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Abstract: When we analyze the re�ection phenomenon for the elastic wave, the one of the
most complicated and interesting problems is to study the mode conversion case. For the elastic

wave, there are waves of di�erent modes and a remarkable phenomenon called ‘‘mode-conversion’’

which causes serious dif�culties. In this paper, by considering the non back-scattering case, we
examine the singularities of the scattering kernel for the elastic wave equation with transverse

incident waves and derive a new result about the singularities of the scattering kernel.
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1. Introduction. Let � be an exterior do-

main in R3 with smooth and compact boundary.

We consider the isotropic elastic wave equation with
the Dirichlet boundary condition

(1.1)

ð@ 2
t � LÞuðt; xÞ ¼ 0 in R��,

uðt; xÞ ¼ 0 on R� @�,

uð0; xÞ ¼ f1ðxÞ @tuð0; xÞ ¼ f2ðxÞ on �,

8
><

>:

where uðt; xÞ ¼ tðu1; u2; u3Þ and fiðxÞ ¼ tðfi1; fi2;
fi3Þ ði ¼ 1; 2Þ. Recall that L has the following form:

L ¼
X3

i; j¼1

aij@xi@xj ;

where aij are 3� 3 matrices of which ðp; qÞ-entry is

expressed by aipjq. We say that the elastic medium

� is isotropic, if aipjq is given by

aipjq ¼ ��ip�jq þ �ð�ij�pq þ �iq�jpÞ;
where �; � are Lame’s constants satisfying the fol-

lowing inequalities:

�þ 2

3
� > 0; � > 0:

Under the assumption that the elastic medium
� is isotropic, Yamamoto [13] and Shibata-Soga [8]

have formulated a scattering theory which is analo-

gous to the theory of Lax-Phillips [4]. Let k�ðs; !Þ
and kþðs; !Þ 2 L2ðR� S 2Þ denote the incoming and

outgoing translation representations of an initial

data f ¼ tðf1; f2Þ respectively (see [4]). Recall that

the scattering operator S is the mapping

S : k�ðs; !Þ 7�! kþðs; !Þ:
The scattering operator S admits a representation:

ðSk�Þðs; �Þ ¼
ZZ

R�S 2

Sðs� ~s; �; !Þk�ð~s; !Þd~sd!

with a distribution kernel Sðs; �; !Þ called the scat-
tering kernel. Majda [5] has obtained a representa-

tion formula of the scattering kernel Sðs; �; !Þ for
the scalar-valued case. This representation formula

is very e�ective to investigate inverse scattering prob-

lems (cf. Majda [5], Soga [9], Petkov [7]). For the elas-
tic case, Soga [10] and Kawashita [2] have derived a

representation formula of the scattering kernel.

The characteristic matrix Lð�Þ of the operator

Lð@xÞ has the eigenvalues C2
1 j�j

2 and C2
2 j�j

2, where

C1 ¼ ð�þ 2�Þ
1
2; C2 ¼ �

1
2:

Let Pið�Þ be the eigenprojector associated to the

eigenvalues C2
i j�j

2ði ¼ 1; 2Þ, where

P1ð�Þ ¼ � � �; P2ð�Þ ¼ I � P1ð�Þ:
Then P1ð�ÞR3 is the space spaned by �, and P2ð�ÞR3

is the orthogonal complement of P1ð�ÞR3. Asso-

ciated with the eigenvalues C2
i j�j

2ði ¼ 1; 2Þ, there
are waves of two di�erent types (modes). The one

propagates with the speed C1, and the other with

C2. Furthermore their amplitudes are longitudinal
and transverse to the propagation direction respec-

tively, and therefore these waves are called longitu-

dinal and transverse waves respectively. For elastic
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waves there is a remarkable phenomenon called
‘‘mode-conversion’’, that is, when longitudinal or

transverse incident wave hits the boundary @�, both
longitudinal re�ected wave and transverse re�ected

wave appear. This phenomenon causes serious dif�-

culties in the analysis of singularities of the scatter-
ing kernel for the elastic wave equation.

