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Abstract: We find congruences for the t-expansion coefficients of Drinfeld modular forms

for �0ðT Þ. We determine all the linear relations among the initial t-expansion coefficients of

Drinfeld modular forms for �0ðT Þ.
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1. Introduction. By studying the action

of the Hecke operators, López [11] proved the

existence of congruences for the coefficients of a

Drinfeld modular form, the discriminant function

�. Gallardo and López [6] showed that there exist

congruences for the s-expansion coefficients of the

Eisenstein series of weight qk � 1 for any positive

integer k. By using the Residue Theorem, we [1]

found divisibility properties for the t-expansion

coefficients of Drinfeld modular forms for

GL2ðFq½T �Þ. As a consequence we obtained congru-

ence relations of t-expansion coefficients of Drinfeld

modular forms for GL2ðFq½T �Þ.
In the classical case, the study of the arithmetic

properties of modular forms with algebraic integral

coefficients is a rich and interesting branch in the

theory of modular forms. (see [12] for many results

and applications in this direction). In [3] Choie,

Kohnen and Ono showed p-divisibility properties

for Fourier coefficients of a modular form on SL2ðZÞ
and determined all the linear relations among the

initial Fourier coefficients. Here, the classical dis-

criminant function played an important role in the

study of congruence properties among the Fourier

coefficients of modular forms on SL2ðZÞ. El-Guindy

[4] generalized methods in [3] by finding an analogy

of the classical discriminant function and obtained

similar results for cusp forms of level N 2 f2; 3;
5; 7; 13g (These are all the primes for which �0ðNÞ
is a genus zero group). Precisely, he showed that

afðpeÞ � 0 mod p under a certain condition when

N ¼ 2. For other cases, that is, N 2 f3; 5; 7; 13g, he
found congruence properties of linear combination

of Fourier coefficients of a cusp form on �0ðNÞ. Here

we note that afðpeÞ is the pe-th coefficient of a

modular form f and p is a prime.

These results motivate the research of divisi-

bility properties for the t-expansion coefficients of

Drinfeld modular forms. In this paper when q is not

2 we generalize the results in [1] to the Hecke

congruence subgroup �0ðT Þ of GL2ðFq½T �Þ (see

Theorem 3.4, Corollary 3.5 and Theorem 4.1) by

producing an analogy �T of the discriminant

function �. Specially, we find ðTq � T Þ-divisibility
properties for the t-expansion coefficients of

Drinfeld modular forms for �0ðT Þ (Corollary 3.5).

Moreover, since there is an automorphism of A

which maps the polynomial T to T � a and the

congruences derived in this paper are invariant

under this group action, we can obtain the same

congruences for Hecke congruence subgroup �0ðT �
aÞ where a 2 Fq.

2. Preliminaries. Let K be the rational

function field FqðT Þ over the finite field Fq of

characteristic p and A ¼ Fq½T �. Let K1 be the

completion of K at 1 ¼ ð1=T Þ and C be the

completion of an algebraic closure of K1. Let deg

be the unique valuation of K such that degðfÞ is �1

times the usual degree of every polynomial f 2 A.

Normalize the absolute value j � j on K correspond-

ing to deg so that jT j ¼ q. There is a unique

extension of j � j to C, which will be labelled by the

same symbol.

Let � ¼ C �K1 be Drinfeld’s upper half

plane. Then the group GL2ðAÞ acts on � in the

following way: if � ¼ ð a b
c d

Þ 2 GL2ðAÞ and z 2 �,
then

�z ¼
azþ b

czþ d
:
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Let Q be a monic element of A. Consider the

following Hecke congruence subgroup of GL2ðAÞ:

�0ðQÞ ¼ a b

c d

� �
2 GL2ðAÞ j c � 0 mod Q

n o
:

For each group �0ðQÞ, the rigid analytic space

�0ðQÞn� is uniquely endowed with the structure of

a smooth affine algebraic curve over C. We let

�0ðQÞn� denote its smooth projective compactifi-

cation. For a 1-form ! on �0ðQÞn�, the Residue

Theorem [10, Theorem 7.14.2] says the followingX
p2�0ðQÞn�

Resp! ¼ 0:

A cusp of �0ðQÞn� is a point of �0ðQÞn��
�0ðQÞn�. At the level of C-valued points, we have

�0ðQÞn� ¼ �0ðQÞnð� [P1ðKÞÞ.
Let L ¼ e��A be the rank one A-lattice in C

corresponding to the Carlitz module,

�T ¼ TX þXq:

Let eL be the exponential function associated to L

(see [8, p. 672]). We define

t ¼ tðzÞ :¼ 1

eLðe��zÞ and s ¼ tq�1:

A Drinfeld modular form (respectively, a

meromorphic Drinfeld modular form) for �0ðQÞ of

weight k and type m (where k � 0 is an integer and

m is a class in Z=ðq � 1Þ) is a holomorphic (respec-

tively, meromorphic) function f : � ! C that sat-

isfies:

(i) fð�zÞ ¼ ðdet �Þ�mðczþ dÞkfðzÞ for any � ¼
ð a b
c d

Þ 2 �0ðQÞ,
(ii) f is holomorphic (respectively, meromorphic)

at the cusps of �0ðQÞ.
If f is a meromorphic Drinfeld modular form

for �0ðQÞ of weight k and type m, then the t-

expansion of f is of the form

f ¼
X
i

afððq � 1ÞiþmÞtðq�1Þiþm:

Here and in what follows, we denote the unique non-

negative integer less than q � 1 representing the

congruence m by the same symbol. Let Mkð�0ðQÞÞ
be the C-vector space of Drinfeld modular forms for

�0ðQÞ of weight k and type 0. For convenience we

call elements of Mkð�0ðQÞÞ simply Drinfeld modular

forms for �0ðQÞ of weight k.
For z 2 �, we let �z ¼ Azþ A be the associated

rank 2 A-lattice in C. Then it induces a Drinfeld

module �z of rank 2 determined by

�z
T ¼ TX þ gðzÞXq þ�ðzÞXq2 :

The functions g and � in z are Drinfeld modular

forms for GL2ðAÞ of weights q � 1 and q2 � 1,

respectively. We normalize gðzÞ and �ðzÞ as

follows:

gnewðzÞ ¼ e��1�qgðzÞ and �newðzÞ ¼ e��1�q2�ðzÞ:

Hereafter we write gðzÞ and �ðzÞ for gnewðzÞ and

�newðzÞ, respectively (see [8, sect. 6]).

Let Aþ ¼ fa 2 A j a is monicg, and E ¼
EðzÞ :¼

P
a2Aþ

atðazÞ (see [8, p. 686]). Then we have

ðd�=dzÞ=ðe���Þ ¼ E.

Lemma 2.1. The first few coefficients of g

and E are given as follows:

(i) gðzÞ ¼ 1� ðTq �TÞs� ðTq �TÞsq2�qþ1 þ � � �.
(ii) E ¼ tþ tðq�1Þ2þ1 þ � � �.
Proof. Notice that

E=t ¼ 1þ sq�1U�1
1 þ sq

3�q2þq�1U�2
1 þ � � �

ðsee [8, p. 692, (10.5) Corollary]Þ
and

gðzÞ ¼ 1� ½1�ðsþ sq
2�qþ1U1�q

1 Þ þ � � �
ðsee [8, p. 694, (10.11) Corollary]Þ

where U1 ¼ 1� sq�1 þ ½1�sq (see [8, p. 691]) and ½1� ¼
Tq � T (see [8, p. 677, (4.2)]). These imply the

assertion. �

Let G be any meromorphic Drinfeld modular

form of weight 2 and type 1 for �0ðT Þ. Take � ¼
ð 0 �1
1 0

Þ and let

ðGj12�ÞðzÞ :¼ ðdet �Þmðczþ dÞ�kGð�zÞ

¼
X1
i¼i�

a0ððq � 1Þiþ 1Þtðz=T Þðq�1Þiþ1;

which is the tðz=T Þ-expansion of GðzÞ at the cusp 0.

We will call ðq � 1Þi� þ 1 the order of the zero of

G at the cusp 0 if a0ððq � 1Þi� þ 1Þ 6¼ 0. We can

consider ! :¼ GðzÞdz as a 1-form on �0ðT Þn�.
Let

� : � ! �0ðT Þn�

be the quotient map and e� be the cardinality of

�0ðT Þ�=ð�0ðT Þ� \ ZðKÞÞ for each � 2 �. Here �0ðT Þ�
is the stabilizer of � in �0ðT Þ and ZðKÞ is the group
of scalar matrices. It is known [9, p. 50] that e� is

prime to p. We then have the following lemma.
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Lemma 2.2. With the same assumptions

and notations as above we have

Res1! ¼
aGð1Þe�� :

Proof. Since dtq�1 ¼ e��tqdz, we obtain Res1! ¼
aGð1Þ=e��. �

3. Congruences of coefficients of Drinfeld

modular forms for �0ðT Þ. Given a prime P 2 A

and a Drinfeld modular form f ¼
P

n�0 ant
n with P -

integral coefficients, we define the filtration of f

modulo P to be the least weight k for which there

exists a Drinfeld modular form f0 of weight k with

t-expansion
P

n�0 bnt
n such that an � bn (mod P Þ

for all n � 0.

