Fourier transform

in the x variable, and let F�1
� and F�1

�;� be the

Fourier inverse transform in the � and ð�; �Þ
variables, respectively. The Riesz operator Dx and

its fractional derivative hDxis are defined by

Dx ¼ F�1
� j�jF x and hDxis ¼ F�1

� h�isFx;

respectively, where h�i ¼ ð1þ j � jÞ. Similarly, hDt;xis
is defined by

hDt;xis ¼ F�1
�;�hj� j þ j�jisF t;x:

½A;B� denotes the commutator relation of two

operators given by AB�BA. LptL
q
x denotes the

space LpðRt;L
qðRxÞÞ for 1 � p; q � 1 with the norm

kfkLpt Lqx ¼
Z 1

�1

Z 1

�1
jfðt; xÞjqdx

� �p=q
dt

 !1=p

:

We use the Sobolev space with both time and space

variables

Hs
t;xðR2Þ ¼ fu 2 S0ðR2Þ : hDt;xisu 2 L2

t L
2
xg;

with the norm k � kHs
t;xðR

2Þ ¼ khDt;xis � kL2
t L

2
x
. More-

over, L2
t ðR;Hs

xÞ denotes the space L2ðRt;H
sðRxÞÞ

with the norm k � kL2
t ðR;Hs

xÞ ¼ khDxis � kL2
t L

2
x
. For the

constant A0 appearing in Theorem 1.1 we put

AA0
ðXs

bÞ ¼
�
f ¼ ðf0; f1; � � �Þ; fk 2 Xs

b ðk ¼ 0; 1; � � �Þ

and kjfkjAA0
ðXs

b
Þ �

X1
k¼0

Ak
0

k!
kfkkXs

b
<1

�
;

For simplicity we make use of the notationX
k

¼
X

k¼k1þk2þk3þk4
:

2. Existence and uniqueness. In this sec-

tion we give the existence and uniqueness of the

solution of (1.2). Let uk ¼ Pku and �kðxÞ ¼
ðx@xÞk�ðxÞ, and we derive the equation which uk
and�kðxÞ satisfy. Since ½x@x; @x� ¼ �@x, it follows that

ðP þ lÞk@x ¼ @xðP þ ðl� 1ÞÞk k; l ¼ 0; 1; 2; � � � :ð2:1Þ

Using (2.1) and the following relations

½@t � @5x; P � ¼ 5ð@t � @5xÞ

and

ð@t � @5xÞPk ¼ ðP þ 5Þkð@t � @5xÞ;

we have from (1.2)

@tuk � @5xuk ¼ BkðuÞ; t; x 2 R;

k ¼ 0; 1; 2; � � �;
ukð0; xÞ ¼ �kðxÞ; x 2 R;

8><>:ð2:2Þ

where

BkðuÞ ¼ @xðP þ 4Þkðu3Þ þ @xðP þ 4Þkðð@xuÞ2Þ:

Using the Leibniz rule and (2.1), we can see that

BkðuÞ ¼ @x
Xk
l¼0

k

l

� �
4k�lP lðu3Þ

þ @x
Xk
l¼0

k

l

� �
3k�lðP þ 1Þlð@xuÞ2

¼
X
k

k!4k4

k1!k2!k3!k4!
@xðuk1uk2uk3Þ

þ
X
k

k!3k4ð�1Þk3

k1!k2!k3!k4!
@x ð@xuk1Þð@xuk2Þð Þ:

We will show the existence and uniqueness of the

solution of (2.2).

Proposition 2.1. Let

s > �1=4; and b 2 ð1=2; 1=2þ �Þ;ð2:3Þ

where � ¼ minfs=5þ 1=20; 3=16g. Then for any � �
ð�0; �1; � � �Þ such that �k 2 HsðRÞ ðk ¼ 0; 1; � � �Þ and
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kj�kjAA0
ðHsÞ <1;ð2:4Þ

there exist a constant T ¼ T ð��Þ > 0 and a unique

solution uk 2 Cðð�T; T Þ; HsÞ \Xs
b of (2.2) satisfying

kjukjAA0
ðXs

b
Þ <1; u � ðu0; u1; � � �Þ:ð2:5Þ

Remark 2.1. The uniqueness of the solution

of (2.2) yields uk ¼ Pku for k ¼ 0; 1; 2 � � �. Moreover

u0 becomes a solution of (1.2), the uniqueness of

which also follows.