In view of results concerning mode-conversion

(cf. Chapter 5 of Achenbach [1] and Theorem
2.1 of Soga [12]), we can expect that correspond-

ing phenomenon occurs for the scattering kernel

Sðs; �; !Þ, because in the asymptotic sense the kernel

Pið�ÞSðC
�1

2
i � � x� t; �; !ÞPlð!Þ expresses the Ci-mode

component of the scattered wave in the direction �

for the Cl-mode incident plane wave in the direction

!. In the back-scattering case (i.e � ¼ �!), studying
by Soga [10, 11] we can obtain the same results as in

Majda [5]. In [11], he has derived an asymptotic

expansion of Pið�!ÞSð�;�!; !ÞPlð!Þ which is valid
near the right end point of the singular support for

s 2 R (i.e s ¼ �rilð!Þ):

(1.2)

Pið�!ÞSðs;�!; !ÞPlð!Þ

� c
XN

k¼1

KðakÞ�
1
2�ð1Þð�s� rilð!ÞÞPið!ÞPlð!Þ þ � � � ;

where rilð!Þ :¼ ðC�1
i þ C�1

l Þrð!Þ; rð!Þ :¼ mins2@� x �
!, fx; ! � x ¼ rð!Þg \ @� ¼ fatgt¼1;���;N and KðatÞ is

the Gaussian curvature of @� at at and c is a

constant. For a distribution fðsÞ on R we use the
notation

fðsÞ � f0ðsÞ þ f1ðsÞ þ � � � at s0;

which means that there exists an integer m and a

C1 function ’ðsÞ with ’ðs0Þ 6¼ 0 such that for every
integer N � 0

’ðsÞffðsÞ � ðf0ðsÞ þ � � � þ fNðsÞÞg 2 HmþNðRÞ:

For the detailed proof, see Theorem 6.1 in [11]. Since

Pið!ÞPlð!Þ ¼ 0 in the mode-conversion case (i.e i 6¼ lÞ,
in the analysis of the singularity we can use the above

asymptotic expansion (1.2) only when i ¼ l. In the

mode-conversion case, studying by Kawashita-Soga
[3], it is necessary to examine the lower term of the

asymptotic expansion of the scattering kernel. In [6],

we have proved the following results:
(i) supp ½Pið�ÞSð�; �; !ÞP1ð�Þ� 	 ð�1;�ri1ð�; !Þ�

ði ¼ 1; 2Þ,

(ii) Pið�ÞSðs; �; !ÞP1ð!Þ is singular (not C1Þ
at s ¼ �ri1ð�; !Þði ¼ 1; 2Þ,

where rilð�; !Þ :¼ minx2@� x � nilð�; !Þ; nilð�; !Þ :¼
� ðC�1

i �� C�1
l !Þ.

In this paper we examine the singularities of the

scattering kernel in the case of transverse incident

wave, which was not treated in Ota [6].
Before giving the main results in the present

paper, we give several de�nitions for stating those.

We denote the �rst hitting points at @� by Nilð�; !Þ
:¼ fx;nilð�; !Þ � x ¼ rilð�; !Þg \ @�. Furthermore, we

arbitrarily pick a point at 2 Nilð�; !Þ and choose a

system of orthogonal local coordinates y ¼ ðy 0; y3Þ,
with y 0 ¼ ðy1; y2Þ, in R3 such that y3 ¼ ðrilð�; !Þ �
nilð�; !Þ � xÞjnilð�; !Þj�1, and that y ¼ 0 expresses

the reference point at. Then � is represented by

y3 >  ðy 0Þ in a neighborhood U of at, where  ðy 0Þ is
a C1 function de�ned in a neighborhood of y 0 ¼ 0.

If the Hessian matrix H ðy 0Þ of  ðy 0Þ is negative

de�nite at y 0 ¼ 0 for every such picked point, we say

that nijð�; !Þ is a regular direction for @�, which

does not depend on the choice of the coordinates

y ¼ ðy 0; y3Þ. If nilð�; !Þ is a regular direction, the set
Nilð�; !Þ consists of a �nite number of isolated

points.

From the above de�nitions we give the following
result.

Theorem 1.1. Let !; � 2 S 2: Assume that

j�þ !j is di�erent from zero and suf�ciently small,

and ni2ð�; !Þ is a regular direction for @�: Then we

have

Pið�ÞSðs; �; !ÞP2ð!Þ is singular ðnot C1Þ at
s ¼ �ri2ð�; !Þ ði ¼ 1; 2Þ:

The basic idea of the proof is to derive an

asymptotic expansion of Pið�ÞSðs; �; !ÞP2ð!Þ and to

show that the leading term of this asymptotic ex-
pansion don’t vanish. In this paper we examine only

the singularity of Pið�ÞSðs; �; !ÞP2ð!Þ (i.e the case

of (ii) of Theorem 2.1 in [6]), because we are not
able to apply the method of the �nite propagation

speed which was used in [6] to study the support of

Pið�ÞSðs; �; !ÞP2ð!Þ:
2. Asymptotic expansion of the scattering

kernel and Proof of Theorem 1.1. In order to

prove the singularities of Pið�ÞSðs; �; !ÞP2ð!Þ we
make use of an asymptotic expansion of the scatter-

ing kernel which is derived from Proposition 3.3 in

[6] and prove Theorem 1.1.
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To obtain Proposition 3.3 in the case of l ¼ 2 in
[6], we take an orthonormal frame fp1; p2; p3g where

p3 ¼ �nilð�; !Þjnilð�; !Þj�1, and choose the local co-

ordinate system y ¼ ðy1; y2; y3Þ such that x ¼ y1p1 þ
y2p2 þ y3p3. Moreover we denoted by T the 3� 3
orthogonal matrix T ¼ ðtpqÞ such that T ðejÞ ¼
pjðj ¼ 1; 2; 3Þ, where fe1; e2; e3g is the canonical basis

in R3. Then we can obtain the following asymptotic
expansion by using Proposition 3.3 in the case of

l ¼ 2:

Proposition 2.1. Let !; � 2 S 2. Assume that

j�þ !j is suf�ciently small, and ni2ð�; !Þ is a regular

direction for @�: Then we have

Pið�ÞSðs; �; !ÞP2ð!Þ

� ð2
ffiffiffi
2
p

�Þ�2C
�3

2
i C

�3
2

2 jni2ð~�; ~!Þj�2�ð1Þð�s� ri2ð~�; ~!ÞÞ

�
XM

t¼1

KðatÞ�
1
2jS1jT

"

Pið~�Þ
X2

k¼1

(
X2

q¼1

n
a3qðC�1

2 ~!qÞ

þ ta3qðC�1
i

~�qÞ
o
þ a33ðC�1

2 ~�k2 þ C�1
i

~�3Þ
)

~P 2
k;0P2ð~!Þ

#

tT

þ � � � ;

where x ¼ Ty; ~! ¼ tT!; ~� ¼ tT� and ~�k2 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

~!2
3 þ C 2

2 � C �2
k � 1

q
. Moreover ~P 2

1;0 ¼ 1
~p � ~q ð~p� ~qÞ

and ~P 2
2;0 ¼ 1

~p � ~q
�
ð~p � ~qÞI � ~p� ~q

�
where ~p ¼

tð~!1; ~!2; ~�12Þ; ~q ¼ tð~!1; ~!2; j~!3jÞ.
For the detailed proof, see Propositon 3.3 in [6].

Next, using Proposition 2.1, we investigate the
singularities of the scattering kernel Sðs; �; !Þ for the

non-back scattering case and prove Theorem 1.1.

Proof of Theorem 1.1. Note that P1ð�Þ ¼
� � �, P2ð�Þ ¼ I � � � � and each ~P 2

k;0P2ð~!Þðk ¼ 1; 2Þ
takes the following form:

�P1ð~!Þ :¼ ~P1; 0
2P2ð~!Þð2:1Þ

¼ 2

~p � ~q

~!2
1 ~!2

3 ~!1 ~!2 ~!2
3 ~!1j~!3jð1� ~!2

3Þ

~!2 ~!1 ~!2
3 ~!2

2 ~!2
3 ~!2j~!3jð1� ~!2

3Þ

~�12 ~!1 ~!2
3 ~�12 ~!2 ~!2

3 ~�12j~!3jð1� ~!2
3Þ

0

B
B
@

1

C
C
A;

�P2ð~!Þ :¼ ~P 2
2;0P2ð~!Þ ¼

1

~p � ~qð2:2Þ

�

~p � ~q � ~!2
1zþ �~!1 ~!2zþ ~!1j~!3jz�

�~!2 ~!1zþ ~p � ~q � ~!2
2zþ ~!2j~!3jz�

�~!3 ~!1ð~! � ~pÞ �~!3 ~!2ð~! � ~pÞ ð1� ~!2
3Þð~! � ~pÞ

0

B
B
@

1

C
C
A;

where z
 :¼ j~!3jð~�12 � ~!3Þ 
 1:

Note that ~!3 < 0 and recalling that

ni2ð~�; ~!Þ=jni2ð~�; ~!Þj ¼ tð0; 0;�1Þ; we can rewrite

Pið~�Þ
P2

k¼1

"
P2

q¼1

�
a3qðC�1

2 ~!qÞ þ ta3qðC�1
i

~�qÞ
�
þ

a33ðC�1
2 ~�k2 þ C�1

i
~�3Þ
#

~P 2
k;0P2ð~!Þ in the following

form:

Pið~�Þ
X2

k¼1

�
ða31 þ ta31Þ ~!1 þ ða32 þ ta32Þ~!2ð2:3Þ

þ a33ð~!3 þ ~�k2 þ C2j~ni2jÞ
�

�Pkð~!Þ=C2:

Then, calculating each term in (2.3) more carefully,

we can obtain

Pið~�Þ
X2

k¼1

0 0 �þ �
0 0 0

�þ � 0 0

0

B
@

1

C
A~!1

�Pkð~!Þ

¼ ð�þ �Þ ~!1

�
2ða� dÞ þ ~pi3 � �aþ ~pi1 � �c

�
=ð ~p � ~qÞ;

Pið~�Þ
X2

k¼1

0 0 0

0 0 �þ �
0 �þ � 0

0

B
@

1

C
A~!2

�Pkð~!Þ

¼ ð�þ �Þ~!2

�
2ðb� dÞ þ ~pi3 � �b þ ~pi2 � �c

�
=ð ~p � ~qÞ;

Pið~�Þ
X2

k¼1

� 0 0
0 � 0
0 0 �þ 2�

0

@

1

Að~!3 þ ~�k2 þ C2j~ni2jÞ �Pkð~!Þ

¼
h
2ð~!3 þ ~�12 þ C2j~ni2jÞðc� dÞ

þ C2j~ni2j
�
�ð~pi1 � �aþ ~pi2 � �bÞ

þ ð�þ 2�Þ~pi3 � �c
�i
=ð~p � ~qÞ;

where

a ¼ tð~!1~p
ð13Þ
i þ ~�12~p

ð11Þ
i ; ~!1~p

ð23Þ
i þ ~�12~p

ð21Þ
i ;

~!1~p
ð33Þ
i þ ~�12~p

ð31Þ
i Þ;

�a ¼ tð~p � ~q � ~!2
1zþ;�~!1 ~!2zþ; ~!1j~!3jz�Þ

b ¼ tð~!2~p
ð13Þ
i þ ~�12~p

ð12Þ
i ; ~!2~p

ð23Þ
i þ ~�12~p

ð22Þ
i ;

~!2~p
ð33Þ
i þ ~�12~p

ð32Þ
i Þ;

�b ¼ tð�~!2 ~!1zþ; ~p � ~q � ~!2
2zþ; ~!2j~!3jz�Þ

c ¼ tð�ð~!1~p
ð11Þ
i þ ~!2~p

ð12Þ
i Þ þ ð�þ 2�Þ~�12~p

ð13Þ
i ;

�ð~!1~p
ð21Þ
i þ ~!2~p

ð22Þ
i Þ þ ð�þ 2�Þ~�12~p

ð23Þ
i ;

�ð~!1~p
ð31Þ
i þ ~!2~p

ð32Þ
i Þ þ ð�þ 2�Þ~�12~p

ð33Þ
i Þ;

�c ¼ tð�~!3 ~!1ð~! � ~pÞ;�~!3 ~!2ð~! � ~pÞ; ð1� ~!2
3Þð~! � ~pÞÞ;

d ¼ tð~!1 ~!2
3 ; ~!2 ~!2

3 ; j~!3jð1� ~!2
3 ÞÞ:
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each ~p
ðpqÞ
i and ~pil denote ðp; qÞ-entry and l-th column

of Pið~�Þ respectively, and ~ni2 ¼ ni2ð~�; ~!Þ: Hence,
applying the asymptotic expansion derived in the

Proposition 2.1, we can obtain

Pið�ÞSðs; �; !ÞP2ð!Þ

� ð2
ffiffiffi
2
p

�Þ�2C
�5

2

2 C
�3

2
i �ð1Þð�s� ri1ð~�; ~!ÞÞ

�
XM

t¼1

KðatÞ�
1
2jS1jTMð~�; ~!Þt T þ � � � ;

ð2:4Þ

where Mð~�; ~!Þ is a 3� 3-matrix whose ðp; qÞ-entry is

expressed by mpqð~�; ~!Þ. As is shown above, it is

represented in the following form:

(2.5)

Mð~�; ~!Þ

¼
h
ð�þ �Þ~!1

�
2ða� dÞ þ ~pi3 � �aþ ~pi1 � �c

�

þ ð�þ �Þ~!2

�
2ðb� dÞ þ ~pi3 � �bþ ~pi2 � �c

�

þ 2ð~!3 þ ~�12 þ C2j~ni2jÞðc� dÞ

þ C2j~ni2j
�
�ð~pi1 � �aþ ~pi2 � �bÞ

þ ð�þ 2�Þ~pi3 � �c
�i
=ð ~p � ~qÞ:

Finally, by considering the mode conversion
case and non-mode conversion case separately, we

show that the leading term of the right hand side of

(3.4) does not vanish. To show it, we �rst observe the
mode-conversion case (i ¼ 1).