For a Drinfeld modular form to have filtration

lower than its weight, two a priori unrelated infinite

power series must line up when taken modulo a

prime -a seemingly unlikely occurrence. In view of

this, one might expect such events to have interest-

ing consequences. Indeed, in the classical case, work

of Deligne, Swinnerton-Dyer, and Serre suggests a

relationship between the supersingular locus and

modular forms with lower filtration than weight.

Recently, Dobi and et al. [5] presented an analogous

relationship for Drinfeld modular forms. Indeed,

each non-zero Drinfeld modular form f for GL2ðAÞ
with coefficients in A has a unique polynomial

F ðf; xÞ 2 A½x� such that f ¼ gahbF ðf; jÞ where a; b

are integers and j is the Drinfeld modular invariant.

Let P be a prime and f have filtration l. Then they

showed that xcF ðf; xÞ � SqðP : xÞd � 0 (mod P Þ for
some integer c; d depending on l. Here SqðP : xÞ is

the Drinfeld supersingular locus (see [5, p. 2] for the

definition).

Thus, congruences for the t-expansion coeffi-

cients of Drinfeld modular forms require a research

in some sense. The author [1] found certain divis-

ibility properties for t-expansion coefficients of

Drinfeld modular forms for GL2ðFq½T �Þ. In this

section we generalize this result for the Hecke

congruence subgroup �0ðT Þ.
From now on we assume that q is not 2.

Proposition 3.1. dimCMkðq�1Þð�0ðT ÞÞ ¼ kþ 1
ðk � 1Þ.

Proof. See [7, p. 93, 6.5 Table]. �

Let �T :¼ ðgðTzÞ�gðzÞÞ=ðTq�TÞ 2Mq�1ð�0ðT ÞÞ.
Then �T has a s-expansion at the cusp 1 of the

form

�T ¼ s� sq þ � � �

because

tðTzÞ ¼ tq þ � � � 2 A½½t��
ðsee [8, p. 678 and p. 682, (6.2)]Þ

and

gðTzÞ � gðzÞ ¼ ð1� ðTq � T Þsq þ � � �Þ
� ð1� ðTq � T Þs� ðTq � T Þsq2�qþ1 þ � � �Þ:

Let h be the Poincaré series Pqþ1;1 of weight

q þ 1 and type 1 (see [8, p. 681] for the definition).

Let jðT Þ ¼ jðT ÞðzÞ :¼ hðzÞ=hðTzÞ ¼ 1=sþ � � � be the

Drinfeld modular function for �0ðT Þ (see [8, p. 692,

(10.4) Corollary]). Then the latter is holomorphic

on � [ f0g and has a simple pole at 1 (see [2, the

proof of Proposition 2.1.]).

Proposition 3.2. The set fjiðT Þ�k
T j 0 � i �

kg is a basis of Mkðq�1Þð�0ðT ÞÞ.
Proof. Since jiðT Þ�

k
T ¼ sk�i þ � � � for every 0 �

i � k, these forms are linearly independent over C.

Since the jiðT Þ�
k
T ð0 � i � kÞ are holomorphic on

� [ f1; 0g and hence contained in Mkðq�1Þð�0ðT ÞÞ,
they form a basis of Mkðq�1Þð�0ðT ÞÞ. �

Since fjðT Þ�T ;�Tg is a basis of Mq�1ð�0ðT ÞÞ,
there are a; b 2 C such that g ¼ a�T þ bjðT Þ�T . This

means that g=�T is holomorphic on � [ f0g and has

a simple pole at 1. Hereafter we write jT for g=�T .

Proposition 3.3. The modular from �T has

no zero on � [ f0g.
Proof. Since g has no zero at the cusp 0 and

g=�T is holomorphic at the cusp 0, �T has no zero

at the cusp 0.

Since �ðTzÞ ¼ jðT Þ�T ðzÞqþ1 þ a�T ðzÞqþ1 for

some a 2 C and �ðTzÞ has no zero on �, �T has

no zero on �. �

The following theorem is motivated by the

classical results of p-divisibility properties for

Fourier coefficients of modular forms on SL2ðZÞ.
These classical results play an important role in the

p-adic theory of modular forms. Unfortunately the

author could not find a similar role for Theorem 3.4

in the function field case. This requires further

research.

Theorem 3.4 gives mysterious congruence

properties of Drinfeld modular forms.

Theorem 3.4. Let f be a Drinfeld modular

form for �0ðT Þ of weight kðq � 1Þ. Let fE have the

following t-expansion at 1
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fE ¼
X1
n¼0

afEððq � 1Þnþ 1Þtðq�1Þnþ1 2 A½½t��:

For every integer b > 0 such that k < pb we have that

afEððq � 1Þpb þ 1Þ � 0 mod ðTq � T Þ:

Proof. For any non-negative integer a the

function jaThf=�
kþ1
T is a meromorphic Drinfeld

modular form for �0ðT Þ of weight 2 and type 1,

and holomorphic on �. Take � ¼ ð 0 �1
1 0

Þ. Then the

tðz=T Þ-expansion of hðzÞ at the cusp 0 is of the form

hðzÞ ¼ �t
z

T

� �q

þ � � � :

Hence

ððjaThf=�kþ1
T Þj12�ÞðzÞ ¼ at

z

T

� �q

þ � � �

for some a 2 C

which means it has a zero of order at least q at 0.