To prove this proposition we prepare three

lemmas, which play an important role in applying

the contraction principle to the following system of

the integral equations:

 ðtÞuk ¼  ðtÞet@5x�kð2:6Þ

þ  ðtÞ
Z t

0

eðt�t
0Þ@5x T ðt0ÞBkðuÞðt0Þdt0;

where

et@
5
xf � F�1

� ðei�5tf̂fð�ÞÞ;

 ðtÞ denotes a cut-off function in C1
0 ðRÞ satisfy-

ing

 ðtÞ ¼
1; if jtj � 1,

0; if jtj > 2,

�
and  T ðtÞ ¼  ðt=T Þ.

Lemma 2.1. Let 0 < T < 1 and let

s 2 R; b 2 ð1=2; 1Þ; a0; a 2 ð0; 1=2Þ ða0 < aÞ:

Then

k ðtÞet@5x�ðxÞkXs
b
� C0;s;bk�kHs;ð2:7Þ

 ðtÞ
Z t

0

eðt�t
0Þ@5xhðt0Þdt0

���� ����
Xs
b

� C1;s;bkhkXs
b�1
;ð2:8Þ

k ThkXs
�a

� C2;s;�a;�a0T
ða�a0Þ=4ð1�a0ÞkhkXs

�a0
;ð2:9Þ

where C0;s;b, C1;s;b and C2;s;�a;�a0 are constants

depending on s, b, �a and �a0.
Lemma 2.2. Let

s > �1=4; and b; b0 2 ð1=2; 1=2þ �Þ ðb � b0Þ;

where � ¼ minfs=5þ 1=20; 3=16g. Then
k@xðð@xuÞð@xvÞÞkXs

b0�1
� C3;s;b;b0 kukXs

b
kvkXs

b
;ð2:10Þ

where C3;s;b;b0 is a constant depending on s, b and b0.
Proof. We can prove by proceeding to estimate

carefully the potential which appears in an expres-

sion of the Bourgain norm of @xðð@xuÞð@xvÞÞ via

duality. We note that this estimate is given by

dividing the domain of integration of the potential

into 30 subregions. �

Lemma 2.3. Let

s > �1=4; and b; b0 2 ð1=2; 3=4Þ ðb � b0Þ:

Then

k@xðuvwÞkXs
b0�1

� C4;s;b;b0 kukXs
b
kvkXs

b
kwkXs

b
;ð2:11Þ

where C4;s;b;b0 is a constant depending on s, b and b0.
Proof. This lemma is proved by improving

Chen, Li, Miao and Wu’s argument used in the case

where b ¼ b0 2 ð1=2; 3=4Þ [3]. �

Proof of Proposition 2.1. We define

XM0
¼ ff 2 AA0

ðXs
bÞ; kjf kjAA0

ðXs
b
Þ � 2C0M0g;

where M0 ¼ kj�kjAA0
ðHsÞ.

We define a map � : XM0
�! XM0

by �ðuÞ ¼
ð�0ðuÞ;�1ðuÞ; � � �Þ and

�kðuÞ ¼  ðtÞet@5x�kð2:12Þ

þ  ðtÞ
Z t

0

eðt�t
0Þ@5x T ðt0ÞBkðuÞðt0Þdt0:

Let b0 and T be positive constants satisfying b <

b0 < 1=2þ � and

T < minf1; ð24C2
0C5e

4A0M2
0 þ 8C0C6e

4A0M0Þ�1=�g;ð2:13Þ

respectively, where C0 ¼ C0;s;b,

C5 ¼ C1;s;bC2;s;b�1;b0�1C4;s;b;b0 ;

C6 ¼ C1;s;bC2;s;b�1;b0�1C3;s;b;b0 :