Lemma 2.2. Assume that j~�þ ~! j is di�erent

from zero and suf�ciently small. Then we have

m33ð~�; ~!Þ 6¼ 0:

Proof. Let i ¼ 1: According to (2.5), m33ð~�; ~!Þ
is expressed as follows:

m33ð~�; ~!Þ

¼
h
ð�þ �Þ~!1

�
2ð~!1~p

ð33Þ
1 þ ~�12~p

ð31Þ
1 Þj~!3jð1� ~!2

3Þ

þ ~p
ð33Þ
1 ~!1j~!3jz� þ ~p

ð31Þ
1 ð1� ~!2

3Þð~! � ~pÞ
�

þ ð�þ �Þ~!2

�
2ð~!2 ~p

ð33Þ
1 þ ~�12 ~p

ð32Þ
1 Þj~!3jð1� ~!2

3Þ

þ ~p
ð33Þ
1 ~!2j~!3jz� þ ~p

ð32Þ
1 ð1� ~!2

3Þð~! � ~pÞ
�

þ 2ð~!3 þ ~�12 þ C2j~n12jÞ
�
�ð~!1~p

ð31Þ
1 þ ~!2~p

ð32Þ
1 Þ

þ ð�þ 2�Þ~�12~p
ð33Þ
1

�
j~!3jð1� ~!2

3Þ

þ C2j~n12j
�
�j~!3jz�ð~!1~p

ð31Þ
1 þ ~!2 ~p

ð32Þ
1 Þ

þ ð�þ 2�Þ~p ð33Þ
1 ð1� ~!2

3Þð~! � ~pÞ
�i
=ð ~p � ~qÞ

¼
h
ð�þ �Þj~!3jð1� ~!2

3Þ
�

2ð1� ~!2
3Þ þ z�

�
~p
ð33Þ
1

þ ð�þ �Þð1� ~!2
3Þ
�

2~�12j~!3j þ ð~! � ~pÞ
�

� ð~!1~p
ð31Þ
1 þ ~!2~p

ð32Þ
1 Þ

þ �j~!3j
�

2ð~!3 þ ~�12 þ C2j~n12jÞð1� ~!2
3Þ

þ C2j~n12jz�
�
ð~!1 ~p

ð31Þ
1 þ ~!2~p

ð32Þ
1 Þ

þ ð�þ 2�Þð1� ~!2
3Þ
�

2ð~!3 þ ~�12 þ C2j~n12jÞ~�12j~!3j

þ C2j~n12jð~! � ~pÞ
�

~p
ð33Þ
1

i
=ð ~p � ~qÞ:

By ~n12ð~�; ~!Þ=j~n12ð~�; ~!Þj ¼ ð0; 0;�1Þ, that is,

C�1
2 ~!p ¼ C�1

1
~�p ðp ¼ 1; 2Þ;

C�1
2 ~!3 ¼ C�1

1
~�3 � j~n12ð~�; ~!Þj and j~�j ¼ 1;

we can express m33ð~�; ~!Þ as a function in ð~�1; ~�2Þ:

m33ð~�1; ~�2Þ ¼ F ð~�1; ~�2Þ=ð ~p � ~qÞ;
where

F ð~�1; ~�2Þ
¼ ð�þ �Þj~!3ð~�ÞjC�2

1 C2
2ð~�2

1 þ ~�2
2 Þ

�
�

2C�2
1 C 2

2 ð~�2
1 þ ~�2

2 Þ þ z�
�
f1� ð~�2

1 þ ~�2
2 Þg

þ ð�þ �ÞC�2
1 C 2

2 ð~�2
1 þ ~�2

2 Þ

�
�

2~�12j~!3ð~�Þjþ ~!ð�Þ � ~p
�
C�1

1 C2
~� 3ð~�Þð~�2

1þ ~�2
2 Þ

þ �C�2
1 C 2

2 ð~�2
1 þ ~�2

2 Þj~!3ð~�Þj

�
�

2ð~!3ð~�Þ þ ~�12 þ C2j~n12jÞC�2
1 C 2

2 ð~�2
1 þ ~�2

2 Þ

þ C2j~n12jz�
�
C1C

�1
2

~�3ð~�Þ

þ ð�þ 2�ÞC�2
1 C 2

2 ð~� 2
1 þ ~�2

2 Þ

�
�

2ð~!3ð~�Þ þ ~�12 þ C2j~n12jÞ~�12j~!3ð~�Þj

þ C2j~n12jð~!ð�Þ � ~pÞ
�

~�2
3ð~�Þ

¼ C�2
1 C 2

2 ð~�2
1 þ ~�2

2 Þ ~F ð~�1; ~�2Þ:
Here we note that j~�þ ~!j 6¼ 0 is equivalent to

ð~�1; ~�2Þ 6¼ ð0; 0Þ: To prove m33ð~�; ~!Þ 6¼ 0, it suf�ces

to show that ~F ð~�1; ~�2Þ 6¼ 0: Since ~F ð~�1; ~�2Þ is a

C1 function near ð~�1; ~�2Þ ¼ ð0; 0Þ and j~n12j ¼ C�1
1 þ

C�1
2 ; ~�12¼ C�1

1 C2; ~!ð~�Þ � ~p ¼ �C�1
1 C2 when ð~�1; ~�2Þ

¼ ð0; 0Þ, we can obtain that

~F ð0; 0Þ
¼ C�1

1 C2

�
ð�þ �Þ þ �C1C

�1
2 ð1þ C�1

1 C2Þ
þ ð�þ 2�Þð3C�1

1 C2 � 1Þ
�

¼ C�1
1 C2

�
�C1C

�1
2 þ 3ð�þ 2�ÞC�1

1 C2

�
> 0:
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Therefore we can prove that ~F ð~�1; ~�2Þ 6¼ 0 provided

j~�þ ~!j is di�erent from zero and suf�ciently small.
Thus the proof is completed. r

Next we observe the non mode-conversion case

(i ¼ 2).
Lemma 2.3. Assume that j~�þ ~! j is suf�-

ciently small. Then we have m11ð~�; ~!Þ 6¼ 0:

Proof. Let i ¼ 2. According to (2.5), m11ð~�; ~!Þ is
expressed as follows:

m11ð~�; ~!Þ

¼
h
ð�þ �Þ~!1

�
2ð~!1 ~p

ð13Þ
2 þ ~�12 ~p

ð11Þ
2 Þ ~!1 ~!2

3

þ ~p
ð13Þ
2 ð~p � ~q � ~!2

1 zþÞ þ ~p
ð11Þ
2 ð�~!3 ~!1Þð~! � ~pÞ

�

þ ð�þ �Þ~!2

�
2ð~!2 ~p

ð13Þ
2 þ ~�12 ~p

ð12Þ
2 Þ ~!1 ~!2

3

þ ~p
ð13Þ
2 ð�~!2 ~!1Þzþ þ ~p

ð12Þ
2 ð�~!3 ~!1Þð~! � ~pÞ

�

þ 2ð~!3 þ ~�12 þ C 2j~n22jÞ
�
�ð~!1 ~p2

ð11Þ þ ~!2~p
ð12Þ
2 Þ

þ ð�þ 2�Þ~�12~p
ð13Þ
2

�
~!1 ~!2

3

þ C2j~n22j
�
�~p
ð11Þ
2 ð ~p � ~q � ~!2

1 zþÞ

þ �~p12
2 ð�~!2 ~!1Þzþ

þ ð�þ 2�Þ~pð13Þ
2 ð�~!3 ~!1Þð~! � ~pÞ

�i
=ð ~p � ~qÞ:

Since, in the back-scattering case, we have ~! ¼
ð0; 0;�1Þ and ~� ¼ ð0; 0; 1Þ, we can derive that

m11ð~�; ~!Þ ¼ 2�þOðj~�þ ~!jÞ:
Therefore, by using our assumption that j~�þ ~!j

is suf�ciently small, we can prove that m11ð~�; ~!Þ 6¼ 0:

r
As is shown above, since we can prove that

m33ð~�; ~!Þ 6¼ 0 when i ¼ 1, and m11ð~�; ~!Þ 6¼ 0 when

i ¼ 2, in both cases, it was shown that the leading

term of the right hand side of (3.4) dose not vanish.
Thus the proof is completed. r
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