By the Residue Theorem on �0ðT Þn� and

Lemma 2.2, the coefficient of t in

jaThf

�kþ1
T

vanishes.

Let a � 0, b > 0 be integers such that aþ
kþ 1 ¼ pb. The facts that g � 1 mod ðTq � T Þ (see
[8, p. 684, claim ðiiÞ of (6.9) and (6.12)]) and E �
�h mod ðTq � T Þ (see [8, p. 687, (8.5) and (9.1)

Theorem]) show that the coefficient of t in

jaThf

�kþ1
T

�
�fE

�pb

T

� �ðs�pb þ sp
bðq�2Þ þ � � �ÞfE mod ðTq � T Þ

is zero mod ðTq � T Þ, where � � � means ‘‘higher

terms in t’’. This implies the assertion. �

Corollary 3.5. Let f 2 Mkðq�1Þð�0ðT ÞÞ have

the following t-expansion at 1

f ¼
X1
n¼0

afððq � 1ÞnÞtðq�1Þn 2 A½½t��:

If q > pþ 1 and p > k then we have that afððq �
1ÞpÞ � 0 mod ðTq � T Þ.

Proof. Take b ¼ 1 in Theorem 3.4. Noticing

that the condition q > pþ 1 implies afEððq �
1Þpþ 1Þ ¼ afððq � 1ÞpÞ we obtain the assertion. �

4. Linear relations among Drinfeld mod-

ular form coefficients. In this section, we give

all the linear relations among the initial t-expansion

coefficients of Drinfeld modular forms in

Mkðq�1Þð�0ðT ÞÞ.
For any integer N � 0, we let

Lkðq�1Þ;Nð�0ðT ÞÞ :¼(
ðc0; c1; . . . ; ckþ1þNÞ 2CkþNþ2

����� XkþNþ1

i¼0

ciafððq � 1ÞiÞ ¼ 0

8f ¼
X1
n¼0

afððq � 1ÞnÞtðq�1Þn 2 Mkðq�1Þð�0ðT ÞÞ
)

be the space of linear relations satisfied by the first

kþN þ 2 t-expansion coefficients of all the forms

f 2 Mkðq�1Þð�0ðT ÞÞ.
To state our result, for each Drinfeld modular

form u 2 MNðq�1Þð�0ðT ÞÞ define the elements bðk;
N; u; iÞ of C by

hu

�kþNþ1
T

¼
XkþNþ1

i¼0

bðk;N; u; iÞt�ðq�1Þiþ1

þ
X1
i¼1

cðk;N; u; iÞtðq�1Þiþ1:

In this notation, we have the following

Theorem 4.1. The map �k;N :

MNðq�1Þð�0ðT ÞÞ ! Lkðq�1Þ;Nð�0ðT ÞÞ defined by

�k;NðuÞ
¼ ðbðk;N; u; 0Þ; bðk;N; u; 1Þ; � � � ; bðk;N; u; kþN þ 1ÞÞ
provides a linear isomorphism from MNðq�1Þð�0ðT ÞÞ
onto Lkðq�1Þ;Nð�0ðT ÞÞ.

Proof. Let

u 2 MNðq�1Þ and

f ¼
X1
i¼0

afððq � 1ÞiÞtðq�1Þi 2 Mkðq�1Þ:

The meromorphic Drinfeld modular form hfu=

�kþNþ1
T is holomorphic on � and has a zero of order

at least q at 0. By the Residue Theorem on �0ðT Þn�
and Lemma 2.2, the coefficient

PkþNþ1
i¼0 bðk;N;

u; iÞafððq � 1ÞiÞ of t in
hfu

�kþNþ1
T

is zero. Therefore the map �k;N is well-defined.

Clearly, �k;N is linear. Suppose that �k;NðuÞ ¼ 0.

This assumption implies that hfu

�kþNþ1
T

is double

cuspidal. Since the genus of �0ðT Þn� is zero, hfu

�kþNþ1
T

is the zero function which says that u is the zero

function. Thus �k;N is injective.

Since the kþ 1 functionals fafð0Þ; afð1Þ; � � � ;
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afðkÞg form a basis for the dual space ðMkðq�1ÞÞ� (see
the proof of Proposition 3.2), we conclude that

dimCLkðq�1Þ;Nð�0ðT ÞÞ ¼ N þ 1 ¼ dimMNðq�1Þ so �k;N

is an isomorphism. �
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