We now show that � is a contraction mapping from

XM0
to itself. According to Lemmas 2.1, 2.2 and 2.3,

we have for u 2 AA0
ðXs

bÞ
k�kðuÞkXs

b
� C0k�kkHs

þ C5T
�
X
k

k!4k4

k1!k2!k3!k4!
kuk1kXs

b
kuk2kXs

b
kuk3kXs

b

þ C6T
�
X
k

k!3k4

k1!k2!k3!k4!
kuk1kXs

b
kuk2kXs

b
;

for any k � 0. Here � ¼ ðb0 � bÞ=f4ð2� b0Þg > 0. By

taking a sum over k, we have

kj�ðuÞkjAA0
ðXs

b
Þ ¼

X1
k¼0

A0
k

k!
k�kðuÞkXs

b

� C0k�kAA0
ðHsÞ þ C5T

�
X1
k4¼0

ð4A0Þk4

k4!

X1
k1¼0

�
Ak1

0

k1!
kuk1kXs

b

X1
k2¼0

Ak2
0

k2!
kuk2kXs

b

X1
k3¼0

Ak3
0

k3!
kuk3kXs

b
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þ C6T
�
X1
k4¼0

ð3A0Þk4

k4!

X1
k3¼0

Ak3
0

k3!

X1
k1¼0

Ak1
0

k1!
kuk1kXs

b

�
X1
k2¼0

Ak2
0

k2!
kuk2kXs

b
:

Since u 2 XM0
, we have from (2.13)

kj�ðuÞkjAA0
ðXs

b
Þ � C0k�kAA0

ðHsÞ

þ C5e
4A0T�kjukj3AA0

ðXs
b
Þ þ C6e

4A0T�kjukj2AA0
ðXs

b
Þ

� C0M0 þ 8C3
0C5e

4A0T�M3
0 þ 4C2

0C6e
4A0T�M2

0

� C0M0 þ
1

2
C0M0 ¼

3

2
C0M0;

which implies �ðuÞ 2 XM0
. Similarly, we have for u

and ~uu 2 AA0
ðXs

bÞ

kj�ðuÞ � �ð~uuÞkjAA0
ðXs

b
Þ � C5e

4A0T�ðkjukj2AA0
ðXs

b
Þð2:14Þ

þ kjukjAA0
ðXs

b
Þkj ~uukjAA0

ðXs
b
Þ þ kj ~uukj2AA0

ðXs
b
ÞÞ

� kju � ~uukjAA0
ðXs

b
Þ þ C6e

4A0T�ðkjukjAA0
ðXs

b
Þ

þ kj ~uukjAA0
ðXs

b
ÞÞkju � ~uukjAA0

ðXs
b
Þ

� ð12C2
0C5e

4A0M2
0 þ 4C0C6e

4A0M0ÞT�

� kju � ~uukjAA0
ðXs

b
Þ

�
1

2
kju � ~uukjAA0

ðXs
b
Þ:

Thus the mapping� is contraction fromXM0
to itself.

We obtain a unique fixed point uk 2 Xs
b satisfying

ukðtÞ ¼  ðtÞet@5x�k

þ  ðtÞ
Z t

0

eðt�t
0Þ@5x T ðt0ÞBkðuÞðt0Þdt0

on the time interval ½�T; T � and k ¼ 0; 1; 2; � � �:
Uniqueness of the solution is also shown by using

Bekiranov, Ogawa, and Ponce’s argument in [1].

This completes the proof. �

3. Analyticity of the solution. In this

section we prove the analyticity of the solution u �
u0 given in Proposition 2.1. The proof is established

by Propositions 3.1 and 3.2. To prove these

propositions we prepare three lemmas.

Lemma 3.1. Let ðt0; x0Þ be an arbitrary fixed

point in ð�T; 0Þ [ ð0; T Þ �R.

(1) Suppose that b 2 ð0; 1�, r 2 ð�1; 0�. Then for a

sufficiently small " > 0

khDt;xi5bgkL2
t ðR;Hr

xðRÞÞ � K0;r;bfkgkXr
b�1

ð3:1Þ

þ kt@5xgkXr
b�1

þ kP 5gkXr
b�1
g

holds for all g 2 Xr
b�1 satisfying

supp g � B2"ðt0; x0Þ; and t@5xg; P 5g 2 Xr
b�1;

where K0;r;b is a constant depending on r and b.

(2) Let � > 0. Then for a sufficiently small " > 0

khDt;xi�gkL2
t L

2
x
� K1;�fkgkH��5

t;x ðR2Þð3:2Þ

þ kt@5xgkH��5
t;x ðR2Þ þ kP 5gkH��5

t;x ðRÞg

holds for all g 2 H��5
t;x ðR2Þ satisfying

supp g � B2"ðt0; x0Þ; and t@5xg; P 5g 2 H��5
t;x ðR2Þ;

where K1;� is a constant depending on �.

Proof. We can prove these estimates by the

localization argument and the L2-boundedness

theorem of some pseudo-differential operators. �

Lemma 3.2 [3]. Let

s > �7=4 and b 2 ð1=2; 1=2þ �Þ

where � ¼ minf1=4; ð4sþ 11Þ=8; ðsþ 6Þ=5g. Then
k@xðuvÞkXs

b�1
� K2;s;bkukXs

b
kvkXs

b
;

where K2;s;b is a constant depending on s and b.

Let �ðt; xÞ be a smooth cut-off function

around the freezing point ðt0; x0Þ such that

� 2 C1
0 ðB2"ðt0; x0ÞÞ.
Lemma 3.3. Let s; b 2 R. Then

k�fkXs
b
� K3;s;b;�"

�jsj�9jbjkfk
X
sþ4jbj
b

holds for all fðt; xÞ 2 X
sþ4jbj
b ðR2Þ, where

K3;s;b;� ¼K4;s;bkh� � �5ijbjh�ijsjþ4jbjbb��b��ð�; �ÞkL1
�L

1
�
and

K4;s;b is a constant depending on s and b.

Proof. We can prove by proceeding to estimate

the potential which appears in an expression of the

Bourgain norm of �f via duality. �

Proposition 3.1. Let s > 1=8 and let b 2
ð1=2; 23=40Þ. Then for a sufficiently small " > 0,
there exist positive constants K5 and A1 such that

k�Pkuk
H

1=3
t;x ðR2Þ þ k�PkukL2

t ðR;H1
xÞ � K5A

k
1k!ð3:3Þ

holds for all k ¼ 0; 1; 2; � � �.
Proof. By Plancherel Theorem and Lemma 3.1

with g ¼ �Pku we have

k�Pkuk
H

1=3
t;x ðR2Þ þ k�PkukL2

t ðR;H1
xÞð3:4Þ

� 2

ð2�Þ2
khDt;xi5b�PkukL2

t ðR;Hr
xðRÞÞ;

�
2

ð2�Þ2
K0;r;b

n
k�PkukXr

b�1

þ kt@5xð�PkuÞkXr
b�1

þ kP 5ð�PkuÞkXr
b�1

o
;

where
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r ¼ s� 2; if 1=8 < s � 2,

�15=8 < r � 0; if s > 2.

�
We note that r � s� 2 holds. Put K6;s;b ¼
kjukjAA0

ðXs
b
Þ. Since (2.5) and Remark 2.1 yield

kPkukXs
b
� K6;s;bðA�1

0 Þkk!; k ¼ 0; 1; 2; � � � ;ð3:5Þ

it follows from Lemma 3.3 that

k�PkukXr
b�1
� K3;r;b�1;� "

�jrj�9jb�1jkPkukXs
b�1

ð3:6Þ
� K6;s;b�1K3;r;b�1;� "

�jrj�9jb�1jðA�1
0 Þkk!;

kP 5ð�PkuÞkXr
b�1

ð3:7Þ

�
X5
l¼0

5!

ð5� lÞ!l!
kP 5�l�P lþkukXr

b�1

�
X5
l¼0

5!

ð5� lÞ!l!
K3;r;b�1;�l"

�jrj�9jb�1jkPlþkukXs
b�1

� max
0�l�5

K3;r;b�1;�l "
�jrj�9jb�1j

�K6;s;b�1

X5
l¼0

5!

ð5� lÞ!l!
ðkþ lÞ!
2kk!

ðA�1
0 Þlð2A�1

0 Þkk!

� K7A
k
1k!;

where �l ¼ P 5�l�, K7 is a some constant and A1 ¼
ð2A�1

0 Þ.
Now we estimate kt@5xð�PkuÞkXr

b�1
. By using

t@5xð�PkuÞ¼ t�ð@5xPkuÞ þ 5t@2xðð@2x�Þð@xPkuÞÞð3:8Þ
þ 5t@xðð@x�Þð@3xPkuÞÞ þ tð@5x�ÞPku;

and

tð@5xPkuÞ ¼ �
1

5
fPkþ1u� x@xP

kug þ tBkðuÞ;ð3:9Þ

we have

kt@5xð�PkuÞkXr
b�1

ð3:10Þ

�
1

5
fk�Pkþ1ukXr

b�1
þ k�x@xPkukXr

b�1
g

þ kt�BkðuÞkXr
b�1

þ 5k@2xðtð@2x�Þð@xPkuÞÞkXr
b�1

þ 5k@xðtð@x�Þð@3xPkuÞÞkXr
b�1

þ ktð@5x�ÞPkukXr
b�1
:

In the same manner as (3.6), we have

k�Pkþ1ukXr
b�1

ð3:11Þ
� K3;r;b�1;�"

�jrj�9jb�1jkPkþ1ukXs
b�1

� K3;r;b�1;�"
�jrj�9jb�1jK6;s;b�1

ðkþ 1Þ!
2kk!

ðA�1
0 Þð2A�1

0 Þkk!

� K8A
k
1k!;

where K8 is a some constant. By Lemmas 3.3 and

3.2, we have

k�x@xPkukXr
b�1

ð3:12Þ

� k@xð�xPkuÞkXr
b�1

þ kð@xð�xÞÞPkukXr
b�1

� K2;r;bk�xkXs�2
b
kPkukXs�2

b

þK3;r;b�1;@xð�xÞ"
�jrj�9jb�1jkPkukXs

b�1

� fK2;r;bk�xkXs�2
b

þK3;r;b�1;@xð�xÞ"
�jrj�9jb�1jg

�K6;s;bðA�1
0 Þkk!:

By Lemmas 2.2, 2.3 and 3.3, we have

kt�BkðuÞkXr
b�1

� K3;r;b�1;t� "
�jrj�9jb�1j�ð3:13Þ (

C4;s;b

X
k

k!4k4

k1!k2!k3!k4!
kPk1ukXs

b
kPk2ukXs

b
kPk3ukXs

b

þC3;s;b

X
k

k!3k4

k1!k2!k3!k4!
kPk1ukXs

b
kPk2ukXs

b

)

� K3;r;b�1;t� "
�jrj�9jb�1j

(
C4;s;bK

3
6;s;b

X
k

4k4

k4!
�

ðA�1
0 Þk1þk2þk3 þ C3;s;bK

2
6;s;b

X
k

3k4

k3!k4!
ðA�1

0 Þk1þk2
)
k!

� K3;r;b�1;t� "
�jrj�9jb�1je4=A

�1
0

(
C4;s;bK

3
6;s;b

ðkþ 1Þ
2k

þC3;s;bK
2
6;s;b

ðkþ 1Þðkþ 2Þ
2k

)
ð2A�1

0 Þkk!

� K9A
k
1k!;

where K9 is a some constant. We also have

k@2xðtð@2x�Þð@xPkuÞÞkXr
b�1

ð3:14Þ

� k@xðtð@2x�Þð@xPkuÞÞkXs�1
b�1

� C3;s�1;bkt@x�kXs�1
b
kPkukXs�1

b

� C3;s�1;bK6;s�1;bkt@x�kXs�1
b
ðA�1

0 Þkk!;
and

k@xðtð@x�Þð@3xPkuÞÞkXr
b�1

ð3:15Þ

� C3;s�2;bkt�kXs�2
b
k@2xPkukXs�2

b

� C3;s�2;bkt�kXs�2
b
kPkukXs

b

� C3;s�2;bK6;s;bkt�kXs�2
b
ðA�1

0 Þkk!:
In the same manner as (3.6), we have

ktð@5x�ÞPkukXr
b�1

ð3:16Þ

� K3;r;b�1;t@5x�
K6;s;b�1ðA�1

0 Þkk!:
Hence

kt@5xð�PkuÞkXr
b�1

� K10A
k
1k!;ð3:17Þ

where K10 is some constant. Putting
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K5 ¼
1

6�2
K0;r;b

�maxfK6;s;b�1K3;r;b�1;� "
�jrj�9jb�1j; K7; K10g;

we have (3.3). �

Proposition 3.2. Under the same assump-

tion as in Proposition 3.1, there exist positive

constants Cjþ5 and Ajðj ¼ 2; 3; 4Þ depending on

ðt0; x0Þ and " such that

k�1Pkuk
H

11=2
t;x ðRÞ � C7A

k
2k!;ð3:18Þ

sup
t2It0 ;"

kðt1=5@xÞlP kukH1ðIx0 ;"Þ � C8A
kþl
3 ðkþ lÞ!ð3:19Þ

and

sup
t2It0 ;"

k@tj@xlukH1ðIx0 ;"Þ � C9A
jþl
4 ðjþ lÞ!ð3:20Þ

hold for all k; l; j ¼ 0; 1; 2; � � �, where

It0;" ¼ ðt0 � "; t0 þ "Þ; Ix0;" ¼ ðx0 � "; x0 þ "Þ;

�1 is a smooth cut-off function such that �1 � 1 on

It0;" � Ix0;".

Proof. The inequality (3.18) can be shown by

using (3.2) with g ¼ �1P
ku and the similar method

to the proof of Proposition 3.1. By induction on l we

can prove (3.19). Here, we use (3.18) and the

following relation given by (3.9):

ðt1=5@xÞlP ku ¼ tðl�5Þ=5@l�5
x ðt@5xPkuÞð3:21Þ

¼ �
1

5
tðl�5Þ=5@l�5

x fPkþ1u� x@xP
kug

þ ðt1=5Þl@l�5
x BkðuÞ;

where l � 5.

Now we show (3.20). From (3.19) it follows

that

sup
t2It0 ;"

k@lxPkukH1ðIx0 ;"Þ � C8A
l
5A

k
3ðkþ lÞ!ð3:22Þ

� C8A
kþl
5 ðkþ lÞ!; k; l ¼ 0; 1; 2; � � � ;

where A5 ¼ maxfA3jt0 � "j�1=5; A3g. Hence, by in-

duction on m we have
sup
t2It0 ;"

kðx@xÞm@lxPkukH1ðIx0 ;"Þð3:23Þ

� C8A
kþlþm
5 Cm

10ðkþ lþmÞ! k; l;m ¼ 0; 1; 2; � � � ;

where C10 is a constant satisfying C10 � ðjx0j þ
"þ 1Þe�A5C10 . Since t@t ¼ ðP � x@xÞ=5 and

Pn1@n2x ¼ @n2x ðP � n2Þn1 ; ðn1; n2 ¼ 0; 1; 2; � � �Þ;

it follows from (3.23) that

sup
t2It0 ;"

kðt@tÞm@lxukH1ðIx0 ;"Þ � C8A
lþm
6 ðlþmÞ!ð3:24Þ

for all l;m ¼ 0; 1; 2; � � �, where
A6 ¼ maxfA5; C10; 1gð2þ ðA5 maxf1; C10gÞ�1Þ.
By induction on j we can prove that (3.24) implies

sup
t2It0 ;"

kðt@tÞm@jt @lxukH1ðIx0 ;"Þð3:25Þ

� C8A
jþmþl
6 Cj

11ðjþmþ lÞ!; j; l;m ¼ 0; 1; 2; � � � ;

where C11 � jt0 � "j�1e�A6 . Choosingm ¼ 0 and C9 ¼
C8 and A4 ¼ maxfA6C11; A6g in (3.25), we have

(3.20). This completes the proof of Proposition 3.2. �
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